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PREFACE TO THE FIRST EDITION. 

Is the following work I have investigated the more 
elementary properties of the Ellipse, Parabola, and Hy- 
perbola, defined with reference to a focus and directrix, 
before considering the General Equation of the Second 
Degree. I believe that this arrangement is the best for 
beginnera 

The examples in the body of each chapter are for the 
most part very easy applications of the book-work, and 
have been carefully selected and arranged to illustrate 
the principles of the subject. The examples at the end of 
each chapter are more difficult, and include very many of 
those which have been set in the recent tlniversity and 
College examinations, and in the examinations for Open 
Scholarships, in Cambridge. 

The answers to the examples, together with occasional 
hints and solutions, are given in an appendix. I have 
also, in the body of the work, given complete solutions 
of some illustrative examples, which I hope will be found 
especially useful. 

8.C.3. b 
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Although I have endeavoured to present the ele- 
mentaiy parts of the subject in as simple a mauner as 
posfflble for the benefit of beginners, I have tried to make 
the work in some degree complete; and have therefore 
included a chapter on Trilinear Co-ordinates, and short 
accounts of the methods of Reciprocation and Conical Pro- 
jection. For &ller information on these latter subjects 
the student should cmsult the works of Dr Salmon, 
Dr Ferrers, and Dr C. Taylor, to all of whom it will be 
seen that I am largely indebted. 

I am indebted to several of my Mends for their kind- 
ness in looking over the proof sheets, for help in the 
verification of the examples, and for valuable suggestions ; 
and it is hoped that few mistakes have escaped detection. 



CHAELES SMITH. 



SiPiwT_ _SPBaBx Couiaa% 
'April, leK. 



PREFACE TO THE SECOND EDITION. 

The second edition has been carefoUy revised, and some 
additions have been made, particularly in the last 
Chapter. 

July. 1B83. 
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Co-ordinates. 



1. If iQ a plane two fixed straight lines XOX', TOY' 
be taken, and throiigli any point P in the plane the two 
straight lines PM, PL be drawn paraUel to XOX', YOY' 
respectively ; the position of the point P can be found 




when the lengths of the lines PM, PL are given. For we 
have only to take OL, OM equal respectively to the 
known lines PM, PL and complete the parallelogram 
LOMP. 

The lengths MP and LP, or OL and OM. which thus 
define the position of the point P with reference to the 
S. C. S. 1 
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2 CO-OKDIHATES. 

lines OX, Y are called the co-ordijiotes of the point P 
■with reference to the axes OX, OY. Thepoint of inter- 
section of the flares is called the oriffin. When the angle 
between the axes is a right angle the axes are said to be 
TBctangular ; when the angle between the axea is not a 
right angle the axea are said to be obliqUe. 

OL is generally called the abadssa, and LP the or- 
dinate of the point P. 

The co-ordinate which ia measured along the axis OX 
is denoted by the letter x, and that measured along the 
axis OY by the letter y. If, in the figure, OL bo a and 
OM be b ; then at the point F,a: = a, and y = h, and the 
point is for shortness often called the point {a, h). 

% Let OM" be taken equal to OM, and OL' equal to 
OL, and through M", L' draw lines parallel to the axes, as 
in the figure to Art, 1. Then the co-ordinates of the three 

S lints Q, R, S will be equal in magnitude to those of P. 
ence it ia not sufficient to know the lengths of the lines 
OL, LP, we must also know the directions in which they 
are measured. 

If lines measured in one direction be taken aa positive, 
lines naeasured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di- 
rections OX or 0¥ to be positive, those therefore in the 
directions OX' or OY must be considered negative. 

We are now able to distinguish between the co-ordi- 
nates of the points P, Q, R, S. The co-ordinates of E are 
OL', L'R. and these are both measured in the negative 
direction ; so that, if the co-ordinates of P be a, b, those of 
jR will be — fl, — b. The co-ordinates of S will be a, — h ; 
and those of Q will be — a, b. 

3. It must be carefully noticed that whether a line is 
positive or negative depends on the direction in which it is 
measured, and does not depend on the position of the 
origin ; for example, in the figure to Art 1, the line LO is 
negative although the line OL is positive. 

If any two points K, L he taken and the distances 
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CO-OKDINATES. 3 

OK, OL, measured from a point in the line KL, be a 
and b respectively, then the distance KL must be KO+OL, 
or —OK+OL,tha.t is —a + 6, and this will be the case 
wherever the point 0, from -which distances are measured, 
may ba 

If OA=-S, and OB =1-, then JB= -(-8)+*-7, If 0J = 3, and 
OB^-i; ttien^B=-3 + (-4)=-7. 

The reader may illustrate this by means of a Agoie. 

4. To express the distance between two points in terms 
of their co-ordinates. 

Let P bo the point (x, r/), and Q the point {x", y"), 
and let the axes be inclined at an angle o. 




Draw PM, QL parallel to OY, and QR parallel to OX, 
as in the figure. 

Then OL = al', LQ = y", OM = af, MP=y'. 

By trigonometry 

P<^=QF? + RF'-'iQR.RPconQBP. 
But QR = LM=OM-OL = x'-x", 

RP = MP-MR^MP-LQ = y'-y", 
and angle QiiP = angle OjtfP= tt - angle XOY==tr~a, 
.: PQ' = (y-a.-r+(y-y')'+2(^'-r.")(y'-/')co8B, 
or P0=± V[(^'-^"r+ {y-y'y + 2(^' - x") (y' - y") cos a}. 

If the axes be at right angles to one another we have 

ps- + ^l(^-»'T+(y-y')"|. 

1—2 
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i CO-OBDIKATES. 

The distance of P from the origm can be obtfuned from 
the above by putting x" = and y" = 0. The lesult ia 

0P= ± ^{(^" + 2^ + 2^7 cos «I. 
or, if the axes be rectangular, 

Oi'=±V£a:'" + >/'•}. 

Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to the 
direction which is to be considered positive. We may 
therefore suppose either PQ or QP to be positive. If 
however we have three or more points P,Q, It... in the 
same straight line, we must consider the same direction 
as positive throughout, so that in all cases we must have 
PQ+QE = PR. 

5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Let the co-ordinates of P be a;,, y,, and the co-ordi- 
nates of Q be x„ y^, and let R Qc, y) be the point 
which divides PQ in the ratio k : I. 




Draw PL, RN, QM parallel to the axis of y, and P8T 
parallel to the axis of x, as in the £gure. 

Then LF : FM :: PS : ST :: PR : SQ :: lc:l; 
l.LN-7c.NM=0, 
or I [x-x^] - 7c [x^-x) '='0 ; 
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CO-ORDINATES. 6 

Sinularly y° f + ifc ' 

The most useful case la nhen the line PQ is bisected : 
the co-ordinates of the point of bisection are 

If the line were cut eirtemaUy in the ratio & : I we 
should have 

or LN:NM::k:-l, 

, ^, , hr, — lx, ky, — ly, 

and therefore x = — ? — i-J , y = -^ — p* . 

The above results are true whatever the angle between 
the co-ordinate axes may be. But in most cases formulae 
become more complicated when the axes are not at 
right angles to one another. We shall in future con- 
aider the aaxs to he at right angles in aU cases except 
when the contrary is expressly stated. 

Ei. 1. liaxk in a tgaie the position of the point x = l, y = % and 
of the point x= -%, y= - 1 ; and ehev that the diatanoe between them 
iaS. 

Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (1) (1, -1) and {-1, 1}; (ii) (o.-a) and (-i,i); {iii) (3,1) 
and (-1,1). 

Ex. 8. Shew that the Uiree points (1, 1), (-1, -l)and(-^a, ^3), 
are the angolar points of Em equilateral triangle. 

Ex. 4. Shew tliat the foni points (0, - 1), (-'2, 3), (6, 7} and I^S) ' 
are the angnlar poiata of a rectangle. 

Ex. G. Mark in a figure the poBitions of the points (0, - 1), (2, 1), 
<0, 3) and (-2, 1), and shew that thej are at the comers of a sqtiare. 

Shew the tame of the points (2, I), (4. 3), (2, e) and (0, S). 

Ei. 6. Shew that the toor points (2, 1], (5, 4), (4, 7} and (1, 4) ara 
the angular points of a parallelogram, 

Ex. 7. If the point {x, y) be equidistant from the two points <3, 4) 
and(l, -2),thenwiU«+8y=:S. 
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6 CO-OBDmATES. 

0, To express the area of a triangle in terms of the 
co-ordinaies of its angylar poitds. 

Let the co-ordinates of the angular points A, B,Che 
o;,, ^,; «,. y,; and jE,, y^ respectively. 




Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure. 

A ABa-EACM-MOBL - LBAK. 
Now KAOM= A ACM+ A ARM 

-iKM.MC + iKM.KA 

Similarly JlfCSi -i(*,-«,) (y,+J,). 
mi LBAK -i('',-',)(l/, + s:i: 

.: A^50-H{y.+yJ('".-»=J+(y.+yJ(»,-»^^ 

+ &.+!',) K-f.)); 

or, omitting the terms which cancel, 
AABC=i{x^^-x^^ + xjj^- xjj^ + x^^ - x^^ 

[«,. y,. 1 

= i -.. y„ 1 

l«.. v.. 1 

The above expression for the area of a triangle will be foimd to be 
pofdtiTe if the order of the angnlar points be sneb that in going round the 
triangle the area is always <m the left hand. 'Whenever on substitution 
a negatiTe lesalt for the area ia obtaioed, a rererse order of proceeding 
loimd the triangle has tieen adopted. 
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CO-ORDINATES. 



7. To express the area of a quadrilateral in terms of 
the co-ordinates of its angular points. 

Let the angular points A, B, G, D, taken in order, ba 
K. y,l (^,. yi). (a^,. 2/J and K. y,)- 




Draw AK, BL, CM, J)N parallel to the axis of y, as in 
the figure. 

Then the area ABCD 

= EABL + LBGM~MGDir-FDAK. 
And, as in the preceding Article, 

LBOM=ii(y, + y^){x,~x^). 

MGDN= i (v, + y^) (x^ - :c.), 

NDAK=\{y^ + y;){x,-x;i. 

Hence JBCZ> = i[{y,+3/J(^.-:..) + (y.+yJ(^,-^,) 

+ (y, + «/*) (^4 - *=) + (y* + i'<) (^. - a'Jl ; 

or, omitting the terms which cancel, 

The area of any polygon may be found in a similar 



Ei. 1. Find tbo urea of the trianele whose angular points ara (2, 1), 
(4, 3) and (3, 6). 

Also find the area of tie triangle whose angolnr points are {*, -6), 
(5, - 6) and (8, 1). Ans. 4, j. 
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8 CO-ORDINATBS. 

Ex, 2. Find tlie uw of the quadrilateral Tbora augnlar poiuta ftre 
(1, 2), (3, i). {5, 8) and {6, 2). 

Also of tha quadrilateral vboBs augalsr points are (3, 2), (-2, 3), 
( - 8, - 8) and (1, - 2). Ans. n., 20. 

8. If a curve be defined geometrically by a property 
common to all points of it, there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the curve, and by the co-ordinates of no other points. 
This algebraical relation is called the equation of the curve. 

Conversely ail points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the locits 
of that equation. 

For example, if a straight line be drawn parallel to the 
axis OT and at a distance a from it, the abscissae of points 
on this line are all equal to the constant quantity a, and 
the abscissa of no other point is equal to a. 

Hence a;= a is the equation of the line. 

Conversely the line drawn parallel to the axis of y 
and at a distance a from it is the locus of the equation 
x = a. 

Again, if x, y be the co-ordinatea of any point P on a 
circle whose centre is the origin and whose radius is 
equal to c, the square of the distance OP will be equal to 
3^+y^ [Art. 4]. But OP is equal to the radius of the 
circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation x^ + y'= c'. That is, x* + y' = c* 
is the equation of the circle. 

Conversely the locus of the equation a:' -f- ^' = c* is a 
circle whose centre is the origin and whose radius is equal 
to c 

In Analytical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro- 
perty ; and we have also to find the position and deduce 
the geometrical properties of a curve from the equation 
which is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the n*^ degree when, 
after it has been so reduced that the indices of the vaii- 
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CO-OBDINATKS. 9 

ables are the Btnallest possible int^ers, the term or terms 
of highest dimensions is of n dimensions. For example, 
the equations axu + bx + c = 0, x' + xffi^a + b' = 0, and 
i/x + tjy = 1 are aJl of the second degree. 

Ex. 1, A point moT6a so that its distances from the two pointB, (3, 4), 
and (6, - 2) are equal to one another ; find the e([uation oF Its locus. 

Ana. 2 - 3y = 1. 

Ex. S. A point mores bo that the smn or the sgnares of its distances 
from the two fixed points (a, 0) and (-a, 0) is constant (21^ ; find the 
equation of its locus. Ans. i' + y>=<!»-a>, 

Ex. 3. A point moves so that the difierence of the sguorea of its 
diatanoes from the two fixed points (a, 0) and ( ^ a, 0) is constant (c') ; 
find the egtiatiOD of its locns. Ans. Joc— ^i;'. 

Ex. 4. A point mores so that the ratio of its distances from two 
fixed points is constant ; find the equation of its loens. 

Ex. 6. A point moves so that its distance from the axis of j; is half 
its distanoe &om the origin ; find the eqoaUon of its locns. 

Ans. 3y'-a?=0. 

Ex. 6. A point mores ho that its distance &om the axis of x is eqnal 
to its distance from the point (1, 1); find the eqaation of its loeos. 

Ans. ic"-2ir- 2^ + 2 = 0. 

9. The position of a point on a plane can he defined 
by other methods besides the one described in Art 1. A 
useful method is the following. 

If an origin be taken, and a fixed line OX be drawn 
through it ; the position of any point P will be known, if 
the angle XOP and the distance OP be given. 




These are called the polar co-ordinates of the point P. 
The length OP is called the radius vector, and is 
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10 .CO-OEDINATES. 

usually denoted by r, and the angle XOP is called the 
vectonol angle, and is denoted by 6. 

The angle is considered to be positive if raeasuied 
from OX contrary to the direction in which the hands of 
a watch revolve. 

The radius vector is considered positive if measured 
from along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

If PO be produced to P', so that OP' is equal to OP 
in magnitude, and if the co-ordinates o{ P he r, 0, those 
of P" will be either r, -jt + or — r, $. 

10, To find the distance between two points whose polar 
co-ordivatea are given. 

Let the co-ordinates of the two points P, Q be r^, 0,; 
and r,, 0^. 

Then, by Trigonometry, 

P^=OP'+ OQ' -20P .OQcosPOQ. 

ButOP = r,.OQ = r,&ud^POQ=^XOQ-^XOP=O,-0,; 

P^=r,' + r,'- 2r,r,co3 (0,-0,). 

The polai equatioD of a circle vhoae centre is at the point (a, a) and 
wliOBe radius is e, iae'=a'+T=-2arcoB(#-n); where r, fl are Ihe polar 
Do-ordinatea of any point on it. 

11. To find the area of a triangle having given the 
polar co-ordinates of its angular points. 




Let P be {r„ 5,), Q be (r„ 5J, and .H be {r„ 0^. 
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CO-OBDIKATES. 11 

Then area of triangle PQii = A POQ+ A QOB-APOJt. 
and AFOQ=lOP.OQ^nP0Q 

= ir,r,Bin (0,-0,1 
80 A QOR ^^r^r^ sin (6, - O^l. 

and A POR= j r, r, biq {^, - 0^) 

+ r,r, sin (^j-^J). 
12. To chang$from rectangular to polar co-ordinates. 




If through a line be drawn perpendicular to OX, and 
OX, OF be taken for axea of rectangular co-ordinates, we 
have at once 

x= 0N= OPcosX0P=rcoae, 
and y = MP= OPamXOP=rame. 

Ei. 1. What aie the rectangular oo-ordiuates of the points irhose 
polar oo-ordinates are ( 1. ^). (2, Z\ and I -4, -j) respectiTClyT 

Ei. 2. What are the polar co-ordinates of the points whose rect- 
angular oo-ordinatee are (- 1, - 1), ( - 1, V3) and (3' -IjrespeotiTelrf 

Ei. 8. Find the distanoa between the points whose polar co-ordinates 
are (3, 10°) and (1, 100°) respectiTsly. 

Ex. 4. Find the area of the triangle the polar co-ordinatea ol vhose 
■ngolar points ore (1, 0), ( 1| „ j luid I \/2, j j respeativel7. 
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CHAPTER II. 



The Straight Line. 



13. To find tlie equation of a straight Une parallel to 
one of the co-ordinate axes. 

Let LP be a straight line parallel to the axis of x 
and meeting the axia ofy at L, and let OL = b. 





Y 

P 




L 











Let x,yhe the co-ordinates of any point P on the line. 
Then the ordinate ^Pis equal to OL. 
Hence y = 6 is the equation of the line. 
Similarly x = a ia the equation of a straight line 
parallel to the axis of 3/ and at a distance a from it. 

14. Tojtrtd the equation of a straight line which passes 
through the origin. 

Let OP be a straight line through the origin, and let 
the tangent of the angle XOP = m. 

Let x, y be the co-ordinates of any point P on l^ie 
line. 
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Let LMP be the straight line meeting the axes in the 
points L, M. 

Let 0M= c, and let tan OLM==m. 

Let a, « be the co-ordinates of any point P on the line. 

Draw FN parallel to the axis of y, and OQ parallel to 
the line LMP, as in the figure. 

Then NP^NQ + QP 

= ONt0i^WQ + OM. 

But 
NP=y, OiV=a!, OJtf'^c, and tan JfO^ = tanOLJ/'=m. 

y = mx+c (i) 

which ia the required equation. 

So long &a we consider any particular stnught line the 
quantities m and c remain the same, and are therefore 
called constants. Of these, m is the tangent of the angle 
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between the positive direction of the axis of x and the 
part of the line above the axis otx, and c is the intercept 
on the axis oty. 

By giving suitable values to the constants m and c the 
equation y=miv+c may be made to represent any straight 
line whatever. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of iS' with the axis of x, has for equation 
y = ic + l. 

We see from (i) that the equation of any straight line 
is of the first degree. 

16. To shew that every equation of the first degree 
represents a straight line. 

The most general form of the equation of the first 
degree is 

Ax + By + 0^.0 (i) 

To prove that this equation represents a straight line, 
it is sufficient to shew that, if any three points on the 
locus be Joined, the area of the triangle so formed will be 
zero. 

Let (x', y), {x", y"), and {x'", y'") be any three points 
on the locus, then the co-ordinates of these points will 
satisfy the equation (i). 
We therefore have 

Ax' +By' +C=0, 
Ax" +By" + 0=0, 
Ax"'+Bf'+G=0. 
Eliminating A, £, C we obtain 

\i"' ^"'■' ^ 
the area of the triangle is therefore zero [Art. 6]. 

The equation Ax + 5y + C =s is therefore the equa- 
tion of a straight line. 
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IB 



17. The equation Ax + By+G=0 appears to iq- 

volve three constants, whereas the equation found in Art. 
15 od!j involves two. But if the co-ordinates x, y of any 
point satisfy the equation Ax + By + C = 0, they will also 
satisfy the equation when we multiply or divide through- 
out by any constant. If we divide by B, we can write 



the equation y = 







B 



and we have only the two 



equation y = mx + c. 

18. To find the equation of a straight line in terms of 
the intercepts which it makes on the axes. 

Let A, B be the points where the straight line cuts 
the axes, and let OA = a, and 0B= b. 

JJet the co-ordinates of any point P on the line be 




Draw PN parallel to the axis of y, and join OP. 
Then A APO + A PBO = A ABO ; 

a-) -\-hx = ah. 



This equation may be written in the form 
Ix + my = 1, 
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where I and m are the reciprocals of the intercepts on the 

axes. 

19. To find the equation of a straight line in terms of 
the length of the perpendicular upon it from the origin and 
the angle which that perpendicular makes toith an aias. 

Let OL be the perpendicular upon the straight line 
AB, and let OL =p, and let the angle XOL = a. 

Let the co-ordinates of auy point P on the line be 
m.y. 

Draw PN parallel to the axis of y, NM perpen- 
dicular to OL, and PK perpendicular to NM, as in the 
figure. 




Then. OL = OM + ML = OM+KP 

>= ONcoa a+NPsiaa; 
or p = xCQ3a+yBina, 

■which is the required equation. 

20. In Articles 15, 18 and 19 we have found, by 
independent methods, the equation of a straight line 
involving different constants. Any one form of the 
equation may however be deduced from any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
ofpaud a from the relations oco3a=j) and b&iaa = p, 
vMch we obtain at once irom the figure to Art. 19. Hence 



,,l:al by Google 



THE STBAIGHT LINI!; 17 

substituting these values of a and b in the equation 



If the equation of a straight line be 
then, by dividing throughout by J A* + B*, we have 



Now - 



respectively of some angle, since the sum of their squares 
is equal to unity. If we call this angle a, we have 

X cos a 4- y sin a —p = 0, 
where p is put for — . ^ --^ . 

Ex. I. U aii-4y-6=0, then dindiDg by ^3' +4* we have 
fz- Jy-1 — 0. TbisiBof the forms coBs+y sin a --p^O, where 008 a = |, 
Biiia=-(, uidp=l. 

Ex. 3, TheeqoBtiDnx+u-f 5=0, iaeqniTalent to 

Sir . Gt 6 

21. To find the position of a straight line whose 
equation is given, it is only necessary to find the co- 




ordinates of any two points on it. To do this we may give 
a c. s. 2 
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to m any twd values vhatever, and find iiom the given 
equation the two corresponding values of y. The points 
where the line cuts the axes are easiest to find. 

El. 1. U the equation of ft line be 3ii+Sy=10. Where Uub oOta the 
Biis of *, y=0, ftnd then k = G. Where it onts the axis of y, zkO, and 

Ex. 3. The intaToepts made on the ues I7 the line 4x-y-f-3=0 are 
— }, and 2 icEpectiTely. 

Ex. 8. z-3y=0. Here the origin (0, 0} ii on the line, and when 

The lines are '"■'■i"^ in the figore, 

22. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one of the general forms. 

(i) y = 7na! + c, (ii) ^ + |=1» 

(iii) lx+iny=l, (iv) iccosa + j/sina— j) = 0, 

or (v) Ax + Bt/ + G=0. 

We have then to determine the values of the two 
constants m and c, gr a and b, or I and m, or a and p, 

or Yi It"! 7T f'^r tte line in question from the two con- 
ditions which the line has to satisfy, 

Ex. I. Find the equation of a atraight line whioh poMCS through the 
point (3, 3} and makes equal inteioepte on the axes. 

Let- + 1=1 be the equation of the line. 

Then, since the intercepts are equal to one another, a = b. 
Also, einae the point (3, 3) is ou the line, 

,:a=6 = b and the equation required ie ^ -t- 1 = 1. 

Ex. 2. Find the equation of the straight line wMoh passes thiODgh 

the point {^S, 2) and vhich makes an angle Of 60° vith the axis otx. 
Letyanw-he bathe eqnatioq of tlie straight line. 
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Then, siiiae the line makM an aa^ ot 60* with the udi of x, 
m=tan60"=^/8. 

Also, if the paint (^3, 3) be on the line, 3 =m . ^S + c therefDm: = - 1, 
and the required equation ies = •/&» ^ 1. 

23, To find the equation of a straight liiie drawn 
through a given point in a given direction. 

Let of, i/ be the co-ordinatcB of the given point, and 
let the line make with the axis gf x an angle tan"* m. 

Its equation will then be 

y = Mia + c, 
and, since («', ^) is on the line, 

/ =» mal + c, 
therefore, by subtraction, 

y-y'=m{x-x') (i). 

The liue given by (i) passes through the point (ib', y") 
whatever the value of m may he ; and by giving a suitable 
value to m the equation will represent any straight line 
through the point (al , y). 

If then we know that a straight line passes through a 
particular point (a:', y') we at once write down y—y' 
= m{x—x)ior its equation, and find the value of m from 
the other condition that the line has to satisfy. 

24. To find the equation of a straight line which 
passes through two given points. 

Take any one of the general forms, for example, 

y=mx + c (i). 

Let the co-ordinates of the two points be «', y' and x", y" 
respectively. Then, since these points are on the line (i), 
we have 

/=nM;'+c (ii), 

and y"=»u:"+c (iii). 

From (i) and (ii), by subtraction, 

y-y' =m(x-x') (iv). 

2—2 
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20 THE STBAIGHT LINE. 

From (iii) and (U), by aubtraction, 

^'-y' = m[a!'-af) 

and therefore ^-, — ^, = -;; j . 

y -y « -al 

This equation could be found at once from a figure. 

Ex. The eqostkoi of th« line joumtg the pointB (3, S) and (S, 1) u 



yj±_ 



-2' 



ry + ar^T-O, 



25. Let the straight line AP make an angle 6 with 
the axis of x. Let the co-ordinates of ^ be x', y, and 
those of P be x, y, and let the distance AP be r. 




Draw AS", PM parallel to the axis of y, and AK 
parallel to the axia of a:. 

Then ^£" = ^^008 (?, and £^P =^P sin ^, 
or iK — x' = r cos Q, and y — '^ = r%\a.6. 

The equation of the line AP may be written in the 
form 

w-x' ^ y—;/^ 
cos d fiin ^ 

26. Let the equation of any straight line be 

Ax + By+C^O... (i). 

Let the co-ordinates of any point Q be x, y', and let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are x, y". 

Then it is clear from a figure that, so long as Q 
remains on the same side of the straight line, QP is drawn 
in the same direction ; and that QP is drawn in the oppo- 
site direction, if Q be any point whatever on the other side 
of the straight line. 
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That ia to say, QP is positive for all poiats on one ude 
of the straight Udq, and negative for all points on the othei 
Bide of the straight IJDe. 

Now QP = r-!/ (ii), 

and Ax' + Bi/+0= Ax' + By +0- (Ax' + Bf + O), 
[for (x', y") is on the line, and therefore Ax' + By" + 1?— 0] 
.-. A^ArBy'^G=-B{:y"-y) (iii). 

From (ii) and (iii) we see that Ail + B^ + C ia positive 
for all points on one side of the straight line, and negative 
for all points on the other side of the line. 

If the equation of a straight line be Ax + By + (7=0, 
and the co-ordinates d, y of any point be substituted 
in the expression Ax + By + C ', then if Aaf + Bj/ + be 
positive, tne point {of, •</) is said to be on the positive side 
of the line, and if Aa/ + By' + be negative, (a:', y") is 
said to be on the negative side of the line. 

If the equation of the line be written 
~Ax-By-C = 0, 
it is clear that the aide which we previously called the 
positive side we should now call the negative aide. 

Ex. 1. The point (3, 2) is on the negatiTe aide ol 2z-Bj/-l«0, and 
on the podtive mde of3z~3y-l=a 

Ex.2. The pcdnts (3,-^1) and (1, 1) are on opposite sides of the line 
ai+4p-6=ft 

Ex. 8. Bhew that the font points (0,0),{-l, 1), (-^, 0) and (2,4() 
are in the four different oompnrtments mode b; the two straight lines 
2j!-3j+1 = 0, and8a:-6y + 3 = 0. 

27. To find the co-ordinates of the point of intersection 
of two given straight lines. 

het the equations of the lines be 

ax+by + c=0 (i), 

and a'x+b'y + c' = (il). 

Then the co-ordinates of the point which ia common to 
both straight lines will satisfy both equations (i) and (ii). 
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We bave therefore only to fiad ' the taIuqs of m and y 
which satisfy both (i) and (ii). 
These are given by 

g „ y _ X 
he' — b'c cdi — c'a ab' — a'b' 

28. To find the eonditicm that three straight Unea may 
meet in a point 

Let the equations of the three straight lines be 
<M! + Jy + c = 0...(l), a'x + b'y + c' = 0...{2), 

a"o! + b"y + c" -0.,.{S). 
The three straight lines will meet in a point if the 
point of intersection of two of the lines is on the third. 

The co-ordinates of the point of intersection of (I) aad 
(2) are given by 

■g ^ y _ 1 
be' — b'c ca' — c'a ab' — a'b ' 
The condition that this point may be on (S) is 

,, lo' — 6'c . ,„ ca' — c'a ,, . 
a —j-, rr-^b -t; 7T + C "0, 

ab -ab ab —ab 
or, a" (be' — b'c) + b" (oa' - c'a) + c" (ab' — a'b) = 0. 



1. Draw the stnight linej vdiose ec[tiatiDiu an 

(i) w + s = 2. (ii) Sx-4t, = l% 

(iii) 4z-Sy + l=0, and (iv) 3z + 5y+T = 0. 

2. Find the equstiotiE of the stnught lines jratung the fbllowing paixs 
(tf points— (>) (^> 3) ^^ (-*• l)t (ii) (<^ l>) u>d {b, a). 

Aw. (i)a:-3j/ + 7-0.(ii)3r + j/=o + 6. 

3. Write down the eqiutionB of the Eti&ight lines which pass throngli 
the point (1, - 1), and make angles (rf 150° «nd 80° reipectiTely with the 
vnaatm. , ,. 1 
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A, Write the following eqiutiotu in thsfonniBooaB+yuiia-iisO, — 
(i) 3i + 4v-lB = 0, {ii) 12*-6ff+10=0. 

J«.(i)#e + Jy-8=0.(ii) -Hx+-fa-ii=0. 

5. Find t|ie eqo&tioii ot the stnight line throt^ (i, S) pM»llel to 
2j!-8y-6=0. Am.3x-Ss+7=0. 

6. Find the eqnfttion ot the line thion^ <3, 1] panllel to the line 
joining (3, 8} and (3, - 1), Aiu.ix+y = 9. 

7. Find the equation of the line thtoagh the poiat (5, 6) vhioh makes 
eqaftl intetoeptfi on theaieB. Atu. z+^-11. 

8. Find the paints of inteneetian of the foUowing pain of straight 
linn ^)Sz + 7y =99 and &r + 3y + 77=0, (ii)Ss-6y + l = 0uid>+y-t-4=0, 
riii)^+| = land^+|=l. 

An,. (i)(-67.62). (li) (-8, -1), (iii) (^^^, -^^ . 

9. Shew that the three linee Sx+Sy-l^O, 3it-if-10=0, and 
K+2y— meet in a point. 

10. Shew that the three points (0, 11), (3, 8} and (8, - 1) ore on ■ 
■trai^tline. 

Also the three points (8<i, 0], (0, 8t>) and (a, 3(). 

11. Find the eqnations of the sides ot the triangle the oo-ordinatea ot 
whose angular points are (1, 3), (2, 8)and(~8, -6). 

Am. ar-6if-l = 0, 7i-4y + l=0, j:-i/ + I=0. 

12. Find the equations ot tha straight lines eaah of ithieh pastes 
throogli one of the angular x>oints and the middle point of the opposite 
fddie of the tiian^e in Els. 11. 

Am. S«-!f-0, 3z-2y = 0, 6«-^=iO. 
18. Find tho equations ot the diagonals of the parallelogram the 
ecpiations of whose sides are « -a =0, i-b = 0, y-e — andy-d = 0. 
ATU.{d~c)x + {a-b)y + bc-ad=Oa,Jii(d-c}x + (b-a)y + a£-bd=Q. 

14. What mntt be the valne of a in order that the three lines 
3x-«-y-3=0, aii + 2y-3=0, and 2x-)r-8 = 0ma7meet in apoint? 

Aia.a=5. 

15. Inwhatratiois the line joining the points (1,2) and (4, 3) divided 
bf the line joining (2, 8) and {4, l)t An*. The line U bieeeUd. 

IQ. Are the points (2, 3) and (8, S] on the same or on opposite aides 
of the straight line 5y - 6z-t-4=0r 



,11 :«l by Google 



24 IHE STRAIGHT LINE: 

17. Shew iiiat the points (0, 0) and (3, 4) sie on oppomta sidw of 
the line y-2i:+ 1=0. 

IS. Shew that the origin ia within the Iriuigle the eqnatianE of whose 
^ieB ai6 x-ly + 25 = 0, 6x+3y + ll=:Q, tjii 3x-iy-l~0. 

29. To find the angle between two straight lines 
whose equations are given. 

(i) If the equations of the given lines be 
a; cos a + ys\Qa—p = 0,aadwcoBa' +ysma.' —p' = 0, 
the required angle will be a — a or ir — a — a'. 

For a and a' are the aisles -which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of w, and the angle between kaj two lines is equal 
or supplementary to the angle between two lines perpen- 
dicular to them. 

(ii) If the equations of the lines be 

y = 7ruc + c, and y = nt'x + c ; 
then, if 0, & be the angles the linea make with ihe 
axis of a;, tan 6 = m and tan ^ = m' ; 

.-. tanCfl-^)=^j-|-^^; 
.•. the required angle is tan"^ ( :j — A ■ 

The lines are perpendicular to one another when 

1 + mm' = 0, and pwallel when m = m'. 
(iii) If the equations of the linea be 

aic + 6y + c = 0, and a' at + b'y + c' = 0, 
these equations may be written In the forms 

Therefore, by (ii), the required angle is 

. _, & ft' ^ .ha' ~h'a 

tan^ f , or tan** ,. j. t. 

- aa aa +00 
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The lines ax + bi/ + c = and a'x + h'y + e' = (> will 
be at right angles to one ano^er, if aa +hb' =0, and 

will be parallel to one another if 60' — b'a = 0, or if -, = r-, . 

30. The condition of perpendicularity is clearlr satis- 
fied by the two lines whose equations are 

(ue+bif + c=0 and bm — ay + c' " 0. 
The condition is also satisfied by the two lines 
(w + feu + c - and - ~ I + c' = 0. 

Hence if, in the equation of a given straight Une, we 
interchange, or invert, the coefficients of ;r and y, and alter 
the sign of one of them, we shall obtain the equation of 
a perpendicular straight line ; and if this line has to satisfy 
some other condition we must give a suitable value to the 
constant term. 

Ex. 1. The line throngh the origm perpendionlar to 4^-f2x=7 k 

E1.2. Ihelmethn>aghthepoint(4, 5)peipeiidioii]artoSz-^+6=0 
is 3(x-l]+8(j/-6) = 0, for it ia perpendicnl&i to the given line, and it 
poBBee throogh the point (1, 6). 

Ex. 3. nie aonte angle between the linea 

2x + Sy + l = 0, uidz-y=OiB t(ui~>6. 

31. Tofittd the perpendicular distance of a given -point 
from a given gtraigkt line. 

Let the equation of the straight line be 

ajcosa + 3/sina— ^= (i), 




and let s>', y' be 



s-ordinates of the given point P. 

v.Coo*^lc 
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The dqaation 

wcoea + yeina—p' "0 (ii) 

is the equation of a Btraight line parallel to (i). 
It will pass through the point (x'. y") if 

jc'coaa + y'aiua— ^'=0 (iii), 

Now if PL he the perpendicular from F on the line (i), 
and ON", ON' the perpeodiculars from the origin on the 
lines (i) and (ii) respectively, then will 

=P' -P 

= a:' COB a + y' sin a - y [from (iii)]. 
Hence the length of the perpendicular from any point 
on the Une a!Co»a+ j«ina— p = is obtained by svbiti- 
tutitig the co-ordinates of the point in the expresgion 
a; cos a +^ Bin a— p. 
The expression ic'cos a +y'sina— p is positive so long 
as p' is positive and greater than p, that is so long as 
P (x', y') and the origin are on oppoBite sides of the line. 

If the equation of the line be ax-^hy-\-o=0,it may be 
written 

a 6 c 
T .v+ . v+ , =0 (iv) 

which ia of the same form as (i) [Art. 20] ; therefore the 
length of the perpendicular from (si, y^ on the line is 



= x + 



a' + 6' '/a^ + b' Va' + ft"' 



..(T). 



Hence, when the equation of a straight line is given in 
the form. (W + 6y + c = 0, (Ae perpendicular distance of a 
given point from it is obtained by substituting the co-ordi- 
naies of the point in the expression ax-k-hy-\-c, and dividirM 
by the square root of the sum of the squares of the coe^ 
ctents ofx and y. 
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If tbe deiiCiminator of (v) be always supposed to be 
positive, the length of tbe perpendicular from any point 
on the positive side of the line will be positive, and 
the length of the perpendicular from any point on the 
negative side of the line will be negative. [See Art. 26.] 

32. To Jind the expiations of the lines which bisect the 
aaglee betwoen two given straight Unes. 

Tlie perpendiculam on two straight lines, drawn from 
any point on eithffl of tbe lines bisecting the angles be- 
tween them, will clearly be equal to one another in mag- 
nitude. 

Hence, if the equations of the lines be 

(U! + 6y-Ho = (i), 

and a'x + h'y + c' = (ii), 

and (x, y') be any point on either of the bisectors, 
ax' ■\-by' + c , a'^ 4- h'y + c' 

must be equal in magnitude. 

Hence the point (a:', y') is on one or other of the 
stn^ht lines 

aai+by + c _^ a'x + ^+c' /-j 

V a' + 6' ^/o"' -I- b"* 

The two lines given by (iii) are therefore the required 
bisectora. 

W© can distinguish between the two bisectors ; for, if we 
take the denominators to be both positive, and if the 
nppet sign be taken in (iii), ax + by + c and a'ai + b'y + c' 
mtist bom be positive or both be negative. 

-3- . ax + by + e , a'x + b'x+c' ,. . 

Vo +tr Ja +b' 

every point is on the positive side of both the lines (i) and 
(ii), or on the ne^tive dde of both. 

If the equations are so written that tbe constant terms 
are both positive, the origin is on the positive side of both 
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lines ; hence (iv) is the bisector of that angle in which the 
origin lies. 

Ex. The bisectors of the angles between the tines 4a: - 3y + 1 = 0, and 

12i+5y+ 18=0 die given by _ ■ - — j^~ — r^^ — — ; and thenpper 

sign gires the biseotoi of the angle in whieh the origin liea. 

33. To fijtd tkeequation of a straight line through the 
potTit of iTitersection of two given straight lines. 

The most obvious method of obtaining the required 
equation is to find the conardinates x', y of the point 
of intersection of the given lines, and then use the form 
y — 'if ='m,[x~x) for the equation of any straight line 
through the point {x', y'). The following method is how- 
ever sometimes preferable. 
Xet the equations of the two given stnught lines be 

ax + bjf + c = (i), 

a'x + 6'y +c' = (ii). 

Consider the equation 

ax + by + c + \(a'x + b'y + c') = (i (iU). 

It is the equation of a straight line, since it is of the 
first degree; and if (of, y') be the point which is common 
to the two given lines, we shall have 
oa;' + ii/' + c = 
and a'x' + h'y' + c* = 0, 

and therefore {a^ + hy' + c)+\ {a'x' + fcy + c^ = 0. 

This last equation shews that the point {x', t/) is also 
on the line (iii). 

Hence (iii) is the equation of a straight line passing 
through the point of intersection of the g^ven lines. Also 
by giving a suitable value to X the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for different values of \, all 
straight lines through the point of intersection of (i) 
and (ii). ' 
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Ex. Find tbe eqiutkiii o( the line joiiiiiig the origin to the point of 
interaeotion of 2z -f % - 4 - and Sz - 2v + 2 = 0. 
Any line thioogh the inteneotion it given by 

2i+Ei/-4+x(ai-3y+a)=o. 

TUe vin pau through (0, 0) if ~i-i-i\ = 0, oiif X::^2; 
01 &E-j-y — 0, ia the required equation. 

34. If the equations of three straight lines be 
«"= + fry + c = Oi t*'* + b'y + c' = 0, and a"x + b"y + c" = 
respectively; and if we can find three constants X, /i, f such 
that the relation 

X(aa: + 6y + c)+/*Co'a! + 6V+f')+>'Ca"'c+6"y+c")=0—(i) 
is identicaXly true, that is to say is true for all values of 
X and y, then tbe three straight lioea will meet in a point. 
For if tbe co-ordinates of any point satisfy any two of the 
equations of tbe lines, the relation (i) sbew^i that it will 
also satisfy the third equation. This principle is of fre- 
quent use. 

Ex. ' The three etrught lines joinisg the angular pointa of a triangle 
to the middle point* of the opposite sides meet in a point. 

Let the angnlar points A,B,C^» (x", ^), («", j"), {*"'t y'")< respsotiTelr, 
Then D, E, F, the middle points of BC, CA, AB reepeotively, will be 

The equation of AD will therefore be 



Z±fc' 



z"+l"' 



ory(z"+i™-2^)-z(^' + S'"-2y')+i'(v"+!f"')-9'(i" + i'") = 0. 
So the eqoation of BE and CF niU be respediTety 
j(ii^'+!K'-ai")-*(sf"'+y'-V)+'^(j'"'+i^)-y"(i="'+»^)=o 

and y(z' + x"-aE"')-i(jf' + /-2!,"') + i"'(j' + !,'')-v'"{i' + «") = 0. 

And, since the three eqnations when added together vanish identioall;, 
the three lines represented b; them mnet meet in a point. 
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EXAUPLB8. 

I. Find the aoglM betwoen the foUowing pain of straight lines — 

(ii) z+aif-4..0and3x-y+l=iO, 
{m)Ax-tBii + C=l)^i{A+Bix-{A-B)y'=Q. 

Aru. {i)46».(ii)W.(iii)4B». 
3. Find the equation of the straight line which is perpendicnlu to 
2z + 7]r-E=0aud which paseea through the point (3, 1). 

Am. 71-% = 19. 

8. Write down the eqmtionB of the lines thioogh the origin perpoi' 
dicnlarto the lines 3x + 2$ .-5=^0 and 4z ')-%'• 7^0. Find the co-ordinates 
of the points where these perpendicnlars meet the linee, and shew that 
the eqoatioit of the line joining these points is 23sc+lly~-^=0. 

i. Find the perpendicular distances of the point (2, 3) from the lines 
4x-^8y-7=0, 51 + 12^-20=0, and 32+4^-8 = 0. Ant. 2. 

S. Write down the equations of the lines through (1, 1) and ( ~ 2, - 1) 
parsUel to Sx+iy + l^O; and And the diatanoa hetween these lines. 

Ans. V- 
e. Find the eqoations of the two straight lines Ihiongh the point 
(2, 3)TFbichmakeananglaof 16°withxi-2jr=0. 

Ant. jr-3y + 7 = 0, 3ic + y = 9. 
7. Find the eqaations of the two straight lines which are parallel to 
2 + 7^ + 2=0 and at unit distance from the point (1, ~1). 

Arts. a! + 7y + 6*5*/2=0. 
S. Find <lie eqnation of the line joining the origin to the point of 
interseotion of the lines ir-4y- 7=0 andy+2z-l=0. 

Am. 13a:+lly<n0. 

9. Find the eqaaUon of the straight line joining (1, 1) to the point of 
intersection of the lines Sa: + 4y- 2 = ando:— 2^-i-6=0. 

Aia. 7ii + 26j/-33=0. 

10. Find the eqnation of the line drawn through the point of inter- 
section of ^-4x- 1=0 and 2z-|-%-6 = 0, perpendiaolai to Sy + ix=0. 

Am. 881/ -66^-101 = 0, 

II. Find lie lengths of the perpendionlara drawn from the origin on 
the sides of the triangle the co-ordinates of whose anifolar points are (2, 1), 
(3,2)and{-l, -1). 

12. Find the eqaationa of the strugbt lines bisecting the an^s 
between the stiaight lines 4y + 3i- 12=0 and Sj/ + 4e-21 = 0; and draw 
a figoie representing the foor straight lines. 

Atu. y-a + 12=0, 7j + 7ii:-36=0, 
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Is. Kod the eqilatioiu of ttu Jtac-wM-i* of tiie rMtongla formed by 
tbe lines tc-f-3y-10=.0, ic+3v-20*=0, &c-y + 5 = 0, and Su-y-S^O; 
and ahev that thej interaact in the point (J, J). 

11. Find the uaa of tlie triangle fonned bf the linea y-xsO, 

y+a;«.0, «:-c = a JtM. A 

15. The area of the trianele formed by the Btialght lines whose 
equations aiey- 2z = 0, y- Eb:=0| and j/=6x+i la j. 

16. Find the area of the triangle formed by the linea y=2» + i, 
2y+.S«=S, andy-|-x+l»0. Ant. '^, 

IT. Bhew that the area of the triangle formed by the lines whose 
eqaationB aixy = mit+c,, y^m^ + c,, and 7 = is 

IS. Shew iliat the Biea of the triangle fanned by the atnught lines 
whoee equations BIO yatrnji+e^, ya>ni^-<-^, andi(=in^ + e,is 

mj-itij m,-m, mj-m, 
19. Sliew that the locos of a point whieh moras so that the som ol 
the perpendionlBiB let fall &am It upon two given strught lines is oonstant 

is a Btraigfat line. 

35. A homogeneous equation of the tdh degree tctll 
r^resent n straight lines through the origin. 
Let the equation be 

Divide by ^ and we get 

^g)"+5(|)""'+c(|)" + ...+^-0...(i,). 

Let m , m,, wij m, be tbe roots of this equation. ■ 

Then it is tbe same as 

and therefore is satisfied when 

^-m, = 0, when ^-»», = 0,&c., 

and in no other cases. 

Therefore all the points on the locus represented by (i) 
are on one or other of the n straight lines 

y--j»,a; = 0, y — m,a! = 0, .y — m,a! = 0. 
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36. To find the angle between tie two straight lines 
represented by the equation Aa^ + 2Bxy + Gy* = 0. 

If the lines be y — mm = 0, and y — m^x = 0, then 
(j — m^x) (y — m^) = is the same as the given equation 



-V ®- 



If d be the angle between the lines, 

,.„^. '".-". - ^''(«'-^g) 



from (i) and (ii). 

If B'—AG JB positive the lines are real, being coin- 
cident if 5" - j1 C = 0. 

If ff — AC is negative the lines are imaginaiy, but 
pass through the real point {0, 0), 

The lines given by the equation Ax^+2Jixy+ Cy=0, 
will be at right angles to one another if A+ = 0; that 
is, if the sum of the coefficients of x' and y' is zero. 

37. To find the amdition that the general equation of 
the second degree may represent two straight Unes. 

The most general form of the equation of the second 
degree is 

ax' + ^hcy -^-hf + 'ii.ga:+1lify + c = (i). 

If this is identically equivalent to 

{lx-\-my-¥n) [Ix + n^y-Vn') = (ii), 

we have, by equating coefficients in (i) and (ii), 
W = a, mm = b, nn' = c, 
mn' + m'n = If, nV + nl = Sgf, Im ■\-lm = 2A. 
By continued multiplication of the last three, we have 
^fgh = 2U'mm'nn' + IV {m'^r^ + m'n") 

+ mm' {/i"? + nT) + nn' (l"m* + I'm.") 

-hb(i^- 2ca) + c (4A* - 2ab). 
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Hence abc — af'-b^-ch' + ^fyh = (iii) 

is the required conditioti. 

Unless the coefficients of a^ and y" are both zero, we 
can obtain the above result more simply by solving the 
equation as a quadratic in x or in y. 

Suppose a is not zero ; then if we solve the quadratic 
in x, we have 
ax + ky + ff^ + ^{{h'-ah)y'+2(kg-af)f/ + <f-ac]. 

Now in order that this may be capable of being reduced 
to the form aa: + By + C ^ 0, it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. The cpndition for this is 

which is equivalent to (iii). 

38. To find the equation of the Vines joinmg the origin 
to the common points of 

aai' + 2fucj/ + bi/' + 2gx + yy + c = (i). 

and lx + mi/=^ 1 (ii). 

Make equation (i) homogeneous and of the second 
degree by means of (ii), and we get 
oar* + 2Ajci/ + 6y + 2 ((/a; +/y) (tc + wi-i/) + e (ic + wi/)' = 

...(iii), 
■which is the equation required. 

For equation (iij) being homogeneous represents 
straight lines through the origin [Art. 35]. To find where 
the lines (iii) are cut by the line (ii), we must put 
lx + my=l in (iii), and we then have the relation (i) 
satisfied; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 

•39. To find the equation of the straight lines bisecting 
the angles beUveen the two straight lines 
aa?+Zhxy + hf=<i. 
If the given lines make angles ^, and 9^ with the axis 
of X, then (y — a? tan ^,) (y — ai tan 6,) = is the same as 
the given equation : and we obtain 

8. c. 8. 3 
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tan tf, + tan ^, = - -^- (i). 



6' 



..(ii). 



' ' 

If ^ be the angle that oae of the bisectors makes with 
the axis of a;, then will 



and in either case 

tan 20 = tan (5, + O^j, 
2tan5 tan^,+tantf, 
'*'■ 1 - tan'"^ " i^^tan"e.~tan ^, ' 

If (a;, y) be any point on a bisector, - = tan 6; 



, X tan 0, + tan 0, 

hence -' T=i ^—r, hi 

y 1 — tan f, tan t>, 

therefore, making use of (i) and (ii), we have for the re- 
quired equation 

2ay _ 2^ 

3^ — 7/* xy 

a — b A 

EXAMPLES. 

J. Stew that the two Btr«ight lines y'-2a;yaecfl + 3^=0 make an 

angle B 'with one another. 

2. Shew thnt the eqaation a'+ag^-6y'-h7iK+3Iy-18=0reppeBenti 
two etniight lines, and find the angle between them. Am. 46'. 

3. Shew that eEMh of the following eiioatioits represents a pair of 
straight lines, and find the angle between each pair: 

(i) (a!-o)(j-<t)=0, (ii) ic'-4y'=0, 

(iii) !i¥=0, (iy) iy-2i;-3y + 6=0, 

(y) I'-fiay + ^^O. (vj) a«-6!>y+4y« + 3i!-4=0, 

(rii) x*-i-2iyoat2a-y*=0. 
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4. For what value ot \ does the «qtiktion 

iai'-10!^ + 2y» + lla-6j)+\=O 
TepNwnt two straight iineat Bhew that if the «qiistioii repreaents 
■tiaigfat lineB, the angle between Uiem U tan~'f. Am. X=3. 

6. For what value of X doea the equation 

repTesant two straight linoB 7 Aju. -10,or-Y- 

6. For what valne of \ does the equation 

12«' + 36i!/ + Xy» + 6a!+6s+3=0 
represent two atraight linesT Are the lines real or imaginarjF Jnt. S8. 

7. For what value of X doea the eqiuition Xiey-i- 6x4-3^ + 3=0 
represent two straight linesf Ant. X = V- 

6. Bhew that the lines joining the origin to the points oommon to 
8i*+6a!y-3y' + 2i+%=0 and 3!r- ^ = 1 are at right angles. 

The Utui are 3i»+ Say - V + (2»+ 3s) {3x - 2y) -0. 



Oblique Axes. 

40. To find the equation of a straight line referral to 
tea inclined at an angle to. 



■p^f- 



~r 



Let LMP be any straight line meeting the axea in the 
points L, M. 

Let a;, 1/ be the co-ordinates of any point P on the 
line. 

Draw FN parallel to the axia of y and OQ parallel to 
the line LMF, as in the figure. 

3—2 
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Then NP = ]fQ + QP (i) 

Bat TTir = —■ — 7 sr/TTvT = CODStailt = m SUppOSti, 

OJV^ sm(a) — If OQ) ^^ 

and QF = OM = c suppose ; 

therefore (i) becomes y = mx + c, which ia the required 
, equation. 

If be the angle whicb the line makea with the axis 
of X, then 



ain_(o>-^' 



41. Many of the investigations in the preceding 
Articles apply equally -whether the axes are rectangular 
or oblique. These may be easily recognised. 
/^ *i% To find the angle between two straight lines whose 
expiations, referred to axes inclined at an angle a, are 
given. 

If the equations of the lines be 

y = inx + G, and y = m'a; + c', 
and if &, & be the angles they make respectively with the 
axis of X, then [Art. 4U] 

and tan & = ^ 



1 + m cos to' 1 + m' cos w ' 

.1 /> . ■ //I /v\ Km — »iT sin (» 

therefore tan ($ — &\= - — ■■ > - - - ' ■■■ , , . , (i , 

^ 1 + (m + wi ) cos ft) + mm ^ ' 
or the angle between the lines is 



tan ' 



(m - m') sin ai 



1 + {m+m') cos 0} + mm ' 
The lines will be at right angles to one another, if 

1 + (m + )«') cos 6) + mm' = (ii). 

If the equations of the two straight lines be 
oa; + 6y + c = 0, and a'x + h'y + c' = 0, 

and 6 be the angle between them, then m = -T. and 
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m' = — jT, ami subatitutii^ these values m (i) we have, 
. „ (a'h — ab')Binm 

aa +00 — {ab +06) cos a> 
The lines will be at right angles to one another, if 

aa' + U> - (a&'+a'fe)cos co = (iii). 

•43. To find the perpendicviar distance of any point 
ij, g) from, the line Ax + By -\- C = Q. 

Let the line cut the axes of x and y in the points K, L 
respectively, and lot P be the point whose co-ordinates are 
f,g, and let PN be the perpendicular from it on the line 
LK. Then 

APLK=APOK+APLO-ALOK (i). 

.-. PN. LK=OK.gsmm+ OL ./sin a. - OK. OL sin «. . . 

(ii)- 
The relation expressed in (i) requires to he modified 
for different positions of the point and of the line, unless 
we make some convention with respect to the sign of the 
area of a triangle, but the equation (ii) is universally true. 
The student should convince himself of the truth of thig 
by drawing difllerent figures. 

Now 0K=-^, 0L^~^; 

also 11^= Oir + OL* - 20K. OL coa<^ 

= -^,^{A* + B'-2AB COB w); 

.•.from{ii) J>i(r=__^-^|+^dn«. 

^ ' '^{A*+B'-2ABco&ai] 

*H. To find the angle between the lines 

aa^ + 2fuey + bi^ = 0, 

the ax«8 being inclined at an angle ca. 

If the lines be y='m'x and y=m!'x, 

.„ . ,, 2& 

then will m + m = — ;- , 
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whence 

But the angle between y = mx and y = m"x is 

i^-'r-rr^r^^"---^r-^- CArt 42]; 

1 + (m +m ) cos o> + mm "■ ■" 

therefore the angle required is 

^ _, 2 ^{h' - ab] sin <» 

tan -. nT ^— • 

— 2ft cos (u + a 

The lines aa^ + 2kxy + fey* = are at right angles to 
one another, if 

o+5-2AcoBw = 0. 

/ POLAE Co-OHDraATES. 

45. To find the polar equation of a straight line. 

Let Olf be the perpendicular on the given line from 
the origin, and let ON =p, and XON'=^ a. 

Let F be any point on the line, and let the co-onUnateB 
of P her, 0. 




Then, in the figure, ^ NOP is (ff - a), and 

0i>co3if0P = 0if. 
Therefore the required equation is 
rcos{0-a)=p. 
This equation may also be obtained by writing r cos ^ 
for X, and r sin ^ for y in the equation xcosa + yaDii=p. 
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46. To find the polar equation of the line through Uvo 
given poitiU. 

Let P, Q be the given points and let their co-ordinates 
be r', & and t", 0' respectively. 

Let R be any oilier point on the line, and let the 
co-ordinates of ^ be {r, 6). 
Then, since 

A POQ-ir A QOE-A POR=0. 
we hare 

r" r" sin (ff'-ff) +r"r ^n {$ -6") - rj^ sin [0 - ff) =0. 

The required equation is therefore, 
rV sin (0" ~ 0) + r"r Bin ($ - 0") + rr' sin {ff-e)~ 0. 



EXAMPLEa 



a 



1. Shew that the lines given by the eqtiatiou ^-z>ziO aie at right 
angles to one another irhftteveT the angle between the aiee may be. 

2. Und the eqnatioQ of the straight line paaeing through the point 
(I, 2) and catting the line x+2^=0 at right angles, the axes being 
inclined at an angle of 60*. Aiu. x = l. 

5. Find the angle the straight line ^ = 591 + 6 makea with the axis of 
X, the axes being inclined at an angle whose coaine ie (. Am. 45°. 

4. If y^miE + e and y— m'z + e'ma^eqaal angles with the axis of z, 
dian willm + m'4-2)nin'cOBu=^0. 

6. If the lines Ax* + 2B^ + Cjfl^O make sqnal angles with the axis 
of j^ then will S - ^ ooa u. 

6. Shew that the lines given by the equation 

!!•+ 2xyeoiv+s' eoB 2ai=0 
•Ee at right angles to one tmother, the axes being inclined at an angle w; 

7. Find the polar co-ordinates of the foot of the perpendicular troni ' 
the pole on the line joining the two points (r„ e,), (r„ flj, 

47. We shall conclude this chapter by the solution of 
some examples, 

(1) Or the tidei of a triangle <u diagojtali, paralUlogranu are deierited, 
hamag their lidet parallel to tao given ttraight linet; $hew that the other 
tttagonal* of then pardlUhigratn* will meet in a point. 



,,l:al by Google 



40 tSe straight UNE. 

Take any two lin^ parallel to the sidea of the parsUelogrftmB for tbs 
a^aa. Let A, B, C, the angular points of the triangle, be (i', y"), {x!', y"> 
aod (a'", y"') respectively. 




Then the ertremitJeB of the other diagonal of the paraUelogram of 
which AB IB one diagonal will be seen to be (z', y") and (x", ^). 
Therefore tlie eqnation of the diagonal FK will be 



-2/". 



E-x" 



y'-ji" tf'-x" 
or a!(3)'-!(") + y(i'-3r") + a^'jl"-iy=0. 

Similarl; the equation of HE vrill he 

and the egootion of GD will be 

The snm of these tjiree equations raniahea identically, therefore the 
three straight lines meet in a point. [Art. 34,] 

(2) Any straight line ii drawn through a fixed point A aitting ivio 
given itraigkt Umi OX, OT tm ike points P, Q retpectively, and tke paral- 
lelogram OPBQ u computed: find the equation of the locm of B. 
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Take the two given lines lor the oxea, and let the oo-dtdiiuttes of the 
points bef,g. 

Let the equation of the tine PQ in U17 one of itn pouible podtions be 



..0). 



Then the co-ordinates of the point it will be a and p. 

Bnt, sinoe the line PQ paflses throngh the point (/, fl). the TftlueBi=/, 
j(=3 satisfy the equation (i). Therefore 

»^ 

Hence the co-ordinatee a and ^ of the point R always satiafy the 
Telatian (ii). Calling the 00-oidiuates of the point R, x and y inetead 
of a and p, we have for the equation 



S-l !«■ 



i^l- 



(8) Through a Jixed point O any ttraight line i» dTaan mettin^ tvio 
given parallel itraigkt Una in P and Q; Ikroagk P and Q ttraight Hnet 
are dravm in Jixed directioni, meeting in K : prove that the locia ofBiaa 
itraight line. 

Take the fixed point tot origin, and the axis of y parallel to the two 
parallel straight lines ; and let the eqaations of these parallel lines be 

Then, if the equation of OPQ be y^mx, the abscissa of F is a, and 
therefore ita ordinate ma; also the abscissa ol Q is b, and therefore its 
ordinate mi. 

Let PA bealwajs parallel toy =m'x and QJ! always parallel toy = *""'• 
then the equation of PR will be 

V-DW=m'(*-a) (i), 

and the equation of QR will be 

y-inS=m"(ai-6) (ii). 

At the point J! the relations (i) and {ii) will both hold, and we can find, 
ba any particnlar valne el m, the oo-ordinat^ of the point S by solving 
the simnltaneons eqaations (i) and (ii). This however is not what we 
want. TThat we require is the algebraic relation which is satisfied by the 
co-ordinates (a, y) of the point R, whatever the valne of m may be. To 
find this we have only to eliminate m between the eqnatbn (i) and (ii). 
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ThexeBultis 

(B - o) y =m'i (a - a) - mV (* - i). 
This eqnation Is of the first degree, aod therefore the required loons is 

a Btraiglit line. 

(4) To find the centra of the imeribed circle and of the aaribed circlet 
of a triangle tehoie angular poiati are given. 

Let {3f, f), {nf; y^. (li", f) be the angnlar points A, B, C reapeotiTelj. 
The eqaation of BC ia 

j(x"-«:"')-«(/'-S("') + !/'V"-i'y"=0 (i), 

the eqnation of CjI is 

j,(x"'-s')-«(jr'-!/Tfj'V-i"y=0 (u), 

and the equation of AB is 

y(^-ir)-x{y--i(') + ^x"-^f=0 (iii). 

The perpandionlarB on theee lines from the centre of any one of the 
ciroles are eqnal in magiat'ade. 

The centres of the four oirdes are therefore [Art. 31] giten by 
^ yl^'- ,!■') -^(y" - n jYV" - =^y 

J{x-"-xy+W-yr 

If the ca-ordioatea of the angnlar points A, B, C of the triangle be 
enbetitated in the equations (i), (ii), (iii) reapectivelj, the left hand mem- 
barfl of all three will be the same. Hence. [Art. 36] the angolar points 
of the triangle ace either all on the positive sidea of the lines (i), (ii), (iii), 
or all on the negative eides, 

Tbe perpendionlars from the centre of the inscribed drele on the 
sides of the triangle, are nil drawn in the lame direction as those from 
tbe angular po}$,ta of the triangle. Hence in (iv) the Bigns of all 
the ambiguities are positiTe for the inscribed circle. 

For the eeeribed circles the signs are - + +, + - +, and ■*■+ - 
nepectiTely. 
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Examples oh Cbaptxb II. 



1. A strught line moves so that the sum of the recipro- 
cals of its intercepts on two fixed intersecting lines is constant; 
shev that it passes thi-ough a fixed point. 

2. ProTS that 63;'— 2Aa!y + a^ = represents two straight 
lines at right anglw respectively to the sti-aigLt lines 

3. Find the equation to the n straight lines through 
(o, b) perpendicular respectively to t^ie lines given by the 
equation /« Sf; Z-^-' ''.*"'^ .■'>>- \ > ^ ■■ ■ J ^^ '^ J ^■ 

i. Find the angles between the straight lines represented 
by Hie equation . i^.s ° 

IB* + 3x'y - Say* - y' ^ 0. 

6. OA, OB are two fixed straight lines, A, B being fixed 
points; P, Q are any two points on these lines such tJiat the 
ralio of AP to BQ is constant; shew that the locus of the 
middle point of PQ is a straight line. 

6. If a Btraight line be such that the sum of the perpendi- 
eulars npon it from, any number of fized points is zero, shew 
that it will pass through a fixed point, 

7. PM, PN are the perpendiculars from a point P on two 
fixed straight lines which meet in ; MQ, NQ are drawn ' 
parallel to the fixed straight lines to meet in Q ; prove that, if ' 
the locus of 7* be a straight line, the locus of Q will also be a 
straight line. 

8. A straight line OPQ is drawn through a fixed point 0, 
meeting two fixed straight lines in the points P, Q, and in the 
Btraight line OPQ a point B is taken such that OP, OB, OQ 
are in harmonic progression; shew that the locua of if is a 
straight line. 

9. Find the equations of the diagonals of the parallelogram 
formed by the lines 

= 0, a = c, a'=0, a'=c, 
whne o = a!coso + ysinti-p, 

and a' = a; cos o' + y sin a'—p'. 
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44 THE STUAIOHT LINE. 

10. ABCD is a parallelogram. Taking A as pole, and AB 
as initial Line, find the polar equations of the four sides and of 
the two diagonals. 

11. From a given point (A, i) perpendiculars are drawn 
to the axes and their feet are joined ; prove that the length of 
the perpeadicular &om (A, k) upon this line is 

and that its equation is Aa; — Ay = A' — ft*. 

12. The distance of a point {x^, y^) fi-om. each of two 
straight lines, which pass through the origin of co-ordinates, 
is 8; prove that the two lines are given by 

13. Shew that the lines FC, KB, and AL iu the figure to 
Euclid I. 17 meet in a point. 

14. Find the equations of the sides of a square the 
co-ordinates of two opposite angular points of which are 3, 4 
and 1, - 1. 

15. Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 

16. Find the equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 

17. The product of the perpendiculars drawn from a point 
on the lines 

is equal to the square of the perpendicolar drawn from the 
same point on the line 

6-vA . e + A e-A 

a;cos^- + ysin-2- = »coB^-; 
ahew that the equation of the locus of the point is x' -i- y* = a*. 

18. PA, PB are straight lines passing through the fixed 
points A, B and intercepting a conBtant length on a given 
straight line ; find bhe equation of the locus of P. 
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19. The area of the parallelogram formed bj the straight 
linea 3* + 4y = 7a 3ic + 4y= 7a„ 4a! + 3y= 7J„ and ix + 3y= 76 

i8 7(a,-a.)(i,-i,). 

20. Shew that the area of the triangle formed by the lines 

<M^ + 2Aa:y + b^ — and Ix + my + n = ia 
nV{A'-oS) 

21. Shew that the angle between one of the linea given by 
ttc' ■•■ 2hxy -H !>!/' = 0, and ou^ of the lines 

oaf + 2hxy + iy* + X (a:' + y^ = 0, 
ia equal to the angle between the other two lines of the system. 
32. Find the condition that one of the lines 
ox'+a/wty + fi/^O, 
may coincide with one of the lines 

a'g? + 2h'xy + 6y = 0. 

23. Find the condition that one of the lines 

oar" + 'ihary + iy* = 0, 

may be perpendicular to one of the lines 

aV + 2h'xy + I'y = 0. 

24. Shew that the point (1, 8) is the centre of the inscribed 
circle of the triangle the equations of whose sides are 

4y + 3a! = 0, 12y-5a: = 0, y- 15 = 0, respectively. 

25. Shew that the co-ordinates of the centre of the circle 
inscribed in the triangle the co-ordinates of whose angular points 
are (1, 2), (2, 3) and (3, 1) are -J- (8 + ^10) and J- (16 ~ JIQ). 
Find also the centres of the esciibed circles distinguishing the 
different cases. 

26. If the axes be rectangular, prove that the equation 

(a;"-3y)a! = «iy(/-3a.-'j 
represents three straight Uuea through the origin making equal 
angles with one another. 

27. Shew that the product of the perpendiculars from the 
point («', if) on the lines aa? + 2hay + hy' = 0, is equal to 

axT + 2Aic'y' + 6y" 
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28. If p^, p, be the perpeadiculan from (a;, y) on Hm 
Btraight lines ox' + 2lun/ + b^ = 0, prove that 

+ 4h(a + h)aiy+W{c^ + ^ 

29. Shew tliat the locoB of a point such that the product 
of the perpendiculara from it upon the three Btraight limes 
represented b}' 

ay" + ^y'x + cyai" + daf = 
is conetajit and eqaal to lif 
is a/ + Jy'a! + c3«:' + (ia!'-ft"7(o-':)' + (6-<i)' = 0. 

30. Shew that the condition that two of the linea re- 
presented by the equatioa 

Ja^ + s.Bic'j/ + acay + ^y" = 

may be at right angles ia 

31. Shew that the equation 

o («' + y*) - 46jy (a^ - y^ + ecB*/ = 
represents two pairs of stra^ht linee at right angles, and that, 
if 2b' = a' + Sens, the two pairs will coincide. 

32. The necessary and sufficient condition that two of the 
lines represented by the equation 

a^ + bx^^+ «;•/ + dafj/ + «i!' = 
should be at right angles is 

(6 + d){«rf + fe) + («-o)'(ffl+c + e) = a 

33. Shew that the straight lines joining tiie oti^ to the 
points of intersection of the two curves 

and a V + 2h'xff + by + 3/a: = 0, 

will he at right angles to one another, if g'(a + b) =g(a' + b'). 

34. Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 
a point, the perpendiculars from the angular points of the 
second on the sides of the first will also meet in a point 

35. If the angular points of a triai^le lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass through 
a fixed point. 
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CHAPTER III. 



Chakqe of Axes. Anharmonio Ba.tios, ob Cross 
Ratios. Intolotion. 

Change of Axes. 

i8. Wlien we know the equation of a curve referred 
to one set of axes, we can deduce the equation referred lo 
another Bet of axes. 

49, To (^ange the origin of co-ordinates without 
changing the direction of the oases. 




Let OX,OY]x the original axes ; O'T, O'T the new 
axes; O'X being parallel to OX, and O'Y being parallel 
to OF. Let A, % be the co-ordinates of O referred to the 
original axes. 
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4>8 change: of axes. 

Let P be any point whose co-ordinates referred to the 
old axes are x, y, and referred to the new axes x, y. 
Draw PM parallel to OT. cutting OX in 2f and O'X' 
in N. 

Then x = OM=OK-^KM^ OK-^ 0'N= h+x', 
y = MP = MN'\-NP='KO'+NP = k + y'. 
Hence the old co-ordinates of any point are found in terms 
of the new co-ordinates; and if these values be substituted 
in the given equation, the new equation of the curve will 
be obtained. 

In the above the axes may be rectangular or oblique. 

50. To change the direction of the axes withovt 
ckaTiging the origin, both systems being rectangular. 




Let OX, F be the original axes ; OX', OT the new 
axes ; and let the angle XOX' = 8. 

Let P be any point whose co-ordinates are x, y re- 
ferred to the original axes, and x', y referred to the new 
axes. Draw PN perpendicular to OX, PN" perpendicular 
to OX', N'M perpendicular to OX, and If'L perpendicular 
to PN, as in the figure. 
Then X = 0N-= OM-NM= OM-LIT 
= ON' cos 0~N'pBia$ 
= a>' cos9 — y' sin6; 
y = NP=NL + LP = MN" + LP 
= ON'8m0 + N'Pcoii0 
= x' sin $ + y' cos d. 
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Hence the old co-ordinates of any point are found in 
terms of the new co-ordinatea; and if these values be 
substituted in the given equation, the new equation of the 
curve will be obtained. 

^ Ex. L What doa the tqvation Sz>-f SiiT'l-Sv'-lSz- 2Ssr + 50=0 («- 
eiMK ichtn refemd to Ttctangviar axtt throix^h tht point (2, 3), the new 
tacit of I maitnir an angU of i5' toith tht oldt 

First change the origin, bj putting x* + 3, y' + S forx, y lespeetiTely. 
The new equation wUl be 
3(«'+3)« + 3(i'+3)(y'+8)+3(i/' + 8)»-18(»r+a)-22[!,' + 8) + S0=O; 
nhioh redncee to 3«^ + 3«'y'+3y''-l = 0, 



8^+2a?( + 3y'=l fi). 

To turn the axes throngh an angle of 45' wa most write ie* —j^ - y' — j, 
Tor «, and ^-y^ '^^~ri^°^ ^' ^V^^"^ W 'iU tlien ^ 

HvrJ^'* vr-^3-^H'va-j-'' 

whieh tednceB to 4jc^ + 2^'' = 1. 

£z. 3. What does the eqaation 3'-tf*+>te + jy=0 become when the 
orig^ IB tiansfeirad to the point (- 1> 2)f Am. x'-y'-t- 8=0. 

L'' Ex. 3. Shew that the equation 6x> + 5^-%'-17z + 7l/ + 6 = 0, when 
referred to axes tlirongh a certain point parallel to the original axes will 
become ea;' + 5!^-6!('=0. x-=x'*'j y- y'--/ 

iy Bx, 4, What does the equation 4t« + 2^iy + 2j= - 1 = become when 
the axes are turned throngh an angle of SO^F Am. 5z*+y*-l=0. 

Ex. 6, Tranaform the equation i'-9xy + y' + «-3s=0 to axes 
through the point (- 1, 0) parallel to &e lines biseoting the angles be- 
tween the original axes. Aia. y/2s*-x=0. 

Ex. 6. Transform the aquation x' + exy+j/'^a}, by turning the rect- 
augnlw aiee through the angle j . 

(^ 51. To change from one set of oblique axes to another, 
withotd changing the origin. 
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Let ox, OT be the original axes incIiDed at a 
to; and OJC, OY be the new axes inclined at ai 
w' ; and let tbe angle XOX' = $. 



angle 
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Let P be any point whose co-ordinates are x, y re- 
ferred to the original axes, and ar', y' referred to the new 
axes; so that in the figure OM=x, MP = y, OM' = x', 
and M'P = y', Jl/P being parallel to OFand M'P parallel 

to or. 

Draw PK and M'H perpendicular to OX, and M'G 

perpendicular to PK. 

Then KP = KG+GP = SM' + GP ; 

.•. ysin(i> = a;' sin XOX' + y sin JOy 
= 3^ sin 8 + y' sin. (8 + to). 
Similarly, by drawing PL perpendicular to OY, we 
can shew that 

a; sin <B = 3/BinX'0F-y' sin rOr 

= x' siD (<B - ^) - y sin (w' + ^ - m). 
These formulas are very rarely used. The results which 
would be obtained by the change of axes are generally 
found in an indirect manner, as in the following Article. 



(J *52. If by any change of axes ax' + 2hxy + J^' he 
chared into a'x'+ 2k'x'y' + b'^, then will 
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a + b — 2kcoa<o _ a' -\-b' — 2h' cos to' 

sin'oj sin'fti' ' 

J ab — k* a'b'—h" 

ana — ^^ — =--. ,- , , 

sin w sin o) 

where <•> and m are the angles of inclination of the two 
sets of axes. 

If be the origin and P be any poiat whose co-ordi- 
nates are X, y referred to the old axes and x', y referred to 
the new, then Of" is equal to a^ + y* -f- 2,xy cos a, and also 
equal to x* + y"" -^ Sa^y cos w'- 
Hence x' +y + ^xy cos as is changed into 

x"+y'^+ 2x'y' cos a>'. 
Also, by supposition, 

as^ + 2hiey+by' is changed into a'x"+2h'x'T/' + h'y''. 
Therefore, if X be any constant, 

a3^ + 2hxy + by* -i-X{x'+2xi/coaa + ^) will be changed 
into a'x" + 2k'x'y' + h'y* + X {x' + 2xy' cos m + y"). 

Therefore, if X be so chosen that one of these expressions 
is a perfect square, the other will' also be a perfect squaie 
for the same value of X. 

The first will be a perfect square if 

(a -t- X} (6 + X) - (A + X cos mf = 0, 
and the second if 

(a' + X) (6' + X) - {h' + X cos aj = 0. 

These two quadratic equations for finding X must 
have the same roots. Writing them in the forms 
, , , a + h — ih cos o) ^ . "^ ~ ^' _ rt 

-A" „ 



and 


X'+" 


+ b 


-2A 


cosm' 








we see 


that 










a + b 


-2A 


cosw 


o'+&' 
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..(ii). 



If both seta of axes are at right angles these equations 
take the simpler forms 

a + b = a' + b', and ah — h* = ah' ~ h'* (iii). 

53. The degree of an eqitation is not altered by arty 
alteration of the axes. 

For, from Articles 49, 50, and 51, we see that, however 
the axes may be changed, the new equation is obtained 
by substituting for m and y expressions of the form 

bf + 'my + n, and I'x + m'y + «.'. 
These expressions are of the first degree, and therefore if 
they replace x and y in the equation the degree of the 
equation will not be raised. Neither can the degree 
of the equation be lowered, for, if it were, by returning to 
the original asea, and therefore to the original equation, 
the degree would be raised. 

-^ Ex. 1. Prove, b; actaal traosformatioQ ot reotangolar axes, that if 
oi' + 2JUj + ftj' become a'ufi-ikVy' + b'^', then will a + b = a'+lf, and 
h»-ab = K'--<^b'. 

Ex. 2. If the formula for tranBTormation from one aet of aies to 
BDotiiex with the same origin bea^mx' + ng', y ^m'xf +n'y' ; shew that 
m'+m"-! mm' 
n" + n"-l ~ nn' " 
[i' + j' + Sary coa w will become a;'' + y'' + 2xy cob i/. Sobatltuta there- 
fore the given expressiona for x and y, and eqnate coefficients of x*' and 
y" to nnity, and than eliminate coa w.] 

y 

(^ '^ Anharmokic ok Ckoss Ratios. 

•54. A set of points od a straight line ia c^led a 
range; and a set of straight lines passing through a point 
ia called a. pencil ; eaoh line is called a ^xiy of the pencil. 

If P, Q, It, 8 be four points on a straight line, the 
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53 



ratio -. 



^^ ' RS **' ■^Q-^^- ^^- ^^ "3 '^'le'l the anhar- 
monio ratio or cross ratio of the rauge P, Q, M, 8, and 13 
expressed by the notation {PQiiS), 

If OP, OQ, OS, OS be a pencil of four straight lines 
the ratio an POQ . sin ROS -. sin POS. sin itOQ is called 
the anharmonic ratio or cross ratio of the pencil, and is 
expressed by the notation 0{PQRS]. 

If the cross ratio of a pencil or of a range is equal to 
— 1 it is said to be harmonic. 

It is easy to shew that if { PQRS] = - 1 , then 
PQ : PS :: PR-PQ: PS- PR, 
so that PQ, PR, PS are in barmonicul progression. 

Jf P, Q, R, S he & harmonic range, then Q and S are 
said to be karmonically conjugate with respect to P and R. 

•55, If four straight lines intersecting in a point 
O be cut 1)1/ any straight line in the points P, Q, R, S, 
the cross ratio of the range P, Q, R, 8 wiU be equal 
to that of the pencil OP, OQ, OR, OS. 




For, if p be the length of the perpendicular from on 
the line PQRS, we have 



,,l:al by Google 



Henco 



ASHAHMONIC OR CROSS RATIOS. 

p.PQ = OP.OQsmPOQ, 

p. RS= OR. OS sin JtOS. 

p.rS=0P.08t,mP0S, 

p.RQ = OQ.ORsmJtOQ. 

I' Q.RS ^ sin POQ . sin R08 

PH . RQ ~ ain roS . sin ROQ ' 

that is {PQR.S} = 0{PQRS}. 

Jf the pencil be cut by any two stnught lines in 
the points 2", Q, R, 8 and P', Q', R', S' respectively, as in 
the figure, the cross ratios of the ranges P, Q, R, S and 
P', Q', Jf, S will be equal to one another, since they are 
both equal to the cross ratio of the pencil. 

Tf we draw the transversal P' (^' R" parallel to OS, 
it will meet OS at an infinitely distant point, and, represent- 
ing this point by the symbol co , we have 

o\PQRS\ = {rq-R- oo } = ^f^';g^, = ^^, ; 

R"<x> . 
since -pT, IS unity. 

*56. To find the cross ratio of the pencil formed bt/ the 
lines whose equations are 

x = 0, y — mx = 0, y = and y — m'x = 0. 

Draw the line x = li cutting y — mx = in P, the axis 
of (C in ^ and y — mx = in Q. 

Then NQ = mk. and NP = mk. 

From the above we see that the four lines 

x = (i, y — mx=^0, y = (i and y + mx = 
form a harmonic pencil. 

If the axes are at right angles to one another the lines 
y — mx = 0, and y + mx=t) make equal angles with either 
axis. 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 
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•57. To find the cross raiio of the pencil formed hij the 
four lines 

y = kx, y = lx, y = ntx, y=nx. 




Draw any line parallel to OY cutting the given lines 
in the points K, L, M, N respectively, and the axia of x in 
//, andletOiZ" = a^. 



Then 
Now 



Hence 



KS.ML' 
KL -HL-HK-U- kx\ 
MS - HU- HM- iw'-mi', 
KN-H]f-HK~m:'-ki', 
ML-Hl-HM- !«■ - mi. 

0iKZMifi.':i-=M';'^]. . 

(Ic — n){m — 1} 
*58. To find the condition that the lines given by the two 
equations fix' + 2hxy + i^ = and a'x* + 'ih'xy 4- i'y" = 
'may he harmonically conjugate. 

Let the pairs of lines be y = oar, y = a'x ; 
and y=^x, y = ^x. 

Then, if y = ax, y = ^x, y = ax, and y^ffx form a har- 
monic pencil, we must have [Art. 57] 

(,-/S')(a'-/3) 
or 2>a' + 2^/3' -(. + .') 09 + (91. 
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But, from the given equations we bave 

ik , a 



that the pairs 



Hence tho condition required in 

ab' + a'b = thh'. 
•39, We can shew in a sintilar 
of points given by the equations 

ax'+2fta; + 6 = 0, and oV + 2A'ar + 6' = 0, 
are harmonically conjugate if 

ae + a'b = 2^A'. 

*60. Each of the three diagonals of a quadrilateral is 
divided harmonically by the other two diagonals. 




Let the straight lines QAB, QDG, PDA and FCB be 
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the sides of the quadrilateral. The line joimofir the point 
of intersection of two of these lines with the point of 
intersection of the other two ia called a diagonal of the 
quadrilateral. There are therefore three diagonals, viz. 
PQ, AC, BD in the figure. 
We have to prove that 

{AOCR] = \BODS} = [QSPR] = - 1. 
Let QO cat AD in K and BG in L. 
Then, from Art. 55, 

[AOCR] = Q{A OCR] = UKDR] 
= 0{AKDP] = {CLBP] 
= Q{CLBP] ■={COARl. 
And, since {A OCR] = 1 COAR], 
AO.CR CO.AR 
"'' AR.GO~CR.AO'' 

:. [AOGB]=±\. 
We must take the negative sign, for two of the rays 
coincide if the auharmonic ratio of a pencil he oqual to + 1. 

This follows from Art. 55, for if ^,%, = 1, then P" and R' 
are coincident. 
. Hence the diagonal AC ia cut harmonically. 

We can prove in a similar manner that the other 
diagoQE^s are divided harmonically. 



Involution. 

*61. Def. Let be a fixed point on a given strught 
line, and P, P' ; Q, Qf; R, K; &c, pairs of points on the 
line such that 

OP .OF =OQ.OQ' = OR.OR' = =a const. = fc. 

Then these points are said to form a system in involution, 
of which the point is called the ceidre. Two points 
such asP,P' are said to be conjugate to one another. The 
point conjugate to the centre is at an infinite distance. 
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If each point be on the same side of the centre as its 
conjugate, there will be two poiutB K„ K^, one on each aide 
of the centre, such that OK'=OK,'=OP.OF. These 
points K,, K^ are called double points or foci. 

It is clear that when the two. foci are given the involu- 
tion ia completely determined. 

An involution is also completely detennined when two 
pairs of conjugate points are given. 

For, let a, a' and b, b' be the distances of theae points 
from any point in the straight line upon which they lie, 
and let x be the distance of the centre of the involution 
from that point. Then we have the relation 
{a-x){a' -x) = {b-x){b' -x), 
or {a-^a' —h — b')x = aa'— bh'. 

Hence there is only one position of the centre. 

The position of the centre can be found geometrically 
by drawing circles one through each of the two pairs of 
conjugate points, then [Euclid iii. 37] the common chord 
of the circles will cut the line on which the points lie in 
the required centre. 

•62. If any number of points be in involution the c^-oss 
ratio of any four points is equal to that of their four con- 
jugates. 

Let P, Q,R,8he any four points, and let the distances 
of these points from the centre be p, q, r, s respectively and 

therefore those of their conj ugates - , - , - , - respectively. 

" ' ^'-T)('l-') 



^ iy p}[s r) {p~'j)(r-s) 



\s pj\q rj 
Hence [PQRS] = {P Q'R'S-}. 

The above gives us at once a means of testing whether 
or not sio! points are in involution. For P, P will be con- 
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jugate poiDts in the involution determined by A, A' and 
£, B-, if {ABA'P) = [A'BAF]. 

*fi3. Any two conjugate poitUs of an involution and the 
two/od/orm aharmonic range. 

Let K^, K^ lie the two foci, and the centre of 
the involution, and let K^^O = c= OK^. 

Then, if P, P' be the two conjugates we have to prove 
that 

K^P.K^P^ 

or (c + OP)COf ~c) + (c+ Oi^(OP-c)=0, 

or OP.OP'-c', 

which we know to be true. 

•64. If any number of pairs of points in involution 
be joined to any point .0 we obtain a, pencil of lines which 
may be said to be in involution. 

Such a pencil is cut by any other transversal in pairs of 
points which are in involution. This follows from Articles 
55 and 62. 

EXAMPLES. 

1. If P, Q, B, She an; four points on a struight line, then 

PQ.RS+PR.Sq + PS.Q]t=Q. 

2. Shew that 

{PQES) = {(iPSB)^{RSP<}] = iSEQPU 

3. Shew that 

''■"'^''jpsmr^-"''"'^'- 

i. Shew that, by taking four points in diOerent orders, Bii and only 
six different cross ratios are obtained, and that of these di three ore the 
leciprooalB of the other three. 

5. H {PQRSi=-l, shew that {SRQP]= -1, {PRQS1 = 2, and 
lPSQR) = i. 

e. It [PQBSl = - 1, and bs the middle point of PR, then 
OP' = 0<i.OS. 

7. If{PeBS|=-l, diewthat^ + ;^ 



PQ PS PR' 
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CHAPTER IV, 



65. To find the equation of a circle rejerred to any 
rectangular axes. 




Led be the centre of the circle, and F any point on 
its circumference. Let d, ehe the co-ordinates of C; as, y 
the co-ordinatcB of P; and let a be the radiua of the circle. 
Draw CM, PN parallel to OF, and Cif paraUel to OX, as 
in the figure. Then 

CK^ + KF*^CF', 
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But CK = x-d, and KP = y~e; 

.: (^~d)' + iy-er = a\T. (i). 

is the required equation. 

If the centre of the circle be the origin, d and e will 
both be zero, and the equation of the circle will be 

3?-j-y' = a* (ii). 

The equation (i) may be written 

a^ + t^-2dx-2e^ + d'+e'-a* = 0. 
The equation of any circle is therefore of the form 

«'+y + 2i7«+2/y + c = (Ui), 

where g,/a,nd c are constants. 

Conversely the equation (iii) is the equation of a 
circle. 

For it may be written 

(^+?)'+(y+/}'=?*+/'-c; 

and this last equation shews that the distance from any 
point on the locus of the equation (iii) Irom the point 
(—g, —f) ia constant and equal to v^'+/"— c. The 
e quation (ii i) therefore represents a circle of radius 
'^g'+f' — c, the centre of the circle being at the point 

(-?•-/)■ 

If ff' + f^ — c = the radius of the circle is zero, and the 
circle is called a point-circle. 

If ^ +/' — c be negative, no real values of w and of y 
will satisfy the equation, and the circle is called an imagi- 
nary circle. 

66. We have seen that the general equation of a 
circle is 

!^ + 7f'-]-2ga!+2fy + c=0. 
This equation contains three constants. If we want to 
find the equation of a circle which passes through three 
given points, or which is defined in some other manner, we 
assume the equation to be of the above form and deter- 
mine the values of the constants ff, f, c for the circle 
in question from the given conditions. 
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For example — To find the equation of the circle whicli 
passes through the three points (0. 1), (1, 0) and (2, 1). 
Let the equation of the circle be 

Then, since (0, 1) is on the circle, the equation must bo 
satisfied hy putting a; = and y^l; 

.: 1 +2/+c = 0. 
Also, since (1, 0) is on the curve, 

\+^g+c = 0. 
And, since (2, 1) is on the curve, 

4+l + % + 2/+c = 0. 
Whence g =f=~^, and c = l. 

The required equation is therefore 

67. To find the equation of a circle vilien the axes are 
inclined at an angle ta. 

The square of the distance of the point {x, y) from the 
point (d, e) will be equal to 

(a; - d)' + Cj - e)' + 2 ((c - d) 0/ - e) cos m. [Art. 4.] 
Therefore the equation of the circle whose centre is at 
the point (rf, e), and whose radius is a, will be 

(3;-(?)'+{j/-e)' + 2{3;-rf)(7/-e)cQS« = a' (i), 

or x' + y' +2x1/ cos eit — 2x(d-i-e cos (i))~2y {e + d cos a) 

+ (i' + e'+2decos£<i-a' = ..(ii). 

Any circle therefore referred to oblique axes has its 
equation of the form 

x^ + 1/' + 2xy cos a + Igx + 2fy + c = (iii), 

where g, f, c are constants so long as we consider ono 
particular circle, but are different for different circles. 

The equation (iii) will still be true if we multiply 
throughout by any constant ; it then takes the form 

Aie' + 2A cos (0 xy -i- Ay^ + 20x + 2F}/ + C =0 (iv). 

Hence the equation of a circle referred to oblique axes is 
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of the second degree, the coe£Bcients of t^ and ^ are 
equal to ooe another, and the ratio of the coefficients 
of x^ and x" J3 2cosai, where to ia the angle between 
the axes. 

We can find the centre and radinB of the circle lepresented bj the 
eqoation B* + y* + 2jrycoBu + B;z + 3;V + c^0. For it will be identical 
with (i-if)» + (!/-r')» + 3(a-(il(v-e)coa«-fl> = 0, if d + <coB «= - ff, 
e + dco8u= -/, and d" + e' + 2d« oob u - a' = c. We therefore have d sin' « 1/ 
=/cofi»-p,<Bia'«=jooi«-/, anda'Bin'ui=/= + a'-a/ffCoau-caiii'u. 

y 

EXAMPLES. 

1. Find the radii and the co-ordinates of tlie centres of the circles 
whose eqaationa are (i) i' + y'-2-j; = 0, (Ji) lx' + 43/'+4z-8y + 3 = 0. 

Ant. L centre (i, i), TaMia—r-\ ii, centre (- J, l),raiKu»— ^. 

2. Find the equation ot the circle which passeii through flie points 
(0, 0), (o, 0> and (0, fc). Am. 3^ + y*-ai-6y=0. 

3. Find the equation of the circle which pssses through the points 
(a, 0), (- a, 0) and (0, i). 

4. Sbeir Uiat, if the co-ordinates of the eitremities of a diameter of a 
oiide be (x*, ^) and (d\ jr") respectively, the equation of the circle will be 

[The line joining any point P (7, y) on the circle to (^, ^) makeB with 

-, y-tf' 

1-3!"' 



B of X an angle tan"' i— i , the line joining F to (i", y") makes 



.,y-s" 



Since these linei are at right angles, we have 



i+!-l-^l,-o. 



or (»;-«') (i-^') + (i'-!/')(y-y")=01, 

S. Shew that if the co-ordinates of the eitremities of a diameter bu 
(i*, 1/') and (i", y") respectively, the equation of the circle nill be 
(i-«')(»-y) + (!,-5') (!,-,■■) + Kj-S') (!-:.") + (J-,/) (x-x'll CO. » 

a being the angle between the axes. 
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6. If the equation ^ + xg + y' + 2x-^ii/~0 lepresent a drole, Bhew 
that the axes aie inclined at an angle of AC, and find the centra and 
ladiua of the circle. 

Atu. centre {-i,-\)i radiiu — ^- , 

7. Find the equation of the circle through the three pointa (x*, y"), 
(«". y"), and (i"', y'"). 

68. Def. Let two pointa P, Q be taken on any curve, 

and let the point Q move along the curve nearer and nearer „ 
to the point P; then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normal to the curve at the point P. 

69, To find the eqiiation of tfie tangent at an>/ point of 
the circle whose equation w a:' + y* = a\ 

Let x', y and le", y" be the co-ordinates of two points 
on the circle. 

The equation of the secant through the pointa {x', y) 
and (a;", y") is 

ai-a:" y' ~ y '^ •'■ 

But, since the two pointa are on the circle, we have 
3>'* + y'* = a', and a;'" + y"* = a' ; 

■■■ a;"-it"* = y"'-y- (ii). 

Multiply the corresponding sides of the equations 
(i) and (ii), and we have 

{x-a:-){a;-\-a;') = -{y-y')(y'+y") (iii). 

Let (ar", y") move up to and ultimately coincide with 
{x',y') ; then in the limit the chord becomes the tangent 
at {x, y"). The equation of the tangent at (a;', ■;/) is there- 
fore obtained by putting x" = x', and y" = y in equation 
(iii); the result is 
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or iRc' + ;/y-a!'» + y'; 

is the required equation of the tangent at the point (of, y"). 

70. To find the equation of the tangent at any point of 
, i^ circU whose equation is 

The equation of the secant through the two points 
{x', y), {x", y") will be 

. w s-£ 

x-t! y-y' 
Since the two points are on tlie circle, we have 
x" + i/' + igx +%/;/ + = 0, 
«"■ + y"' + 2ji" + 2/y- + - 0, 
.-. (ic'-x") («■ + «"+ 2j).-(y-t,-)(j' + y-+ 2/). ..(ii). 

Multiply the corresponding sides of the equations (i) 
and (ii), and we get foi* the equation of the secant 
{x~^){x' + af' + 2g) = ~{!,-y-){xi'-k-y"-¥2f). 
The equation of the tangent at (x', \f) will therefore 

(a: - ;p') {a/ + 5) + (j, - j/) (y +/) = 0, 

or !«/ + yj' +5* +/i/ = x'^r y" + go; +fy'. 

Add gx'+ft/ + c to both sides ; then, since (a:', ^) is on 
the circle, the equation of the tangent becomes 
xa;'+yy- + g(x + x')+f(jf + y')+c = 0. 

71. To find the equation of the normal at any point of 
a circle. 

Let the equation of the circle be 

^ + y'~a'. 
If {x', j/) be any point on the circle, the equation of the 
tangent at that point will be 

xaf + y^ = a' (i). 

The equation of the line through (x', y') perpendicular 
to (i) is [Art. 30] 

s.c,s. ,_^^-_ ^, f\ 5 
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or xt/-yx'^Q (ii). 

This is the required equation of the normal at {x', y"). 

It ia clear from equation (ii) that the normal at any 
point of the circle passes through the origin, that is through 
the centre of the circle. 

72. To find thepoints of intersection of a given straight 
line and a circle. 

liet the equation of the circle be 

x' + y' = a' (i). 

and let the equation of the straight line be 

y = mai + c (ii). 

At points which are common to the straight line and the 
circle both these relations are satisfied. Points on the 
straight line satisfy the equation y" ^ (jnx + c)\ and points 
on the circle satisfy the equation j^ = a' — af; hence for 
the common points we have 

{7nx-i-cY = a'-x', 

or iE* (1 + m*) + 2incw + c* — a' = (iii). 

This is a quadratic equation, and every quadratic equation 
has two roots, real, coincident or im^inary. 

Hence there are tvio values of x, and the two corre- 
sponding values of y are found from (ii). So that every 
straight line meets a circle in two real, coincident, or 
imaginary points— imaginary points being those one or 
both of whose co-ordinates are imaginary. 

It is impossible to represent geometrically the two 
imaginary points of intersection of a straight line and 
a circle : we shall find however that imaginary points and 
lines have often an important significance : and it is 
necessary to consider them in order to enunciate our 
theorems in their most general forms. 

The roots of the equation (iii) will be equal to one 
another, if 

(1 + m^{<^— a*) = wi'c', 
that is, if c* = o*(l+m') (iv). 
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If the two values of x are eqnal to one another the two 
values oly must also be equal to one another from (u). 

Therefore the two points in whic h the circle is cut by 
the line will be coincident if c=aj\ + m*. 

Hence the line y = mx + ajl + m" will touch the 
circle c^ + ^ = a^ for all values of m. 

Since either sign may be given to the radical ,/V+m', 
it follows that there are two tangents to a circle for every 
value of m, that is, there are two tangents parallel to any 
given straight line. 

73. To find the locus of the middle points of a system of 
■parallel iJiords of a circle. 

Take the centre of the circle for origin, and the axis of 
X parallel to the chords. 

Let the equation of the circle be 

^+/-«' (i); 

and let the equation of any one of the parallel chords be 

^-^ = (ii). 

"Where (i) and (ii) meet we have 

Since the two values of x are equal and opposite, it 
follows that the middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y. This is true for all values of c. If c > a 
the two values of x are both imaginary, but their sum 
is still zero, and therefore the middle point of the chord is 
8till on the axis of y. 

The locus of the middle points of parallel chords of a 
circle is therefore the straight line through the centre 
which is perpendicular to the chorda : the locus need not 
however he supposed to be limited to that portion of this 
line which is within the circle. 

74. In the preceding Articles we have assumed no 
geometrical properties of the circle except that the distance 

5—2 
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from any point to the centre is constant. Some of otir 
results may be obtained more readily by assumtng the 
propositions proved in Euclid, Book iii. For instance, let 
(x, y') be any point on the circle whose equation is 
ar* + j' = a* ; the equation of the line from {x, y") to the 

centre of the circle is -7 — ^ = 0, and the equation of a 

X y 
perpendicular line through {x, y') is [Art. 30] 

{x — x')af + {y—^y'=0 or ica:' + ^ — a' = 0. 
And by Euclid UL this line is the tangent at the point. 

75. Two tangents can he drawn to a circle from anif 
point ; and these two tangents will be real if the point be 
outside the circle, coincident if the point be on the circle, and 
imaginary if the point be within the circle. 

Let the equation of the circle be 

and let h, k be the co-ordinatea of any point. Let x', y" be 
the co-ordinates of any point on the circle, then the 
equation of the tangent at (x', y") will be 
xx' + ify'=a\ 
The tangent at (a/', y) will pass through the point 
{k, k) if 

}a/ + ky' = a* (i). 

But (x', y) is on the circle, therefore 

af + y^ = d' (ii). 

Equatioiis (i) and (ii) determine the values of a;' and of 
y' for the points the tangents at which pass through the 
particular point (h, k), Substitute for j/ in (u) and 
we get 

' - kx'\* 



K°-^)'= 



or x''{h* + lc^-2a'ha^ + a*(a'-]c^ = (iii). 

Equation (iii) gives the abscissae, and &om (i) we get 
the corresponding ordinates. Since equation (iii) is a 
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qaadratSe equation, there are two points the tangents at 
whicli pass through (h, k). 

The roots of (iii) are real, coincident, or imaginary 
according as 

aW-a'(<i*-fcO(A' + 't') 
is gifeater than, equal to, or less than zero. 
That is, according aa 

is greater than, equal to, or less than zero. That is, 
according as {h, k) is outside the circle, on the circle, 
or within the circle. 



EXAMPLES. 

1. Find the oo-ordinates of Uie points where the line y=2x-l-l enta 
the oirole a'+y»=2. An: (- 1, - 1) and (J, f). 

3. Shew th&t the line Sz-3tr=OtoacheBthscirolez' + Sf*-3x + 2y=0. 
8. Shewthat the circles j:= + j;' = a and 3? + y'-6i-6s-i- 10 = touch 

one ftnothei at the point (1, 1). 

4. Shew thai the circle x' +-y' - iax - 2ay + 0^=0 ioaobeM lihe axMof 

5. Find the equation of the oiicle which touches the lines x=0, j/=0, 
andz=c. Ant. ix' + iy*- icx^iq/ + e*=0. 

6. Find the equation ot the circle which tonohee the lines iE=0,ie=a, 

Am.3? + y*-ax+2a^+a*=0oi^ + t^-ax+iay + tiifi=0. 

7. Shew thai the line y=m(x-a) + atjl + m* toaubes the oirole 
z*4-v' — Soar, whatever the value of m maj be. 

8. Two lines are drawn through the points (a, 0), (-o, Ojraspeotively, 
and nuthe an an^etfwith oneanother) find the loena of their inteiseotion. 

Tkeeirelea x^ + y'-a'= ±2aycote, 

9. A eirole toaches one given straight lioe and cats oB a constant 
teigth (21) &rom another straight line perpendicular to Ole former ; find 
the equation of the locus of if s centre. Am. ji'-ar'^P. 

10. A line moves so that the sum of the perpendicolarB drawn to it 
from the points (a, 0), (- a, 0) is constant ; shew that it always tonohea a 
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11. Find the aqnationa of tlie two tangents to ^+i/'s3, which mike 
an angle of 60' with the aiia of a:. Ant. v = V^ (a;*a). 

18. Find the eqoalion of tlie oircle inscribed in the triangle the 
eiinationa of whose eides are x=l, 2y = 5 ttXtd.Sx~iy = 5. 

13. Shew that the two circles 

ir' + 3/'-2i(x-aSy-3a6 = 0and3?+y'+3te+3aj;-3a5 = 
ent one another at right angles. [This requires that the H^nare of the 
distanoe between the oentrea of the airolea i« eqoal to the aom of the 
sqnares of their ntdji.] 

U, Shaw that the two drolea repreBeotad by the eqnaiiona 

intersect at right angles. 

76, Tangents are dravm to a drcle/rotn any point; to 
find the equation of the straight line joining the points of 
conta<^ of the tangents. . 

Let the co-ordinates of the point from which the tan- 
gents are drawn be w' y\ Let the co-ordinates of the two 
points of contact be A, A and &', U, uid let jj' + y*— o' = 
"be the equation of the circle. 

The equations of the two tangents will be [Art. 69] 
xh -Vyh — a" = 0, 
x}C -I- ylc — a* = 0. 

Since both these tangents pass through the point 
(a;', y), therefore both equations are satisfied by the co- 
ordinates x", y' ; 

:. j;'A-f-i/'A:-a' = (1), 

and a;'A'-|-y'i'-a'=0 (ii). 

But the equations (i) and (ii) are the conditions that 
the two points (A> it) and (A', A;') may lie on the line whose 
equation is 

fl;'a: + y'y^a' = (iii). 

Hence (iii) is the required equation of the straight line 
through the two points of contact of the tangents vhich 
pass through {pi y'). 

If the eqnation of thaoirolebe «*+|;' + 3ff* + 2/s + e=0, weoaniIi«w 
in a similai maiuier (by aasnining the reenlt of Art. 70) that (he equation 
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(tf QiB Hue joiauig tiw potnti of oonta^ «f tha tftnguta whiob pass 
thiongb (x", v'} is 

If the point (a;', 3/) be outside tHe circle tte two tan- 
gents will be real, and the co-ordiaatea h, k and V, k' will 
all "be reaL If however the point {of, y') be within the 
circle the two tangents will be imaginary ; but, even 
in this case, the line whose equation is (ill) is a real 
line when x' and y' are real. So that there is a real line 
joining the imaginary points of contact of the two imagi- 
nary tamgenii which can be drawn from a, point within the 
circle. 

Def, The straight line through the pointa of contact of 
the tangents (real or imaginary) which can be drawn from 
anj point to a circle is called the polar of that point 
with respect to the circle. 

The point of intersection of the tangent* to a circle at 
the (real or ima^ary) pointa of intersection of the circle 
and a straight line is called the pole of that lina with re- 
spect to the circle. 

77. Let TP, TQ be the two tangents to a circle from 
any point T. Let Q move up to and ultimately coincide 
with the point P, then T will also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of T, when 2* is on 
the circle, coincides with the tai^ent at that point. 



This agre^ with the result of Art 76. For the 
equation of the polar is of the same form as the equatioa 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 
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78. If the polar of a point P pass through Q, then 
win the polar o/Q pass tkrmiffh P, 

Let P be the point (a;', i/), and Q be the point (a;", y"), 
and let the equation of the circle be a^ + y* — o' = 0, 

The equations of tlie polars of (x', j/') and (a;", y") are 

fl"^ +yy'-a' = ^i), 

and icic" + yy"— o'=>0 (li). 

If Q be on the polar of P, its co-ordinates must satisfy the 
equation (i); 

but this 13 also the condition that P may be on the line 
(ii), that is on the polar of Q, which proves the proposition. 

If Q be any point on a fixed straight line, and P be 
the pole of that line; then the polar of Q must pass 
through P, for by supposition the polar of P passes 
through Q. 

Conversely, if through a fixed point P any straight line 
be drawn, and Q be the pole of that line; then, since P is 
on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P. 

79. If the polars of two points P, Q meet in B, then 
It is the pole of the line PQ. For B is on the polar 
of P, therefore, by Art. 78, the polar of B goes through P; 
similarly it goes through Q ; and therefore it must be the 
linePQ. 

80. To give a geometrical construction for the polar of 
a point with respect to a circle. 

Let the equation of the circle be 
of + ^ = a'; 
let P be any point, and let the co-ordinates of P be a;', y. 
The equation of the polar of P with respect to the 
circle is 

aaf-\-yi/-a^=0 (i). 

The equation of the line joining P to 0, the centre of 
the circle, is «. „ 

^-■^, = (ii). 

X y 
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73 



We see from the equatiooB (i) and (ii) that the polar of 
any point irith respect to a circle ia perpendicular to the 
line joining the point to the centre of the circle. 

fi ON be the perpendicular from on the polar. 



0N= 



also 
therefore 



OP = J'i 
ON. OP 



[Art. 31.] 



We have therefore the following conatmction for the 
polar. Join OP and let it cut the circle in A ; take N on 
the line OP such that OP : OA :: OA : ON, and draw 
through N a line perpendicular to OP. 




Ex. I. Write down the polarB of the following points with reapect to 
the drdle whose equation is :^ + y*=i, 

(1) (', B), (Ii) (»,-!). (HI) (1,-1)- 

El. 2. Find the poles of the following lines with respect to the circle 
whose equation is a? + j' = 35, 

(i) ii! + 6y-7 = 0, (u) 3it-2y-E = 0, (iii) ax-\-by-\=0. 

Aia. (i) (20, 30), (Ii) (21, ^ 14). fiii) (36o, 8B6). 
Ei. 3. Find the co-ordinftles ot the points where the line «=4 onts 
the cirdei^+y'^l; find the equationB of the tangents at those points, and 
ehew that Hie; intersect in the point (1, 0). 

JM. (4, ±^ri2), 4z±V- iiS'=J- 
Ex. 4 If the polar of the point nf, y' with respect to the eiiole 
a^ + y'=o'tonoh the drole (a-o)* + y'=a', shew that y'' + 3ai'=a'. 
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81. To^nd^polar equatum of a circle. 
Let G he the centre of the circle, and let its polar 
co-ordinates he p, a, and let the radius of the circle be 



equal to a. 




A 

J . 

" X 

Let the polar co-ordinates of any point I* on the curve 
he r, e. 

Then CP* = OC + OP' - WG . OP cos COP. 
But CP=a,OC = p,OP=r, ^XOG=a, ^XOP=d; 

:. a'=.^'+r'-2rpco8(5-a) (i), 

which is the required equation. 

If the origin be on the circumference of the circle p -= a, 
and we have from (i) 

r=2aco8(5-a) (ii). 

If, in addition, the initial line pass through the centre, a 
will be zero, and the equation will be 

r = taooB0. (iii). 

From equation (i) we see that if r„ r, be the two values 
of r corresponding to any particular value of 0, then 

r r^=p*—a* (iv), 

so that r, r, is independent of 6. 

This prores that, if from a fised point a straight line 
he drawn to cut a given circle, the rectangle contained by 
the segments is constant. 

From (iv) we see that if the origin be within the circle, 
in which case p is less than a, r, and r, must have different 
signs, and are therefore drawn in difFerent directions, as is 
geometrically obvious. 
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82. To Jmd the length of the tangent draum from, a 
given point to a, drde. 

If r be tlie given point, and TP be one of the 
tangents from T to the circle whose centre is C, then we 
know that the angle CPT is a right angle ; 

.-. TP'=CT'-CP* (i). 

Let the equation of the circle be 

{x-aY+{y-hf~<? = (ii), 

and let the co-ordinatea of The af, y'. 
Then C2" = (a^ - o)'+ (y- - 6)'; 

therefore from (i) we have 

TF'^iaf-ay + i^-hY-e. (iii). 

TP* is therefore found by substituting the co-ordinatea 
iif, y in the left-hand member of the equation (ii). 

We see, therefore, that if >S=0 he the equation of a 
circle (where S ia written for shortness instead of sc' + y* 
+ 'S.gx + 2/y + c), and the co-ordinates of any point be sub- 
stituted in 8, the result is equal to the square of the length 
of the tangent drawn from that point to the circle ; or 
[Euclid III. 37] to the rectangle of the segments of chords 
drawn through the point. If the point be within the circle 
the rectangle is negative, and the length of the tangent 
imaginary. 

If the equation of the circle be 

to find the square of the length of the tangent from any 
point to the circle we must divide by A and then substi- 
tute the co-ordinates of the point from which the tangent 
is drawn, 

83. If a? + y'-t-23a; +2/y +c=0 (i) 

be the equation of one circle, 

and t^ + f+Zg'x^tfy + o'^Q (ii) 

be the equation of another circle, the equation 

«* + j/'-t-2jra!+2/y + c = ic' + S)» + 2ya! + 2/i/ + c'...(iii) 
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will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (iii) represents 
therefore some locus passing through the points common to 
the two circles. 

But (iii) reduces to 

^(9-g')x + 2[f-f')y + c-c'=0 (iv), 

which ia of the first degree, and therefore represents a 
straight line. 

Hence (iii), or (iv), ia the equation of the straight line 
through the points common to the circles (i) and (ii). 

Although the two circles (i) and (ii) may not cut one 
another in real points, the straight Jine given by (iii) or by 
(iv) ia in all cases real, provided that g,f, a, g' ,f', c are 
real. We have here therefore the case of a real straight 
line which passes through the imi^inary points of inter- 
section of two circles. ' 

Another geometrical meaning can however be given to 
the equation (iii). 

For if 8= be the equation of a circle, in which the 
coefficient of a^ is unity, and the co-ordinates of any point 
be substituted in S, the result is equal to the square of the 
tangent drawn from that point to the circle 8=0. [Art. 82.] 

Now if a;, y be the co-ordinates of any point on the 
line (iii) the left side of that equation is equal to the 
square of the tangent from {x, y) to the circle (i), and the 
right side is equal to the square of the tangent from (x, y) 
to the cirde (ii). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 

Bef. The straight line through the (real or imaginary) 
points of intersection of two circles is called the radical 
axis of the two circles. 

From the above we see that the radical axis of two 
circles may also be defined as the locus of the points from 
which the tangents drawn to the two circles are equal to 
one another. 
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The co-ordinates of the centres of the two circles are 
— g, —f and — /, —f refipectivelj : the equation of the 
line joining them, therefore ia 

9-9 "f-f 
■which [Art. 30] ia perpendicular to the line (iv). 

Hence the radical axis of two circles is perpendicular 
to the line joining their centres. This ia geometrically 
obvious when the circles cut in real points. 

84p, The three radical axes of three circles taken in 
pairs meet in a point. 

If S = 0, jS' = 0, S" = be the equations of three circles 
(in each of which the coefficient of ar* is unity), the equa- 
tion of the radical axis of the first and second will be 

5-5' = 0. 
The equation of the radical axis of the second and third 
will be 

S'-S"' = 0. 
And of the third and first will be 
S"-S = 0. 
And it is obvious that if two of these equations be satisfied 
by the co-ordinates of any point, the ihird equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes 
is called the radical centre of the three circles, 

"85. To find the equation of a system of circles every 
pair of which has the same radical atcis. 

If the common radical axis be taken for the axis of y, 
and a line perpendicular to it for tho axis of x, then all the 
circles cut x = in the same two points. 

Hence, if a?-{-^-\-%gx+%fy + c = Q be the general 
equation of the circles, when we put x — d the roots of the 
resulting equation y^ + 2fy -|- c = must be the same for 
all the circles. 

Therefore^ and c must be the same for all the circles. 
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If we take as origin the point midwar between the two 
points where w = cuts the circles, / will be zero, and the 
equation becomes 

x\+f + 2gx + c^0 (i), 

which is the required equation, c being the same for all 
the circles. 

The radical axis cuts the circles in real points if c be 
negative, and in imaginary points if c be positive. 

The equation (i) can be written 

Hence, if ^ be taken equ^ to + Vc the circle will reduce 

to one of the points (+ i/c, 0). 

These points are called the limiting points of the system 
of co-azial circles. When c is positive, that is when the 
circles themselves cut in imaginary points, the limiting 
points are real, and conversely, when the circles cut in real 
points the limiting points are imaginary. 

*86, J/S^Oand S' = be the equations of two circles, 
S - \ S' = will, for different values of \, represent aU 
circles which pass through the points common to S = and 
S' = 0. 

Tor, if 5 = and 5' = be 

ir' + y' + 2gx + 2fy + c = Q (i), 

a?-i-y' + 2^x + 2fy + c' = (li), 

then will S~\S'=0 be 

a? + f + 2gx+2fi/ + e-\lx*+y* + 2g'x + 2fy + c'} 

= (iii). 

Now (iii) is clearly the equation of a circle, whatever X 
may be. 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (iii). 

Hence S — XS" = is, for any value of X, a circle 
passing through the points common to S = and S* = 0. 

By giving a suitable value to X the circle (iii) may 
be made to pass through any other point ; therefore 
S — XjS' = represents all the circles through the inter- 
sections of 5= and S' = 0. 
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The geometrical meaning of the equation S — XS' = 
should be noticed. From Art. 82 we see that any point 
whoee co-ordinates satisfy the equation 8 =* XS' is such that 
the square of the tangent from it to the circle 8 = is 
equal to X times the square of the tangent from it to 
0=0, We haye therefore the following proposition — the 
locus of a point which moves so that the tangents from it 
to two given circles are in a constant ratio, is another circle 
which passes through their common points. 

87. If 0, (/ be the centres of two circles whoee radii 
are a, a' respectively, the two points which divide the 
line 0(7 internally and externally in the ratio a : a' are 
called the centres of similitude of the two circlea. 

The properties of the centres of similitude are best 
treated geometrically. 

The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
centre of similitude ; (2) Any straight line through a 
centre of similitude of two circles is cut similarly by the 
two circles. 

J 

EXAMPLES. 

1. Find the length at the tangent drawn from the point (2, 6) to the 

<arcleii'+jr'-2j!-3s-l = 0. 

Also the length of the tangents from (4. 1) to the circle 

ix' + ijl*-3x-y-l = 0. Am. 3, 2 V8- 

2. Find the equation of the cirole throngh the points (S, 0), (0, 3) and 
(- 1, 1) ; and find the valus of the constant rectougle of the segments of 
all chords through the oi'igin. Ana, -^. 

8. Find the radical axis o( the oiroles a'+j' + a« + 8!/-7=0 and 
«' + y»-ar-j( + l = 0. Ant. a:+y-2=0. 

4. Find the radioal au« of the twociiclee i(* + ^ + 6x-»-&j/-e-0and 
«:^+a!,'+«'» + ft«!' = 0. An.. <m-by + ^^ = 0. 

B. Find the radical tms and the length of the common obord of the 
circles x' + y' + tu!+bj/+c=Q and a?+y' + 6s + os + «=0. 
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6. SIieiT that the three droles 

z' + y» + 8a + 6s + I2 = 0, 3;' + i/' + 2a! + 8y + 16=0,(uida;' + y' + 12y + 24 = 0, 
have a comman ladical axis. 

7. Find the Tadical centre of the three oiniles 

Am. i- 2,-1). 

8. Find the eqnatioDB of the straight lines which toach hoth the 
circles a:* + y' = i and (3;-4)' + ^*=l. Find also the co-ordinatee of the 
cantres of aimililnde. 

^^ Ant. 8i±V'V-8'=0,anda:±V15y-B=0; (8, 0), {J, 0), 

9. If the length of the tangent from {/, g) to the circle x' + ^*=6 be 
twiee Uie length of the tangent from (/, ^)totheciiales'-t-^ + Sj^ + ^=0> 
then will /'+ff' + 4/+4s + 3 = 0. 

10. If the length of the tangent from anj point to the ciide 
»' + s' + 2j;=0 be three times the length ol the tangent from tlie same 
point to the circle i;'+j'-4 = 0, shew that the point most be on the 
circle ix^ + iy'~a-lS=0. 

11. Find the equation of the circle throngh the points of intersec- 
tion of the circles i' + y* + ai + 8y- 7 = and £' + y^ + Sx-2y-1^0, and 
throngh the point (1, 2). ■ ^ni. a? + j' + 4a:-7y + 6=0. 

12. Find the equation of a circle through the points of intersection of 
i^ + y^-i—O and x' + y'-2x-4.y + i = and tonching the line ie + 3^ = 0. 

Am.x'+]^-x-2ii=0. 

ti?' *88. We shall conclude this chapter by the solution 
of some examplea 

(1) To find the tgaatUm of the circle which cut* three given eirele* at 
right anglei. 

Let the equations of the given cirdeB be 

^ + y' + ^x + 2fy + c=0 (i), 

aJ + i/' + 2ji'i + 2/j,+e'=0. (ii), 

ii' + !;' + 2p"i + 2/"i( + e"=0 (iii). 

If the cdrcle whose equation ia 

iE'+S' + 2i?»; + 3fV + C=0 (iv) 

cut (i) at ri^t anglee, tiie square of the diatanoe between their centres is 
equal to the soin of the squares of their radii. Hence we have 

or 2Gff + 2F/-C-c = (t). 

We also have, dnce the other circles are out at right anglce, 

2a^ + 2Ff'~C-c'=0 (vi), 

2(V'+2^/"-C-c"=0 (Tii). 
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Ti!liTiiTn»ti-ng a^ y, c, from the eqoatioiu (It), (v), (vi), uid (tU), ' 
h»n for the required equation 



=0. 



f, B", r. 

(2) The polan of any fixed point tcith rapeet to a $eHet of co-axial 
exTcUt pau through another fixtd point, and the polar of one of the 
limiting pointi of the lyttem is the ione for aU the circUl, 

The ^Btem ol oireles is given b; the eqnation 

it* + 3/' + 2(u; + c=0. (i), 

where c ia the Mme tor all the eireles [Art. S5]. 

The limiting poiste of the BjBtamare (^V- ")• 

Let the co-ordinntes of the fixed point be (/, g), then the equation of 
the polar with reepeot to (i) will be 

xf+yg-i-a{x+f) + e^O. (ti). 

And, whateTel the value of a may be, the straight line (ii) elwRfR 
pBBses throDghthe point given b; xf+yg + e = and x-f-/=0. 

I(/=±Vc and g^O, equation (ii) rodneei to f(x+f)-t-aix+f)=0; 
and therefore x+f=0. 

Hence the polar of one of the limiting points is the line throng the 
other limiting point parallel to the radical azii. 

(3) J/ ABC be any triangle, and A'B'C be the triangle formed by the 
polari of the three polnti A, B, C with reipecl to a circle, to that B'C it 
the polar of i, CAfiithepolaTofB, and A'Bf ii the polar of C; thenvtU 
the three linei AA', BB', GC meet in a point. 

Iiet the eqnation of the oirole be 

''+y*-i'. (i). 

and let the oo-orduutee of the points A,B,Che x", y"; x", y" \ and x'", y'" 
respeotivBlr. 

Then the eqnationB ot the three lines B'C, C'A', A'B' will be 

«i'+yy'-o*=0. (ii), 

M" + j!/"-fl'=0 (iil), 

and xif"-\-vy'"-a*=0 (iv). 

AA! is a line through the intaiseotion of (iii) and (iv), its equation is 
therefore [Ait. SB] inolnded in 

T^+yy"-o»-X(ix"'+yy"'-fl'). 
We find \' b7 making Uie above line pBBs through J, whose oo-ordinatea 
are z", y"; we get therefore 

8.C.S. 6 
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Henoe the equation of AA' ia 
(IX" + jv" - a')(x" V + j/'Y - a") - (i^ + yjT - ■t')(»'a:" + y'!/' - o*) =0.. . (v). 

The other eqnftUoDB can now be written down from BymiiiBtry. . 

They will be 
{iB™ + By"'-o^(i'i" + »'ff"-a')-{«'+Vif'-o')(i"«r' + j^'y--<i')=0...(vi), 

(ioi' + yy- - a')(x"i^ + S"sr -"•)- (==^' + J^' -■>')(«'"«' + i^V" -»') = 0- (™)- 
Since the three equations (t), (vi), (vii) when added together Tanish 
idenlicall;, the three lines AA', BB', CC represented h; those equations 
most meet in a point. [Art. 34.] 

{i) O u one of thepointi of interttction of Itto given eirclt; and any 
line through catt the circUi again in the pointt P, Q reipectively. Find 
tlte locvi of the middU point of FQ. 

Let O be taken for origin, and let the eqnationa of the circles be 
[Art. 81] 

r = 2aooB(fl-a), andr=26oofl(fl-^). 
Then, for on; paitienlar value of 0, 

OP=2aooa{6-a], 
and 0Q = 2b ooa(fl-|9). 

If £ be the midcUe point ol PQ, 

0R-i{OF+OQ); 
.: OIi = acos(e-fl) + 6ooB{e-/?). 
The loon* of B ia therefore given by 

r=«coa{e-o) + 6cos<#-jS) 
= (aDoaa-{-iooB^)oos0 + (aBin(i-)-i8inj9)Bintf. 
The loooB ie therefore the circle whose equation is 
r = JooB(e-.B), 
where A and B are given b<r the eijuationB 

.icoBS = aooBa + 2icoa^, and .J sin B - a sin a + 6 sin ^. 
(5) If from any point on the eireU circujmcribing a triangle ABC, 
perpendicuian be dravm on the tidee of the triangle, the feet of theie per- 
pendicular! U!iU lie on a $tTaigkt line. 

Take the point O tor origin, and the diameter throagh it for imtial 
line, then the equation of the circle will ber=2acoB4. 

Let the angolar co-ordinates of the points A, £, C be a, p, y respec- 
tively. 

The line BC ia the line joining (2a cob (S, /!) and (2a cos 7, y). To 
find the polar equation of BC take the general form p=^rcos(0-#) 
[Art. 45] and snbstitute the co-ordinates of B and of C. We thne obtain 
two equations to determine p and 0. The eqnations will be 
y = 2aooa|9cofl(|3- ip), andj)=2o cob 7008(7-^), 
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Heiicef=;9-(-7, aiiAp = iatioBficoay. The equation of £C u therefore 

2a 009^008 v=rcoB(ff-/S-7) W- 

SimOarlj, the equations of CA and of AB will be leapeotiTel; 

2acoayao3a^raaB(e-y-a) (ii), 

and 2aooBaooB)9=rcoa(S-a-^) (iii). 

The co-ordinates of the feet of the perpendiculars on the lines (i), (ii), 
(iii), ttota the point O, are 2aoo8^ooa7, p+y; 2iioo870osa, y+a; 
tuid2acosacos^, a + p. These three points are all on tbe straight lina 
vhoBe equation ia 

a.co..co.;ico.,.rm.(«-.-;i-,) (iv). 

The line through the feet ol the perpendicnlaiH is called Hhopedal line 
ot the point with respect to the triangle. 

Let D be another point on the circle, and let the angular co-ordinate 
oTD be i. The four points A, B, C, D can be taken in threes in four 
wayB, and we shall ha^e fonr pedal lines of corresponding to the four 
triangles. We have found the equation ot one of these pedal lines, viz. 
equation (iv). The equations of the others can be written down by sjm- 
metrj; they will be 

2aoofl^C08700Ba=roos{S-p-y-3) (v), 

2acosTOOB8co8a = roos(fl-7-J-o} (vi), 

aud 2acosacosacosj9=rooa(S-i-a-(9) (vii). 

The co-ordinates of the feet of the perpendiculais from O on the hnea 
{")> W< (^) "^ (*ii) ^<iil he 2i>cosacos^ooE7, a-t-j9+7, and similar 
expressions. These four points ore all on the line whose equation is 
aaooflocos(9cos7Cosa = rcoa(fl-o-^-T-8). 
This propositioii can dearl; be extended. 



1. A point moves so that the square of its distance from 
ft fixed point varies as ita perpendicular distance from a fixed 
straight line; shew that it describes a circle. 

2. A point moves so that the sum of the squares of its 
distances &om the four sides of a square ia constant ; shew 
that the locus of the point is a circle, 

3. The locus of a point, the sum of the aquaxea of whose 
distances from n fixed points is constant, is a circle. 

6—2 
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i. A, B are two fixed pomta, and P moves bo that 
PA = n . PB ; shew that the locus of jP is a circla Shew also 
that, for different values of n, all the circles have a commoii 
radical axis. 

6. Find the locus of a point which moves so that the 
square of its distance from the base of an isosceles triangle 
is equal to the rectangle nnder its distances from thg other 

6. Prove that the equation of the circle circumscribing 
the triangle formed b;y the lines x-i-y=Q, %e + y = ^, and 

a; + 2 J = 5 is 

7. Find the equation of the circle whose diameter is the 
common chord of the circles 

af + j^-¥2x + %y+l = H, and 3^ + / + 43! + 3y + 2 = 0. 

8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line «+ 2i/ — 3 = 0, 
and the oirale a:* + y* — 2a; — 2y = 0, and shew that the lines are 
at' right angles to one another. 

9. Any straight line is drawn from a fixed point meeting 
a fixed straight line in P, and a point Q is taken on the line 
such that the rectangle OQ.OP is constant; shew that the 
locus of Q is a circle. 

10. Any straight line is drawn from a fised point 
meeting a fixed circle in P, and a point Q is taken on the line 
such that the rectan^e OQ . OP ia constant ; shew that the 
locus of Q is a circle. 

11. Shew that the radical axis of two circles bisects their 
four common tangents. 

12. If be one of the limiting points of a system of 
co-axial circles, shew that a common tangent to any two circles 
of the system will subtend a right angle at 0. 

13. Prove that the equation of two given circles can 
always be put in the form 

a;' + y' + aa! + 6 = 0, a;' + y' + a!'a;-l-6 = 0, 
and that one of the circles will be within the other if aa! and 
b are both positive. 
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14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 

15. If a circle be described on the line joining the centres 
of similitude of two giren circles as diameter, prove that the 
tangents dra^wn from anj point oq it to the two circles are in 
the ratio of the corresponding radiL 

16. Find the locos of a point which is such that tan* 
gents from it to two concentric circles are inversely aa their 
radii. 

17. If two points A, B are harmonic conjugates with 
respect to two others C, D, the circles on AB and CD as dia- 
meters cut orthogonally. 

18. If two drclea cat orthoffonally, every diameter of 
either which meets the other is cut narmonically. 

19. A point mores so that the sum of the squares of its 
distances from the sidea of a regular polygon is constant ; shew 
that ita locus is a circle. 

20. A circle passes through a fixed point and cut» two 
fixed straight lines through 0, which are at right angles to one 
another, in points P, Q, such that the lino FQ always passes 
through a fixed point; fiad the equation of the locus of the 
ceotre of the circle. 

21. The polar equation of the circle on {a, a), (6, /3) as 
diameter is 

r'-»'{aoos{fl-o) + Jcos(tf-^)} + o6cos(a-^) = 0. 

22. Find the equation for determining the values of r at 
the points of iateraection of the circle and the strtught line 
whose equations are 

r = 2«cosfl, and r cos (tf — /9)=p, 
Deduce the ralue of p when the straight line becomes a 



23. Find the co-ordinates of the centre of the inscribed 
circle of the triangle the equations of whose sides are 

33r-4y=0, 7a;-24y = 0, and 5*- 12y- 36 = 0. 
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24. Find tbe locus of a point the polars of which with 
respect to two given circles make a given angle with one 
another. 

25. From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of the circles are produced to meet; find the 
equation of the locus of the point of intersection. 

26. If the four points in which the two circles 

ic' + y' + (W!+6y + c = 0, a:? + y' + a'a! + &'y + c' = 
are intersected by the straight lines 

Ax + £y+ C=0, A'x + £'i/ + C' = 
respectively, lie on another circle, then will 
i a -a', 6-6', e~e' I 
\ A, B, C 1 = 0. 

I ^', ^, C I 

27. A system of circles is drawn tiirough two fixed pMnts, 
tangents are drawn to these circles parallel to a given straight 
line; find the equation of the locus of the points of contact. 

28. If ji, ;B, (7 be the centres of three C0'«xial circles, and 
'it '>> K ^^ ^^ tangents to them from any point, prove the 
reJatioQ 

SCt^ + CAt* + ABt* = 0. 

29. If (|, ( , (, be the lengths of the tangents from any 
point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

What relation will hold between A, B, C for straight lines ? 

30. If a circle cut two of a system of co-axial circles at 
right angles, it will cut them all at right angles. 

31. Shew that every circle which passes through two 
^ven points is cut orthogonally by each of a system of circles 
having a common radical axis. 

32. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed circles. 
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33. If two circles cut orthogonally, prove that an iade- 
Gnite number of pairs of points can be found on their common 
diameter such that either point has the same polar with respect 
to one circle that the other has with respect to the other. Also 
shew that the distance between such pairs of points subtends 
a right angle at one of the points of intersection of the two 
citclea. 

34. If the equations of two circles whose radii are a, a ha 

:5' = 0, S' = 0, then the circles 

will intersect at right angles. 

35. Find the locua of the point of intersection of two 
straight lines at right angles to one another, each of which 
touches one of the two circles 

and prove that the bisectors of the angles between the straight 
lines always touch one or other of two other fixed circles. 

36. Shew that the diameter of the circle which cuts at 
right angles the three escribed circles of the triangle A£C' is 

^^(l+oosJcos5 + cosficoBC+oos(7cos.<l)*. 

37. Find the locus of the point of contact of two equal 
circles of constant radius e, each of which passes through one 
of two fixed points at a distance 2a apart : and shew that, if 
a— c, the locus splits up into a circle of I'adiu^ a and a curve 
whose equation may be put into the form (a;'+y^'=a'(a;^— Sy*), 
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80. Definitions. A Conic Section, or Conic, is the locus 
of a point which moves so that its distance from a. fixed 
point is in a constant ratio to its distance from a tixed 
straight line. The fixed point is called a focus, the fixed 
straight line is called a directrix, and the constant ratio is 
called the eccejttricity. 

It will be shewn hereafter [Art 312] that if a right 
circular cone be cut by any plane, the section will be in all 
cases a conic as defined above. It was as sections of a cone 
that the properties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
in which the eccentricity is equal to unity. This curve is 
called a parabola. 

90. Tojmd the eqiuttion of a parabola. 

Ijet S be the focus, and let YY' be the directrix. Draw 
SO perpendicular to Y7', and let 08 = 2a. Take 08 for 
the axis of x, and 7 for the axis of y. 

Let P be any point on the curve, and let the co- 
ordinates of P be a, y. 

Draw FN', PM, perpendicular to the axes, as in the 
figure, and Join SP. 
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Then, by definition, 8P=PM; 
therefore PM* = SP* = PIf*+ SN'; 
that is, a:' = / + (ar - 2a)', 
or y* = ia{x-a) 

This is the required equation of the curve. 




The curve cuts the axis of a: at a point A where y = 
and from (i) when y = 0, x^a; that ia, OA = a. 
The point A ia called the vertex of the parabola. 
If we transfer the origin to A, the axes being un- 
changed in direction, equation (i) will become [Art 49] 

^ = iax (ii). 

The focus is t^e point {a, 0). The directrix is the line 
x + a = 0. 
Also 8P = MP=0A + Ay=a + w. 

91. Since the equation of the parabola is y' = iaa;, 
and y" ia a positive quantity, x must always be positive. 
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and therefore the curve lies wholly on the positive side of 
the axis of y. 

For any particular value of x there are clearly two 
values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of tne curve perpen- 
dicular to the axis of x are bisected by it, and the portions 
of the curve on the positive aud on the negative sides of 
the axis of x are in all respects equal. 

As X increases y also increases, and there is no limit 
to this increase of x and y, bo that there is no limit to 
the ciirve on the positive side of the axis of y. 

The line through the focus perpendicular to the direc- 
trix is called the axis of the parabola. 

The chord through the focus perpendicular to the axis 
is called the latus-rectum. 

In the figure to Art. 90, SL = LK~OS~ 2a. There- 
fore the whole length of the latus-rectum is 4a. 

92. We have found that y' — 4(M!=0 for all points 
on the parabola. 

For all points within the curve y* — iaa; is negative. 

For, if Q he such a point, and through Q a line be 
drawn perpendicular to the axis meeting the curve in P 
and the axis in N, then Q is nearer to the axis than P 
and therefore NQ' is less than .W. But, P being on the 
curve, iVP'- 4a. J.iV=0, and therefore N(^-ia.AN is 



Similarly we may prove that for all points outside the 
curve y" — iax is positive. 

Hence, if the equation of a parabola be y' — iax = 0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will he positive 
if the point be outside the curve, negative if the point 
be within the curve, and zero if the point be upon the 
curve. 

93. The co-ordinates of the points common to the 
straight line, whose equation is y = Tnx + c, and the 
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parabola, whose equation is y* = iax, must satisfy both 
equations. 

Hence, at a common point, we bave the relation, 

{mx + cy = iax (i). 

Therefore the abscissse of the common points are given 
by the equation (i), which may be written in the form 
TOV + {2wic-4a)^ + c' = (ii). 

Since (ii) is a quadratic equation, Tve see that every 
straight line meets a parabola in two points, which may 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great ; when m ia equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite distance, 
and in another at an infinite distance from the vertex, 

94. To find the condition that the line y = mx +■ c may 
touch the parabola y* — 4ax = 0. 

As in the preceding Article, the abscissje of the points 
common to the straight line and the parabola are given 
by the equation 

(mx + c)' = iax, 
that is m'x* + (2mc ~ 4a) a; + c* = 0, 

If the line be a tangent, that is if it cut the parabola 
in two coincident points, the roots of the equation must 
be equal to one another. The condition for this is 
4»iV = (2mc — 4a)', 

which reduces to mc = a, or c = — . 

Hence, whatever m may be, the line 



will touch the parabola y' — 4cw; =0. 

95, To find the equation of the straight line passing 
through two given points on a parabola, and to find f/^e 
equation of the tangent at any point 
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Let the equation of the parabola be 

and let «', y', and x", y" be the co-ordinatea of two points 
on it. 

The equation of the line through these points is 

y^--s^^ <■'• 

But since the points are on the parabola, we have 
y'=4a3:', and y"*=4aic"; 

■'■ i/"'-y'' = *a («"-»') (ii). 

By multiplying the corresponding sides of the equa- 
tions (i) and (ii), we have 

6/ - y) W +?") = («- *') *«. 

or, since y" — itwi' = 0, 

y (3/' + y") - ■ia^ - yy = ("i). 

which is the equation of the chord joining the two given 
points. 

In order to £nd the equation of the tangent at (x', y) 
we must put y" = y' and af' = x' ia equation (iii), and we 
obtain 

iyy — Aax — y" = 0, 
or, since y"* ~ iax, 

yy' = la(x + x') (iv). 

Cor. The tangent at (0, 0) is a! = 0; that is, the 
tangent at the vertex is perpendicular to the axis. 

96. We have fonnd by independeat metbodB [ArtioleB 94 and 95] two 
forms of the equation of n tangent to a parabola. Either of these oonld 
howBTer have been found from the other. ' Thna, BQppoM we know that 
tba equation of the tangent at (x', y') ia 



If thiB be the aame line aa that given b; 
re nmcrt have 



therefore ircsh, bb in Article 94. 
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In the solutiott ot qneBtioDB ws ahonld taks whiohsTsi lorm of 
the equation ot ft tangant appears (he more suitable for the partioolar 

Ex. 1. The ordiHole of th^ point of {nWrtfetfon of two tangtiUt to a 
parabola U the arithmelie mean between the ordinate* of the poinlt of 

contact of the tangente. 

The eqaatlans of the tangent* at the pomta {x', yt and (a/', y") sia 
VS' = 2a(x+«r'), 
and yy" = 2o(a!+at"). 

By snhtraction, wa hare for their oommon point, 
Jlii/'-y")=Zatf-3ax" 

=i iy-^-y"^): 
■■■y=4 (»'+/')■ 

Ex. 2. To find the locue of the point of intertectumoftieo tangeiOt to 
aparabola which are at right angUi to one another. 
Let the e^nationa □! the two tangents be 

y="»*+^ ''*• 

y=m'* + ^ (ii). 

Then, elnoe the; are at right angles, mm'= -1. Hence the second 
equation oaa be written, 

y= x-am (iii). 

To find the absoissa of their common point we have only to Babtract 
(iii) from (i), and we get 

and therefore we have X +11=0. 

The equation of the required locna is therefore x+a=0, and this 
[Art. 90] is the equation of the directrix. 

97. Toffod the equation of the normal at any point of 



The equation of the tangent at (x', y') to the parabola 
/-4£w: = 0, is[Art. 95] 

yy = 2ffl(aT + a;') (i).^ 

The normal is the perpendicular line through {x, y'). 
Therefore [Art. 30] its equation is 

(y-y')2a + /(<r-O-0. (ii). 
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The above equation may be written 

y=_|_^+3,+|- („,). 

If we put m = — v.- , then 1/ = — 2am, and ff-, = — are? : 
"^ la " 8a' 

therefore (iii) becomes 

y = ma; — 2fflni — am' (iv). 

This form of the equation of a normal is sometimes 
useful. 
^ 98. We will now prove some geometrical properties 
of a parabola. 









\ 


f' 


\ 








X. 



Let the tangent at the point .P meet the directrix in fi 
and the axis in T. Let PN, PM be the perpendiculars 
from P on the axis and on the directrix. 

Let PG, the normal at P, meet the axis in G. 
Then, if w, y be the co-ordinates of P, the equation of 
the tangent at Pwill be 

yy-=1a{x-\-i»;) (i) [Art 95]. 

Where this meets the axis, y = 0, and at that point, we 
have from (i), a: + 3;' = 0. 

.'. TA=AN. , (a); 

.-. TS='AS+AN = SP (/3); 
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and since TS=SP, the ai^Ie 8TP is equal to the angle 
SPT; 80 that Prhisects the angle SFM (7). 

We see also that the triangles MSP and RMP are 
equal in all respects. 

Hence the angle RSP = the angleSilfP= a right angle 

Again, since M is the point (— a, y"), and S is the point 
(a, 0), the equation of the line 8M is 

-1/ ~ 2a ^"^- 

This is clearly perpendicular [Art. 30] to the tangent 
at P which is given by the equation (i), 

.■. SM is perpendicular to PT. (e). 

Since PT is perpendicular to SM and bisects the angle 
SPM, it will bisect SM. If then Z be the point of inter- 
section of S'if and PT, ^^ = ^'K But SA^AO. There- 
fore AZ is parallel to OM, and is therefore the tangent at 
the vertex of the parabola ; so that the line through 
the focus of a parabola perpendicular to any tangent PT 
meets PI" on the tangent at the vertex (^. 

We may prove the laat proposition as follows. 

Let the equation of any tangent to the parabola be 

y = mx-\ — (in); 

The equation of the line through the focus (a, 0) perpen- 
dicular to (ii^ is 

2' = --(-»-«)> 

or y = -~ +~ (iv). 

The lines (iii) and (iv) clearly meet where a! = 0. 
The equation of the normal at P (x', y) is [Art. 97] 

At the point G we have y=Q, and therefore 
-2ny'+y'{x~af) = 0, 
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Za = x-x' = AG~AN=NG. 
.-. if(? = 2a 



EXAMPLES. 

1. Find the equBtions ot the tangents and the equations of the 
normaU to the parabola y'-lii3:=0 at the ends of its latna reotiun. 

Aia. x'Fj( + (t=0, y±z=F3>l=0. 

2. Find the points where (he line y=Z»-a oDts the parabola 

y'-4aa:=0. Am. (0,30), (|, -4aJ . 

S. Shew that the tangent to the parabola y''-iax=0 at the point 
(pi, y") ia perpendicular to the tangent at the point 






4. Shew that the line y^2z+- cuts y*-4aj:=0 in coincident points. 

Shew that it also onta 20x'+30y' = a' in coincident points. 

6. A atrai^t line tonches both a?-i-y* = 2(^ and ff'=8iiz; shew that 
its equation ia 1/=: i^{x+2a). 

5. Shew that the Una 7x + 6y=18 la a tangent to the curve 

7. Shew that the equation a^ + 4aa; + 2a^ = repTeseuts a parabola, 
whose vertex is at the point (-2a, 3a), whose latuB rectnin is 2a, and 
whose axis is parallel to the axis of y. 

8. Shew that all parabolaa whose axes are parallel to the axis of 
y have their equations of the form 

i^ + 2Jai+2By + C=0. 

9. Find the co-ordinates of the vertex and the length of the latus 
tectum ot each ot the foUowit^ parabolas : 

<i) y»=6ii + 10, (ii) I>-4e+2!/=0, 

(hi) (y-2)' = 6{« + 4), and (iv) Z^ + Vix-»y=fi. 
A«,. (i)(-2.0),5. {ii)(a,2),2. (iu) (-4, 2), 6. t") (-2, -}).§. 

10. Find the co-ordinatee of the focna and the equation ot the 
directrix ot each of the parabolas in q.aeHtion 9, 

Am. (i) (-1,0), 4i! + 13 = 0. (ii) (2, i), 2;, -6=0. 
(iii) (-V. 2), 4^ + 21 = 0. (iv) (-2, -i),6j, + I3=0. 

11. Write down the equation of the parabola whose tocmi is the 
ori^and directrix the straight line 2x-y-l:z0. Shew that the Une 
2y=4x- 1 tonches the parabola. 
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12. If tliToiigh a filed point on the Kzii ol ft parabola any diord 
POP be drawn, aliew that tlie Teotaugla of the oidisatea of P aud P* 
win be constant. Shew also that the prodQot of tbs abaiiieeie nill 
be constant. 

13. Find the oo-ordinatel of the point ot interaection of the tangents 
jr=in»+ — , y=m'x-\- —,. Shew that the locnB of their interseotion is a 
Btraight hne whenerer mm' is constant; and that, when inni'+ 1 =0, this 
line is the ditectrii. 

11. Shew that, for all valnes of m, the line y=mfE+a)+ — will 
touch the parabola y'=4a(jx + a). 

15. Two lines are at right angles to one another, and one of them 
toaches ^=la(x + a), and the other y' — ia'[x-^a'); shew that the point 
of Intersection of the lilies will be on the Una z+a-t-a'=0. 

16. If perpendicolais be let fall on Kaj tangent to a parabola bom 
two given points on the aiia equidiBtant from the foons, the diflerenoe of 
their squares will be constant. 

17. Two straight lines AP, AQ are drawn through the vertex of 
a parabola at right angles to one another, meeting the curve in P, Q ; ahew 
that the hne PQ cats the axis in a fixed point. 

IS. If the circle I* + y' + Ji-l- 5^ + 0=0 out the parabola y"-4ai = 
in four paints, the algebraic snm of the ordinates of those points will be 

19. If the tangent to the parabola ^ ~ 4az—0 meet the axia in Tand 
the.tangent at the vertex AiaY, and the rectangle TAYQ be cdrnpleted; 
shew that the locus of Q ia the parabola j' + a3!=0. 

20. If P, Q, J! be three pointa on a parabola whose ordinates are in 
geometrical prc^ression, shew that the tangents at P, Ji will meet on the 
ordinate of Q. 

31. Shew that the area of the triangle iusoribed in the parabola 
]/»-4o«=0 iBg^(!(,~!/J (!;=~Vs> (ya~Si). "liere y,, y,, y, are the 
ordinates of the angular points. 

99. Two tangents can he drwum to a parabola from 
any point, which will he real, coincident, or imaginary, ac- 
cording as the point is outside, upon, or within the curve. 
8. c. 8. 7 
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The line whose equation is 

y'"mx + — (i) 

will touch the parabola y* = ^ax, whatever the value of m 
may be [Art. 94]. 

The line (i) will pass through the particular point 

(^'. y), if 



that is if m^x' — mt/' + a = (ii), 

Ek[uatioii (ii) is a quadratic equation which ^ves the 
directions of those tangents to the parabola which pass 
through the point (x', jf). Since a quadratic equation has 
two roots, two tangents will pass through any point {x, y'). 
The roots of (ii) are real, coincident, or imaginary, ac- 
cording as y'^ — iaaf is positive, zero, or negative. That 
is [Art. 92] according as (x', y) is outside the parabola, 
upon the parabola, or within it. 

100. To find the equation of the line through the 
points of contact of the two tangents which can be drawn to 
a parabola from any point. 

Let w', y' be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be A, i and K, k' respectively. 

The equations of the tangents at (ft, k) and [K, k') are 
yk —'ia{x + h) 
and yk'^^aix+hy 

We know that {x, yQ is on both these lines ; 

.: ■i/k=ta{x- +h) (i) 

and y'M=^(x'-vh') '. (ii). 

But the equations (i) and (ii) are the conditions that 
the points {h, k) and (A', k') may lie on the straight line 
whose equation ia 

j/'y = 2(1 («' + a:) (iii). 



1 



,,l:al by Google 



THE FABASOLA; 99 

Hence ^ii) is the required equation of the line through 
the pointa of contact of the tangents froni {x', y'). 

The line joining the points of contact of the two 
. tangent') from any point P to a parabola is call ed the polar 
of P with respect to the parabola. [See Art. 76.] 

101. Jf the polar of the point P with respect to a 
parabola pass throvgh the point Q, then will the polar of Q 
pass through P. 

Let the co-ordinates of P be x, y', and the co-ordinates 
of Q be of', f. 

The equation of the polar of P with respect to the 
parabola y" — ^ax = is 

2,/ = 2a (^ + 3;'). 

If thia.line pass through Q (x", y"), we must have 
yY=2a(ar" + a:'). 

The symmetry of this result shews that it is also the 
condition that the polar of Q should pass through P. 

It can be shewn, exactly as in Art, 79, that if the 
polars of two points P, Q meet in R, then R is the pole of 
the line PQ. 

The equation of the polar of the focus {a, 0) is a: + a = 0. 
So that the polar of the focus is the directrix. 

If Q be any point on the directrix, Q is on the polar of 
the focus S, therefore the polar of Q will pass through S, 
so that if tangents be drawn to a parabola from any point 
on the directrix the line joining the points of contact will 
pass through the focus, 

\yi01. The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axis of the parabola. 

The equation of the straight line joining the two 
points (a;', i/), {x", y") on the parabola y'--4a3; = is 
[Art. 95, (iii)] 

^i]/' + f)-'iox-y'y" = ^ (0- 

Now, if the line (i) make an angle d with the axis of the 
7-2 
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parabola, 



..(ii). 



But, if the co-ordinates of the middle point of the 
chord be (m, y), then will 

2x = x' + x", and 2y — y' + y". 

Hence, from (ii), tan ff — Tt-, 

or y= 2acot6 (iii), 

so that y is constant so long as is constant. 

Hence the locus of the middle points of a system 
of parallel chords of a parabola is a str^ght hne parallel to 
the asis of the parabola. 

Def. The locus of the middle points of a system of 
parallel chorda of a conic is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 

We have seen in Art. ^3 that a diameter of a parabola 
o»ly meets the curve intone point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extremity of that diameter. 

103. The tangent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 

All the middle points of a system of parallel chords of 
a parabola are on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the point of con- 
tact of the tangent which is parallel to the chords. 

104. To find the equatiun of a "parabola when, the axes 
are any diarneter and the tangent at the extremity of that 
diameter. 

Let P be the extremity of the diameter, and let the 

tangent at P make an angle with the axis. 

Then ^P= 2a cot ^ [Art. 102 (iii)l, 

FN' 

.-. ^if=~ = acot'ft 

ia 
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Let the co-ordinatea of Q referred to the new axes be 
X, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter PV in K. 



IT s s i" 



Then 

MQ=NP-irKQ = 'i.aco'te + ysiTLe (i), 

AM=AN+NM=ANJrPV+YK 

= acot} + X + y ao& 6 (ii). 

But QM' = ^a.AM; 

therefore, from (i) and (ii), 

(2a cot ^ + y sin tf)' = 4a (a cot* + x-\-yco96), 
or y'ain' $=4iax (iii). 

But-42f=acot»^; therefore £fP="o+^JV=-^4T:. 
sm ff 

Therefore, putting a' for SP or . , j , the equation of 

the curve is y'^ia'x (iv). 

105. If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 

as axes, be y" — iax = ; the line y = mx H — will be a 

tangent for all values of m; the equation of the tangent 
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at ' any point (x', y") will be W — 2a (a: + a;') = ; the 
equation of the polar of {x, if) with respect to the 
parabola will be yy' — 2a (a: + «') = ; and the locus of the 
middle points of chords parallel to the line y=mx will 

la 
be y = — . 

These propositions require no fresh investigations; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes are at right angles or not. 

106. The equation of the normal at any point {^.y") 
of the parabola y" — iax = ia 

y-y'+ii^-"-"")-" (•)• 

If the line (i) pass through the point {h, k) we have 



''-'-2S 



('-S'O ("'• 



The equation (ii) gives the ordinates of the points the 
normals at which pass through the particular point (h, k). 
The equation ia a cubic equation, and therefore through 
any point tiiree normals can be drawn to a parabola. 

Since there is no term containing y™, we have, if y, , y, , 
y, be the three roots of the equation (ii), 

yi + ya + yB=0 (iii)- 

Now, for a system of parallel chords of a parabola, the sum 
of the two ordinates at the ends of any chord ia constant 
[Art. 102]. Therefore the normals at these points meet on 
the normal at a £xed point the ordinate of which added to 
the sum of their ordinatea ia zero. 

Hence the locus of the intersection of the normals at 
the ends of a system of parallel chords of a parabola ia a 
straight line which is a normal to the curve. 

ffy 107. We shall conclude this Chapter by the solution 

of some e""""'"" 



(1) To jind tite loem of the paint of interieetUm of (wo tangenti tc 
parabola wfticA mate a given angle arith ont atiother. 
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The line ^— mx-i-- is ft tangent to the pvabola v*-4a«s>D, vIiAteTei 

the Taltie o( m may be. [Art, 94.] 

If {x, y) be Boppoeed known, the equation will give the directiong oE 
the tangent! nhieh poae throngh that point. 

The eqnation giving the iiirecti(»ia will b« 
tn'x - my + a^O, 

And, it the Toota of this qoadratio equation be m, and m^, then 

wiu 

iiii + m,=" and inimj=-; 

,, j^^iax 
.■.(m,-»ij>=''— ^— . 

Bnt, if the two tangents make an angle a with one another, 

tan.=^-::^ 

.-. tan'g— f ~ „ . 

Bo that the equation of the required loctu is 

S' - 4oii: - (1+ a)' tftn> o =0. 

(2) To find the loeut of the foot of the per^ndicuiar drawn from 
ajlxedpoinl to any tangtnt to a parabola. 

Let the equation of the parabola be y'-4ax = Q, and let h, it be the 
co^ocdinates ot the Gied point O. 

The equation of an; tangent to the parabola is 



The equation of a line throngh (A, k) perpendieolar to (i) is 

S-k=-^(x-h) (ii). 

To find the locaa we have to eliminate m between the equations (i) and 
(ii). 

From {iijwehare "~~«Z."i' 

therefore, by sabstJtating in (i), we get 

a-A y-h „ 



r y(y-k){x-h)i.^{i^-h)* + a<}/-k)'=0 (iii). 

The locDB is therefore a enive of Urn third degree. 

Aom (iii) we Bee that the point O itself is always on the locus. 
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the piniit O be ontaide the panbola this presents no diffioalty, foe two real 
tuigents ean in Mat oase be drawn throngli 0, and tlie feet of th«perpen- 
dionlars from O on these will be O itself. When the point O is within the 
piusbola the tangents bom O are imaginary, and ihe perpendioolais to 
them from O are also imaginaiy, bnt they all pass thioogh the real point 
O, and tberefots is a point on the loens. 

When h=a, 1=0, that is when O la the foens of the parabola, (iii) 
Tednoee to x{Tf' + {x-a)'] = 0; bo that the oabio rednoes to the point 
drole y'+ (2-a)' = 0, and the straight line a!=0. [See Art. 98 f]. 

(S) Tin oTihoeentTe of the triangU formed by three tangenU to 
a parabola it mthe directrix. 

IJet the eqnations of the sides of ihe trianglQ bo 

y=m'x + —,, y=m"3! + — ;,, and s=m'"i + — ^,. 

The point of intwseotion of the second and third sides is 



The line throogh this point peipendicular to the first side has foi 
equation 

m m M \ mm / 

Kow this line oats the diieotiii:, whose equation is z= -a, in the 
pcout whose ordinate is eqnal to 

The ajmmetry of this tceolt shews that the other perpeadionlars cat 
the diieotris in the same point, which proves the theorem. 

(4) To find the locae of the point of interaction of two nonaali 
lehieh are at right angltt to one another. 

The line whom equation is 

y = tux -2am -am* (i) 

is a normal to the parabola ^ - 4aiE= 0, whatever the value of tn ma; be. 

If the point (z, y) he supposed known, the eqnation (i) gives the 
directions of the normals which pass throngh that point. 

If the roots of the equation (i) be m,, m,, m,, we have 

in, + m,+in,=0 (ii), 

2a -X 
mjinj+nt,m, + m^ = (m). 



H. 
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The eliminatioii ot (14, mj, m, from the eqastioni (ii), (ui), (it) and (t) 
will give tbe lootu required. 

Ihe resaU is y*=a (z~ 3a). 



ExAVPtES ON Chapteb T. 

1. The perpendicular from a pointO on ita polar with respect 
to a parabola meets the polar in the point if and cuts the axis 
in Cr, the polar cute the axis in T, and the ordinate through O 
cute the curve in P, F'; shew that the points T, P, M, G, P' 
are all on a circle whose centre is >S^. 

2. Prove that the two parabolas y" -ax, »?-htf will 
cut one another at an angle 

2(oS + 6S)' 

3. If PSQ be a focal chord of a parabola, and PA meet 
the directrix in M, shew that MQ will be parallel to the asis 
of Uie parabola. 

4. Shew that the locns of the point of intersection o£ two 

tangente to a parabola at points on the curve whose ordinates 
are in a constant ratio is a parabola. 

5. The two tangents from a point P to the parabola 
5*— 4aa: = make angles C,, tf, with the axis of x; find the 
locus of P (i) when tan &^ ■¥ tan $^ is constant, and (ii) when 
tan'0, -t- tan'f J is constant. 

6. Find the equation of the locus of the point of inter- 
section of two tangente to a parabola which roake an angle 
of 45° with one another, 

7. Shew that if two tangente to a parabola intercept a 
fixed length on t^e tangent at the vertex, the locus of their 
intersection is another eqnal parabola. 
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8. Shew tliat tvo tangents to a par&bola wUch make equal 
angles respectively with the axis and directrix bot are not at 
right angles, intersect on the latuB rectum. 

9. From any point on the latua rectum of a parabola 
perpendiculars are drawn to the tangents at its extremities ; 
ehew that the line joining the feet of these perpendiculars 
touches the parabola. 

10. Shew that if tangents be drawn to the parabola 
y' — iax - from a point on the line a; + 4o = 0, their chord of 
contact will subtend a right angle at the vertex. 

11. The perpendicolar TN fi-om any point T on its polar 
with respect to a parabola nieet« the axis in M; shew that if 
TN , TM is constant the locns of T is a parabola > shew also 
that if the ratio TN : TM is coostsnt the locus is a parabola. 

12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices: straight lines are drawn 
parallel to the direction of either axis; shew that the locus of 
the middle points of the pa.rts of the lines intercepted between 
the curves is an equal parabola. 

13. Two parabolas touch one another and have their aies 
parallel; shew that, if the tangents at two points of these 
parabolas inten^ect in any point on their common tangent, the 
line joining their points of contact will be parallel to the 
axis. 

14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second ; prove that the middle 
points of the chords of contact with the second lie on a fixed 
parabola. 

15. Shew that tlie locus of the middle point of a chord of 
a parabola which passes through a fixed point is a parabola. 

16. The middle point of a chord Fr is on a fixed straight 
line perpendicular to the axis of a parabola; shew that the 
locus of the pole of the chord is another parabola. 

17. If TF, TQ be tangents to a parabtda whose vertex is 
A, and if the lines AP, AT, AQ, produced if necessaty, cut the 
directrix in p, t, and q respectively ; shew that pi-tq. 
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18. If the diameter throngK any point ol & paralwla 
meet any chord in P, and the tangents at the ends of that 
chord meet the diameter in Q, Q'; ahew that OF'=OQ. OQ". 

19. The vertex of a triangle is fixed, the base is of 
constant length Mid moves along » fixed straight line; shev 
that the locos of the centre of its circumaaribing circle is a 
parabola. 

So. Shew that the polar of any point on the circle 
a!' + y"-2(»iB-3o'=0, 
'with respect to the circle 

iB* + y' + 2aB-3a'=0, 
will touch the parabola 

y* + 403: = 0. 

21. PSP" is a focal chord of a parabola ; F is the middle 
point of PP", and VO is perpendicular to PP" and cuts the axis 
in 0; prove that SO, VO are the arith.metio and geometric 
means between SP' and SP. 

22. PSp, QSq, RSr are three focal chorda of a parabola; 
QR meets the diameter through p in A, EP meets the diameter 
through q in B, and PQ meets the diameter through r in C ; 
shew that the three points A, B, C are on a straight line 
through S. 

23. PP' is any one of a system of parallel chorda of a 
parabola, ia a point on PP" such that the rectangle PO . OF 
is constant; shew that the locus of is a parabola. 

24. On the diameter through a point of a parabola two 
points P, P" are taken so that OP . OP" is constant; prove that 
the four points oS. intersection of the tangents drawn from P, P" 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at and equidistant from it. 

25. If a quadrilateral circtunacribe a parabola the line 
through the middle points of its diagouals will be parallel 
to the axis of the parabola. 

26. If frcan any point on a focal chord of a parabola two 
tangents be drawn, these two tangents are equally inclined 
to the tangeikts at the extremities- of the focal chord. 
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37. If two tangents to a parabola make equal angles viib 
a fixed Btraight line, shew tiUt the chord of contact mnst 
pass through a fixed point. 

28. Two parabolas have a coramou focus and their axes in 
opposite directions; prove that the locus of the middle points of 
chorda of either which touch the other is another parabola. 

29. Find the locus of the middle point of a chord of 
a parabola which subtends a right angle at the vertex. 

30. The locus of the middle points of normal chords of 
the parabola y'—iax-O ia|-- + — = x-2a. 

31. PQ is a chord of a parabola normal at P, AQ is 
drawn from the vertex A, and through P & line is drawn 
parallel to AQ meeting the axis in £. Shew that AR is 
double the focal distance of P. 

33. Parallel chords are drawn to a parabola; shew that the 
locus of the intei-aection of tangents at the ends of the chords 
is a straight line, also the locus of the intersection of the 
normals is a straight line, and the locus of the intersection of 
these two lines is a parabola. 

33. If the normals at the points P, Q, S ot & parabola 
meet in a point; shew that the circle PQfi will go through 
the vertex of the parabola. 

34. If the normnlB at two points of a parabola be inclined 
to the axis at angles 6, •^ such that tan & tan <t> = 2, shew that 
they intersect on the parabola. 

35. The locus of a point from which two normals can be 
drawn making complementary angles with the axis is a 
parabola. 

36. Two of the normals drawn to a parabola from a point 
P make equal angles with a given straight line. Provo that 
the locus of i* is a parabola. 

37. The normal at a point P of a parabola meets the axis 
in G, PG is produced to if, so that GH= ^PG; prove that the 
other two normals to the parabola, which pass through H, are 
at right angles to each other. 
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38. The normals at three points P, Q, Ji ot & parabola 
meet in the point 0. Prove that SF + SQ + SS+SA= 20M, 
where S is the focns and OM the perpendicular irom on the 
tangent at the vertex. 

39. Any three tangents to a parabola, the tangents of 
whose incliiwtionB to the axis are in any given harmonical 
progression, will form a triangle of constant area. 

40. Shew that the area of the triangle formed by three 
normals to a parabola will be 

^ (™, ~ ™j K ~ "*J K ~ ™, ) ("»j + "*. + ™.)'- 

41. If a tangent to a parabola cut two given parallel 
straight lines in P, Q, the locus of the point of intersection 
of the other tangents firom P,Q to the curve will be a parabola. 

42. If an equilateral triangle circumscribe a parabola, 
shew that the lines from any vertex to the focus will pass 
tliruugh the point of contact of the opposite side. 

43. Fi'om any point on ^= a(x + c) tangents are drawn to 
^ = iaxi shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line. 

44. If the normals at two points on a parabola intersect 
on the curve, the line joining liie points will pass through 
a fixed point on the axis. 

45. If through a fixed point any chord of a parabola be 
drawn, and norm^ be drawn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 

46. If three normab from a point to the parabola y' = iax 
cut the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 
27a/ = 2 (a: -2a)'. 

47. If three of the sides of a quadrilatend inscribed in a 
parabola be parallel to given straight lines; shew that the 
tourth side will also be parallel to a fixed straight Hue. 

48. Circles are described on any two focal chorda of a 
parabola as diameters. Prove that their common chord passes 
through the vertex of the parabola. 
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49. Two tangenta to a given parabola make angles with 
the Bxia such that the product of the tongonte o£ their halves 
ia coniitant; prove that the Iocur of the point of intersection 
of the tangents is a confocal parabola. 

50. If the circle desorihed on the chord PQ of a parabola 
as diameter cut the parabola again in the points E, S, then 
will fQ and MS intercept a constant length on the axis of the 
parabola. 

51. If the normals at P, Q, R meet In a point 0, and 
PP', QQ", M^ be lines through P, Q, S makiug with the asia 
angles equal to those made by PO, QO, HO respectively, then 
will PP", QQ", PR' pass through another point 0', and the line 
Off will be perpendicular to the polar of 0'. 

52. The normals to a parabola at P, Q, R meet in 0; 
ahew that OP . OQ. OR = a. OL . OM, where OL and OM are 
tangents from O to the parabola, and 4a is the length of the 
latus rectum. 

53. If from any point in a straight line perpendicular to 
the axis of a parabola normals be drawn to the curve, prove 
that the siuu of the squares of the sides of the triangle formed 
by joining the feet of these normals is constant. 

54. A triangle ABC is formed by three tangents to a 
parabola, another triangle DEF is formed by joining the points 
in which the chords l^rough two points of contact meet the 
diameter through the third. Shew that A, B, C are the middle 
point of the sides of DBF, 

55. If ABC he a triangle inscribed in a paraboln, and 
A'BC be a triangle formed by three tangents parallel to the 
sides of the triangle ABC, shew that the sides of ABC will be 
four times the corresponding sides of A'ffC. 

56. If four straight lines touch a parabola, shew that the 
product of the squares of the absciss* of the point of inter- 
section of two of these tangents and of the point of intersection 
of the other two is equal to the continued product of the 
absciss* of the four points of contact. 
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S7. TP, TQ sre tangents to a parabola, and ^,, p , /), 
are the lengths of the perpeodiculara frota P, T, Q respectively 
on any other tangent to tie curve; shew that P{P,-p^- 

53. OA, OB are tangents to a parabola, and AP, BP are 
the corresponding normaU ; shew that, if P lies on a fixed line 
perpendicular to the axia, describe a parabola j and find 
the locua ol 0, ii P lies on a fixed diameter. 

59. PG is the normal at P to the parabola }^-iax=0, 
G being on the axis ; GP '\% produced outwards to Q so that 
PQ = GP ; shew that the locus of Q is a parabola, and that 
the locus of the intergectjon of the tangents at P and Q is 
p'(a!+4a)+16a' = 0. 
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Thk Ellipse. 



Definition, An Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to its 
distance from a lixed line, called the directrix. 

108, To find the equation of an ellipse. 






Let 8 be the focus and KL the directrix. 
Draw iS^" perpendicular to the directrix. 
Divide .?jS in .A so that SA : ^^ = given ratio = e : 
suppose. 

There will be a point A' in Z8 produced such that 
SA' i A'Z :: e : 1. 
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Let (7 be the middle point o! AA', and let AA'=2a. 
ThenSd = e.AZ,axidaA'''e.A'Z; 

.-. SA+SA' = e{AZ+A-Z); 
.: 2AC^2e.ZC; 

-■■^^=" -W- 

Also 8A'-SA = eiA'Z-AZ); 

or AA'-2Aa-=e.AA'; 

.: SC = e.AC=ae (ii). 

Now let C be taken as origin, CA' as the axis of x, 
and a line perpendicular to CA' as the axis of y. 

Let P be any point on the curye, and let its co- 
ordinates he w, y. 
Then, in the figure, 

BP'^^PM*; 





.-. SN- + NP - e'Zlf. 


Kow 


■ ar-SC + CJ-oe+»; 


and 


ZN-ZO + CS='i + i; 




.: (ae + »)' + !/'-e'(«+ j), 


or . 


s' + »:>(l-e-) -«•(!- A 




•^, .^ .-1 , 



- -(wy- "")■ 

Putting ic=0, we get y= + a\'(l— e^; which gives 
U3 the intercepts on the axis of y. If these lengths he 
called ± 6, we have 

i' = a'Cl-eO (iv), 

and the equation (iii) takes the form 

^ + ^-1 (V). 

s. C. s. 8 
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The lotus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
a; = — oc in equation (v). 

Then S/* = i' (1 - «*) = T , from (iv). 



109. In equation (v) [Art. 108] the value of y cannot 
be greater than b, for otherwise (c* would be negative ; and 
simdarly x cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If a: be numerically less than a, y* will be positive ; 
and for any particular value of a: there will be two equal 
and opposite values of y. The axis of cc therefore divides 
the curve into two similar and equal parts. 

So also, if y he numerically less than b, x' will be 
positive, and for any particular value of y there will be two 
values of x which will be equal and opposite. The axis 
of y therefore divides the curve iato two similar and equal 
parts. From this it follows that if on the axis of a: the 
points S', Z' be taken such that CS = SG, and CZ' = ZC, 
the point S' will also be a focus of the curve, and the line 
through Z' perpendicular to CZ" will be the corresponding 
directrix. 

If {x', y") be any point on the curve, the co-ordinates 

X* V* 

x', y will satisfy the equation -^ + ^ — 1 = ; and it is 

clear that in that case the co-ordinates — a:\ — y' wiU also 
satisfy the equation, so that the point (— ar', —y) will abo 
be on the curve. But the points {x, y) and (— x, — i/) are 
on a straight line through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 

The chord through the foci is called the major axis, 
and the chord through the centre perpendicular to this 
the minor axis. 
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-7 

110. To jmd the focal distances of any point on an 
eUipae. 

In the figure to Art 108, since 8P = ePM, we have 

8P = eZN=e{ZG+CN) = ei^+!^ = a^6x; 

also S'P=e.NZ' = e(CZ'-CN) = a-ex; 

.-. SP+8'Pr=2a. 

An ellipse is Bometimea defined at the loona of a point irhioh moves so 
that the som of its distanoes from tiro fixed points ia constant. 

To find the equation of the onrve from this definition. 

Let the couEtant Bom be 2a, and the distance between the two fixed 
points be iae. 

Take the middle point of tlie line joining the fixed points (or origiit, 
and this line and a line perpendicular to it iot axes, then we ha<re &om 
the given condition 

Jix-aef-i-y'-v J{x + <uf-Vy'=2a 
which, when Tationalized, becomes 

jr' + i'(l-e>)=a>(I-«^, 
which is the eqaation previonsl? obtained. 

111. The polar equation of the eUipse referred to the 
centre as pole will be found by writing rcos^ for x, and 
r sin^ for ^ in the equation 

a 
The equation wU therefore he 

r' cos'^ r* sin'S _ 
a' 6* ~ ' 

1 coa'^ sin*^ ,.-. 

?=ir+-ir »■ 

The equation (i) can be written in the form 

?4+(p-?)™"' ®- 

Since ^ — j ia positive, we see from (ii) that the least 
8—2 
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to "s , the greatest value of ^ being ^ . Hence the 
radius rector diminishes from a to 6 as increases from 
Oto|. 

112. We have found that for all points on the ellipse 

a 
We can shew in a manner similar to that adopted in 
Art. 92 that, if a;, y be the co-ordinates of any point within 

a^ V a:' V* 

the curve, -= + ri — 1 'will be neqaiive, and that -i + ?? — 1 

a a 

will be positive if a;, y be the co-ordinates of any point 
outside the curve, 

113. To find the potnts of intersection of a given 
straight line and an ellipse, and to jind the condition that 
a given straight line may touch the ellipse. 

Note. We shall henceforth always take -= + 'i = 1 as 
■' a' b 

the equation of the ellipse, unless it is otherwise expressed. 
Let the equation of the straight line be 

y = 'ma; + c (i). 

At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 

a? (mx+c)* _ 
?+ ^— -1- 

or ai*(6' + (iV) + 2mca'aj + a'(c'-6') = (ii). 

This is a quadratic equation, and every quadratic 
equation haa tvm roots, real, coincident, or imaginary. 

Hence there are two values of w, and the two corre- 
sponding values of y are given by equation (i). 
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The roots of the equation (ii) ■will be equal to one 
another, if 

a' (c' - J*) (6' + a*nt*} = mVa', 
that is, if (? = (^m' + b\ 

If the two values of x are equal to one another the two 
values of y must also be equal to one another from (i). 

Therefore the two points in which the ellipse is cut by 
the line will he coincident if c = \/(a'm' + 6'). 

Hence the line whose equation ia 

y = mic + VCa*m' + 6') (iii) 

will touch the ellipse for all values of m. 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, there are two tangents parallel 
to any given straight Hue. These two parallel tangents 
are equidistant from the centre of the ellipse. 

' 114f. To find the equation of the chord joining two 
points on the ellipse, and to find the equation of the tangent 
at any point. 

Let x', y and x", y" be the co-ordinates of two points 
on the ellipse. 

The equation of the secant through the points {x', y') 
and («", y^ is 

4;^,=j;,^, (i). 

a, -X n -s 
But, since the two points are on tlie ellipse, we have 

5 + e-I. and^%C-I; 



.■■■^^^^--■^-^ (ii). 

Multiply the corresponding sides of the equations (i) 
and (ii), and we have 

(^-aO(x" + x') _ (y-y'}(y"+y^ 
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or g(a'' + g") ^ fffy' + y") _ y(a^ + a^") ^ y'{y'+y") 
a' b* a' 6* ' 

or, since, -s +'-75 = 1, 

£&L+f2+jcy+ii.i+?L^:+!^'....(iii), 

a* Or' 0' ' 

which is the equation of the chord joining the two given 
points. 

In order to find the equation of the tangent at {x, y) 
we must put x" =0^, and ^' =y' in equation (iii), and we 
obtain —y „„' 

?-+f-i w 

OOB. 1. The co-ordinates of the extremities of the 
major axis are a, and — a, respectively, and, from (iv), 
the tangents at these points are x = a and x = — a. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axb are parallel to the major axis. 

Cor. 2, The tangent at the point (x, y) is parallel 
to the tangent at the point {—x,~y'), apd these two 
points are on a straight line through the centre of the 

Hence the tangents at the extremities of any chord 
through the centre of an ellipse are parallel to one another. 

115. To find the condition that the line Ix + my — n^O 
may touch the ellipse. 

The equation of the lines joining the origin to the 
points where the ellipse 

K+^.-i (i), 

a b ^ ' 

is cut by the straight line 

Ix + my = n (ii), 

is [Art. 38] ^ + -|!_(?^?J=0 (iii). 
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If the lioe (ii) cut the ellipse in coincident points, the 
equation (iii) will represent coincident straight lines. 
Therefore the left-hand member of (iii) must be a perfect 
square : the condition for this is 

/I i*Wl m*\ _l'm* 

W n')[b' ^J-7,*" = 

whence a'? + J'?«* = n' (iv). 

Cob. The line ajcosa + ysina— j» = will touch the 
ellipse, if 

p' = c^ cos'a + b' sin*a (v). 

116. To find the eqiuUion of the normal at any point 
of an eUipae. 

The equation of the tangent at any point {x, y) 
of the ellipse ia 

of ^ b" ~'- 

The normal is the line through {x\ y') perpendicular 
to the tangent; its equation is therefore [Art. 30] 



a;-j/ . y-y 



EXAMPLES. 

1. Find the eccentricities, and the co-ordinoteB of the foci of tlio 
following ellipBGE i 

(i) ai»+ S;,' - 1 =0, (ii) 8 (i - lf+ 6 (3/ + 1)» - 1 =0. 

Ai». (i) ^, (±-^,o); (ii) i, (1, -1±V,V6)- 

2. Find the lengths of the lateia recta of the eltipae» in question 1. 

Am. 5v'3aniIiV<i. 

3. Shew that the liney-sT + VS touches the ellipse 2x' + 3y'=l. 
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i. Shew that the line Sy = x-a oufa the onne 4z*-3y'-2£=D in 
two poiatB eq.nidiBtiuit from the oiIb of y. 

5. Ib the point (2, 1) within or wiflioiit the ellipee 2a? + Sj('- 13=0? 

6. Find the equations of the tangents to -j 4- ^ = 1 which make an 
angle of C0° with the axis of x. 

7. Find (i) the equationB of the tangents and (ii) the equations of the 
normals at the ends of the latera tecta of 2x' + 3^ - 6. 

The four points ore (±1, ±^\/3). 

8. Find the equations of the tangentd to -; + n = l which make 
eqnal interoepte on the aies. Aiu. j;±j±^o' + **=0. 

9. Shew that the eqnation 4a^ + 2^*=6x Teprasenta an eliipM whose 
eocentridt}' is -y= , and shew that tlie origin is at an exttemit; of the 

10. Find the equation of the ellipse which has the point ( - 1, 1) for 
focns, the line ix~ 3^=0 for directrix, and whose eccentricitj is ). 

Am. 20x'' + 24iti/ + 27y» + 7i(x-y + l)=0, 

11. II the normal at the end of a latna rectnm of an ellipse pass 
through one eitremtt; of the minor axis, shew that the eooentrioi^ of the 
cuTTB is given by the equation <'+e'-l=0. 

13. If anj ordinate MP be prodaced to meet the tangent at the end 
of the latns tectum through the focna S in Q, shew that the ordinate of 
Q is equal to the distance SF. 

13. A straight tine AB of given length has its extremities on two 
fixed straight lines OJ, 0£ which are at right angles; shew that the locus 
of any point C on the line ia an ellipse whose Eemi-aies are eqnal to CA 
and CB reapeotively. 

117. Two tangents can he dravm to an ellipse from 
any point, which will be real, coincident, or imaginary, 
according as the point is outside, vpon, or within the curve. 

The line whose equation ia 

y = ma; + '/(a*m' + l)') (i) 

■will touch the ellipse, -whatever the value of m may be 
[Art. 113]. 
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The line (i) will pass through the particular point 

that ia, if 

(y — maf)' — a'm* — t* = 0, 
or 7ft* (i" - aO-2ma:y + !/'*- 6* = (ii). 

Equation (ii) ia a quadratic equation vhicb gives the 
directions of those tangents to the ellipse which pass 
through the point {x', y). Since a quadratic equation has 
tvio roots, two tangents will pass through any point {x', y'). 

The roots of (ii) are real, coincident, or imaginary, 
accordir^ as 

(x'-o')(j,--J'>-a,V 

3;" v" 
is negative, zero, or positive ; or according as -^ + «j -1 is 

positive, zero, or negative. That is, [Art. 112] according as 
{x', y) is outside the ellipse, upon the ellipse, or within it. 

'' 118. To find the equation of the line through the points 
of contact of the two tangents which can be dravm to 
an ellipse from any point. 

Let x', y' be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents \xih, k and A', k respectively. 

The equations of the tangents at {h, k) and (A', k') are 
xh vk 

and ?i' + f-l. 

a b 

We know that {of, t/) is on both these lines ; 

.-. !$+f-l (i), 

and -«-+ Ti- = 1 (")■ 

a" b* ^ ' 
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But (i) and (ii) shew that the points (A, K) and Qt', ¥) 
are both ou the straight line whose equation is 

Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (a;', y). 

The line joining the points of contact of the two 
tangents from any point P to an eilipae ia called the polar 
of F with respect to the eUipse. [See Art. 76.] 

119. If the polar of a point P with respect to an ellipse 
pass through the point Q, then will the polar of Q pass 
through P. 

This may be proved exactly as in Art. 78. 

1 20. To fit\d the locus of the point of intersection of two 
tangents to an eilipae which are at right angles to one 
another. 

The line whose equation is 

y = nu>! + Ja'm' + b' (i) 

will touch the ellipse, whatever the value of m may be. 

If we suppose x and ;/ to he known, the equation gives . 
us the directions of the tangents which pass through the 
point {x, y). 

The equation, when rationalized, becomes 

m'{a^-a')-2ma^+y'-b*=0 (ii). 

Let m, and m,be the roots of (ii); then, if the tangents 
be at right angles, m^m^ = ~ 1 ; 

. }f~b' , 

"■ x'-a' 

or a^ + y = «' + &- (iii). 

The required locus is therefore a circle. 

This circle is called the director circle of the ellipse. 
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121. The circle described oq tbe major axis of an 
ellipse as diameter is called the auxiliary circle. 




If the equation of the ellipse be 



the equation of the auxiliary circle will be 



••(")■ 



If therefore any oi'dinate JVP of the ellipse be produced 
to meet the auxiliary circle in p, we have from (i) and (ii) 
■y.f"^^ CN'^Np\ 
b* o* a* ' 

NP^b 
Np a ' 
Hence the ordinates of the ellipse and of the circle are 
io a constant ratio to one another. 

The *Dgle A'Gp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. 
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If the angle A'Cp be ^, the co-ordinates of p will be 
a cos 0, a sin ^ ; and those of P will be a cos 0, i ^ 0. 

122. To find the equation of the line joining twopoints 
whose eccentric angles are given. 

Let <j>, <^' be the eccentric angles of the two points ; 
then the co-ordinates are acos0, 63in<^, and acos^', 
Jsin^' respectively. 

Hence the equation of the Hdo joining them is 
x — a cos <^ _ y — 6 sin 
a cos ^ — o cos <^' 6 sin — 6 sin ^' ' 

- — cos V — sin <^ 



-sini(<^+^'J co3i(0+f)' 

.-. ^COsK* + *') + f8mi(.#. + 0')=CO3i(0-0')-..(i). 

which is the required equation. 

To find the tangent at the point 0, we have to put 
0'= in equation (i), and we obtain 

-CO3 0+Y sin0 = l (ii). 

■* 123. From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points on aa 
ellipse is constant and equal to Sa, the chord joining those 
points is always parallel to the line 

- cos a + r sin a = 1 : , . 

a b 

that is, the chord is always parallel to the tangent at the 
point whose eccentric angle is a. 

Conversely, if we have a system of parallel chords 
of an ellipse the sum of the eccentric angles of the 
extremities of any chord is constant. 
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124. To find the equation of the normal at any point 
of an ellipse in terms of the eccentric angle of the point. 

Let be the eccentric angle of a point P on the 
ellipse ; the equation of the tangent at P la [Art. 122] 

-COS0+ rain0 = l. 

The equation of the line through (a cos 0, i sin 0) 
perpendicular to the tangent ia [Art. 30] 

(jc — a cos A) — — T — iy — bmiA) -v — , = 0, 

aiE by , ,, 

or 7 — r^=a* — b\ 

cos Bin iff 

125. We will now prove some geometrical properties 
of an ellipse. 

Let the tangent at P meet the axes of x and y in 
T, t reepectively, and let the normal meet the axes in &, g. 
Draw SZ, ^2f, GK perpendicular to the tangent at P; 
draw also CE parallel to the tangent at P, meeting 
the normal in F, and the focal distance 8P in E. 




_ ' be the co-ordinates of the point P, 
1 of the tangent at P will be 

'^' J. S"/ _ 1 



..(i). 
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WBere this cuts the axis of x, y = 0, and at that point 
we have from (i), 

asc' _ 

.-. ^^^^=1. orCy.Gr=ai^ (a). 

Similarly NP. Ct=CB'... (0). 

The equation of the normal at P is 

ce — af y — v' ,-, 

— r- = *-)*'■ (ii). 

a' b' 

Where the normal cuts the axis of x, we have y= 0, and 
therefore from (ii), 

x — af = — sij;', or x = af[\ i| =^cc' ; 

.■. m = e\CN: (y). 




Also, since 
SG = 8G+ CQ = ae + ^x; and GS' =ae-e^a^, 
we have 

8G _ ae+^ _ a+ea> ' _ SP 
08'~ae-^a^~a-eaf~ S'P' 
therefore PG bisects the angle fSPS' (i 
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Again, since P(? = ON' + NF" = (CN ~ CO}' + M", 
we have F(P = y" + a:" (1 - e")', 

pe.6v(^+^:). 



And PF-KO= J I. [Art. 31]; 



"7e 



•■. PF.PO=-b* (e). 

The line whose equation is 

y = mx+t/(aW + h') (iii) 

will touch the ellipse whatever the value of m may be. 

Hence, if 8Z, S'Z' be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 

g^_ ~ "^^ + V(g*w* + &') jj, j Q'^ _ "^*^ + V(«'"t' + ^*) ■ 
V(l+">') ' V{l+m") 

.-. ^f^. g'^- = "*""* + ''* ~r'"°^ = ft' (?)■ 

•^' Again, the equation of the line through S perpendicular 
to <iii) ia 

«iy + a! + oe = (iv). 

To find the locus of 2^ the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 

y ~ mx = •/{a'm* + &'), and my + x=~ae. 
Square both sides of these equations and add, we thus 
obtain 

(^ +f)0-+ ^') = a°»i' + 6' + ^V = «'{! + »»*) ; 

therefore the locus of Z is the auxiliary circle whose 
equation is 

^ + ^ = 0* iv). 

' We should have arrived at the same result if we had 
supposed the perpendicular to have been drawn from S'. 
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O 

126. Let P be any point, and let QQ' be the polar of 
P. Let QQ" meet the axes in T, t Draw 8Z, S'Z', OK 
and PO petpendicular to QQ"; and let PO meet the axes 
in O, g. Then, if a:', y' be the co-ordinates of P, the 
equation of CC will be [Art. 118] 



^ + 3^ = 



..(i). 



The equation of POG will therefore he [Art. 30] 

^-!^ »■ 

? &* 

From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) GN.GT^CA\ 03) NP.Ct = Gff, 
(7) (7(? = 6'CJV, and {S) EC.P& = b\ 




1. Shew that the foona of an ellipse is the pole of the ootreBpondbg 



2. SbeiT tliat the eqaation of the locna of the foot of the perpen- 
dicolar from tbe centre of an ellipse on a toQeeul iar°Eia<coa=O-<-b*Biii-0- 
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Shew that the Bam of ths reaiprookls of the BquareB of any two 
an ellipBa which ara at right knglea to one another ia 
[See Art. 111.] 

4. If an eqailftteral triangle be inscribed in an ellipse the snm of the 
■qiures of the reciprooale of the diameters parallel to the sides vill 
beoonstant. 

6. An eHipBa slideB between two straight lines at right angles to one 
another; shew that the locos of its centre is a circle. [See Art. ISO.] 

6. If the points ff, H' be taken on the minor mis of an ellipse such 
that 8'C=CB-^CS, where C ia the centra and S is a fooos; shew that 
the Bom of the sqnareE of the perpendicnlors from S' and 3' on anj 
tangent to the ellipse is constant. 

7. Shew that the loooB of the point of intersection of langenta to an 
ellipse at two pcints whose eccentric angles differ bja constant U an ellipse. 

[If the tangents at + a and ^-ameetat («',y^; then -=eoB^ sen b. 



e. The polar of a point P cnta the minor axis in (, and the perpeu- 
dicnlor from P to its polar ants the polar in the point O and the minor 
axis in ir; shew that the circle through the points t, 0,ji will pass thtoogh 
the foci. IVtovB that tC.Cg= sees'.} 

9. Piova that the line 2z + iR|r-i-<>=0iBanonual to 

a. + t. •■"ia+„i „a ■ 

,_ -,1. o* 6y 9 11 V 1 COS e Jit sin # 
(Compare wilh H^;=a'-i"; we have = , — 

K -j — g : then eliminate S.] 

10. The perpendicnlar from the focns of an ellipse whose centre 
is C on the tangent at buj point P will meet the line CP on the 
directrix. 

11. If Q be the point on the anxihaiy cinJe correapondtt^ to the 
ptnnt P on an ellipse, shew that the normals at P and Q meet on a fixed 

13. If Q be the point on the anxiliary circle corresponding to the point 
P on an ellipse shew that the perpendicular distances o! the foci 8, H 
from the tangent at (J are equal to SP and HP reiipectively. 
13. Shew that the area of a triangle inscribed in an ellipse is 
lot lain (j3-7)+Bin(7-a) + sin{a-j3)!, 
where s, j8, -y are the eccentric angles of the angolar points. 

8. c. s. 9 
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127. To_^ndth£ locus of the iniddle points of a system 
of parallel chorda of an ellipse. 

The equation of the line through the two points {i^, y") 
and ((C", f) on the ellipse is [Art. 114] 

^(?:h^)^W|A^1^i^?v' 3^ 

or a ^' 

If the line (i) is parallel to the line y = tru)!, then 

«-^^±< «: 

Now, if X, y he the co-ordinates of the middle point of 
the chord joining (ic', "i/) and (<"", y")- tten i,x = x' -^af', 
and 2y = »/ +y"; 
therefore, from (ii), we hare 

Vx 

"' = -^ M- 

Hence the locua of the middle points of all chords 
which are parallel to the line y = mx ia the straight line 
whose equation is 

J' ,. , 

ir = ,— X (ivl. 

From (iv) we see that all diameters of an ellipse [Art. 
102, Def^ pass through the centre. 

Writing (iv) in the form y = m'x, we see that 

^' 
mm = 5 (V). 

or ^ ' 

It is clear from the symmetiy of the relation (v) that 
all chords parallel to y = rrix are bisected by y = rax. 

Hence, if on^ diameter of anellipse bisect chords paral- 
lel to a second, the second diameter will bisect alt chords 
parallel to the first. 

Def. Two diameters are said to be vonjugate when each 
bisects chords parallel to the other. 

12S. The tangeni at an extremity of any diameter is 
parallel to the chords bisected hy that diameter. 
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All the middle points of a system of parallel chords of 
an ellipse are on a diameter. Hence, hy considering the 
parallel tangents, that is the parallel chords which cut the 
curve in coincident points, we see that the diameter of 
a sjstem of parallel chords passes through the points 
of contact of the tangents which are parallel to the 
chords. 

129. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be x, y', and the 
co-ordinates of i) be x", y". The equations of CP and 

^i)are •^ = ^ and ^-^ = ^,; 

y X IT a: ' 

hence from (v) Art 127 we have Vt; = - -, ; 




If d, ^' be the eccentric angles of P and D respectively, 
then a/ = o cos <^, y' = h sin <^, a;" = a cos ^', y" = 5 sin ^'. 
Substituting these values in (i) we have 

cos ^ cos 0' + sin ^ sin ^' = 0, 



0—2 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters- 
of an ellipBe is a right angle. 

If ^jp, dC^ be the diameters of the auxiliary circle 
corresponding to the diameters PCP", DCiy of the ellipse, 
then pCp', dCd' will be at right angles to one another. 
Hence tne co-ordinates of D and of 1/ can be at once 
expressed in terms of those of P or of P'. 

130. To shew that the sum of the squares of two con- 
jugate aemi-dia/meters is constant. 

Let P, D be extremities of two conjugate diameters of 
the ellipse. 

Let the eccentric angle of P be ^, then the eccentric 

angle of i) will be + I" [Art. 129]. 

The co-ordinates of P will be acos^, isin^, and 

those of ZlwiU be o cos (.^ ± |) , hsayUt"^. 

,: CP* = a* cos' + 6' sin* 0, 

and ■ Ci?' = o*cos'(0±|"W6'Bin'(0±|); 

.-. CJ*+(7/)' = a' + i'. 

131. The area o/ the parallelogram which touches an 
cUipee at the ends of conjugate diameters is constant. 

Let POP", DGiy bo the conjugate diameters. The 
area of the parallelogram which touches the ellipse at 
P, i^, iJ, I/ is 4 CP . Ci) sin POA or 4 Ci? . CFwhere ay is 
die perpendicular from C on the tangent at P. 

How if the eccentric angle of P be 0, the eccentric 
angle of D will be ^ + ^ , 

/. (?/l»-«'cos*(0±|) + 6'sin'^0±j), 
or GD' — (]^an'0+'6*cos''0 (i). 
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The equation of the tangent at F will be [Art. 122] 

- COS A +~ Bin A = 1, 
a ^ b ^ 

.-. CJ^= ■ .^ ■ I . . [Art 31], 
cos tp sin^ *- ■* 

-^ +-^ 

or CF'= - . - . °'''\. .' (ii)- 

a sin tp + cos 

From (i) and (ii) we see that the area of tlie parallelo- 
gram is equal to iab, 

132. If r, r' be the lengths of a pair of conjugate 
semi -diameters, and d be the angle between them, then 

r/sind=a6[Art. 131], 
Hence sin $ is least when rr' is greatest. 
Now the sum of the squares of two conjugate diameters 

is constant ; hence the product will be greatest when the 

diameters are equal to one another. 

Hence the acute anfjrle between two conjugate diameters 

of an ellipse is least when the conjugate diameters are equal 

to one another. 

133. Let the eccentric angles of the extremities P, D 
of two conjugate diameters be ^, <f>±a respectively; then 

(7P* = a' cob' ^ + b' sin* ^, 
and CI/ = a' sin* <f> + b' cos' ^ ; 

.-. CF'-CI/=(a'~b')ws24,. 

Hence CP = CD when A is t or -^ - 

* 4 

The equations of the equal conjugate diameters are 
therefore 

--±^ 

a 
Hence the equi-conjugate diameters of an ellipse are 



,,l:al by Google 



134) THE ELUPSE. 

coincident in direction with the diagonala of tie rectangle 
formed by the tangents at the ends of its axes. 

134. Def. The two straight lines drawn from any 
point on an ellipse to the extremitiesof any diameter are 
called supplemental chorda. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chorda be formed by joining the point Q to the 
extremities P, P' of the diameter POP'. Let V be the 
middle point of QP, and V the middle point of QP'. 
Then CV' and CV are conjugate, for each bisecte a chord 
parallel to the other; and CV, CV are parallel respec- 
tively to QP and QP'. 

Hence QP and QP' are parallel to a pair of conjugate 
diameters. 

135. We can find the position of a pair of conjugate 
diameters which make a given angle with one another. 

For, draw any diameter POP' and on PP' describe a 
segment of a circle containing the given angle. If this 
circle cut the ellipse in a point Q, the angle PQP' is equal 
to the given angle, and QP, QP are parallel to conjugate 
diameters [Art. 134]. 

The circle and ellipse will not however intersect in any 
real points besides the points P, P' if the given angle 
be less than that between the equi-conjugate diameters of 
the ellipse [Art. 132]. 

136. To find the equation of an ellipse referred to antj 
pair of conjugate diameters as axes. 

Let the equation of the ellipse referred to its major 
and minor axes be 



■•©• 



Since the origin is unaltered we substitute for x, y ex- 
pressions of the form Ix + my, I'x-^m'y in order to obtain 
the transformed equation [Art. 51], 
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The equation of the ellipse will therefore be of the 
form Aa^ + SHxi/ + Bf = l {ii}. 

By supposition the axis of w bisects all chords parallel 
to the axis of y. Therefore for any particular value of a 
the two values of y found from (ii) must be equal and of 
opposite sign. Hence iT = ; the equation will therefore 
be of the form As^ + Bif = \ (iii). 

To obtain the lengths {a', %') of the iatercepta on the 
axes of w, y, we must put y = and it: = in (iii); we 
thus obtain Aa? = 1 = Bh'^. 

H^ice the equation of an ellipse referred to conjugate 
diameters is 



where a', b' are the lengths of the semi-diameters. 

137. By the preceding Article we see that when an 
ellipse is referrecl to any pair of conjugate diameters as 
axes of co-ordinates, its equation is of the same form 
as when its major and minor axes are the axes of co- 
ordinates. 

It will be seen that Articles 113, 114, 115, 118 and 127, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameters. 

Q 138. We shall conclude this chapter by the solution of' 
some examples. 

(1) To find when the area of a triangle mecribed in an elUpie U 
ffrtaUtt. 

Let the eceentrio angles of F, Q, R, tlie angalal pointa of the triai^, 
be^,^^; letp, 9, r be the thieecoiTesp<HidbigpointBOntheBiizUi«r; 

The areae of the triutglea PQS, and pqr are [Art. 6] 

\ I dooB^, tsin^j, 1 1 , ftud ) jaooa^j, aBini^, 1[ ; 

lacoB^ haa^, l| jacoa^ asin^ ij 

v.aPCB : Aygr :: 6 : a. 
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Henee the teianf^ PQR and pqr axe to one another in the eonBtant 
ratio b : a. Therefore PQR is gieateat when pqr iB greHtest. 

Mow Apjr IB greatest vhen it ia an tquilaUnU triangle; and in that 
3r 

CMe0,~^™^~^=^~0i=-^. 

Henoe when a triangle inncrilied in an ellipse is a maTimiiin, the 
eooentrio angles of its angular points are n, a + y , « + -s-- 

(2) If any pair of conjagate diameteri of an eltipn cut the tangent at 
a poirU P in T, T'; ihea that TP .PT = CD; tehere CD ii tlie diavttter 
conjugate to CP. 

Take CP, CB for axes of x and y, then the eqoatioii of the elUpw viU 

The equation of the tangent at P (o, 0) wiD be x=ii.~ 

Tly=mx, y = m'x be tho eqaations of any pair of oonjngate diametcira, 

«m'=-^,[Ait.l27] (i). 

But PT=iB,a,KaiFT=m'a; 

.:FT.PV=mm'a* (ii) 

.-. rP.Pr = i'. from (i). 

(3) The line joining the extremitiei of tiny (ico diametert of an 
tUipie ahieh are at right aiglet to one another viU alivayi touch a fixtd 

Let CP, CQ be tiro diameters which are at right anglea to one another, 
and let the equation of the line PQ be 

*«w« + Ssino=j.. 
The equation of the lines CP, CQ will be [Art. 38] 



i» ^ _ / aieoao+ysinn y 

a'*b--\ p } I''- 



But, since the lines CP, CQ are at right angles to one aoother, the 
anm of the coeScienti of z* and y' in (i) is zero [Art. S6]; 
1 1 1 

which ahewa tliat the patpendicnittf diBtauee of the line PQ trtm the 



._ Henoe the line PQ alwayi toncbea a fixed cirola. 
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(4) To find the loeut of the polei c/ normal choriU of an tIKjut. 
Tbe equation of the nomUil at •nf point e is 

^rA--" «• 

The equation of the polar of any point {x', y^ ia 

a> ^ 6» ' '■ 

Tlie equations (i) and (ii) will iepte«ent tlie same straight line, if 

* 'a' eoe0' ' 'If amS 

or (o' — 6')cobS= — , and (a'-f) sin (=- --, 

therefore, by Bqnaring and adding the two last eiiaations, ve have 

Henoe the equation of the Iooob Is 

iVI=*-*')'=''V'+*'*'- 
[S^ 1/ a quadrilateral eircwateribe art ellipie, tkt lint throttgh tht 
fluiidle points of itt diagonalt tciU patM through the centre of the etUjne. 
Let the cccentrio angles of the four points of contact of the tangents 

The eqaationa of the tangenta at t^e points a, ^ are 

-oosa + ^jiina=l, and-cosj9 + |Bin)3=aI. 



/ COgi(a-)-ff) Binifa+ffl \ 
V''«ai(«-^)'''oo«i(.-ffl;- 
The tangents at y and 3 will meet in the point 
/ ^Ky + J) Bini(y + J) \ 

V <!«i(T-a)' «>Bi(T-8);- 

The oo-ordinatee of the middle point of the line joining these points of 
are given by 

DBi(a+P)eosi(Y-i) + eosi(7 + i)<«'«if»-|9) 

eoBi(T-(}cosi(o-,3) 
in^C+ffleoBJ (y-J) + sini<Y +i)coBi(a-ffl 

ooBi(T-J)eoa4(«-p) 
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ThsnToM the line joining the oentre of the dlipse to this point 
makes intb the miqor aim an angle the tangent of whioh is 

S Bini(°+^°oBi(T-') + Bi°4(T + ')°°gi(''-J ^ 

O008j(a+jJ)0OB4(7-8)+0OBi{7+i)00sH— ^)' 

which is eqnal to 

i glp(.-B) + Bin(«-;e) + Bin(»-7> + Bin<»-a) 
aooB (.-«) + «• (.-^) + oos(i-T) + c« (»-8)' 

where 2»=«+j3+7+). 

The BjmmetiT of the abora renilt shenB that tlie line joining the 

centre of the eUipee to one ot the middle poluta of the diagonals of 

the quadrilateral irill pass through the other two middle points. 



EzAHPLES OK Chapter VI. 

1. If SP, S'P be the focal distances of a point P on an 
ellipse "whose centre is C, and CD be the semi'diameter conju- 
gate to CF; shew that SP . S'P = CD'. 

2. The tangent at a point P of an ellipse meets Uie 
tangent at A, one extremity of the axis ACA', in the point Y; 
shew that CY is parallel to A'P, being the centre of the 

3. A point moves so that the sum of the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locns is an ellipse, and find the eccentricity in 
terms of the angle between the lines. 

i. P, Q are fixed points on an ellipse and R any other 
point on the curve ■ Y, Y' are the middle points of PP, QS, 
and VG, Y' G' are perpendicular to PP, QR respectively and 
meet the axis in G, G'. Shew that GG' is constant. 

5. A series of ellipses are described vith a given focus and 
corresponding directrix; shew that the locus of the extremities 
of their minor axes is a parabola. 

6, PS'P' is a double ordinate of an ellipse, and Q is any 
point on the curve; shew that, if QP, QP" meet tie major axis 

in M, M' respectively, CM. CJIT^CA'. 
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I. Lines are drawn thraugli the foci of im elHpce perpen- 
dicnlkT reBpectively to & pair of oonjngate diameters end 
intersect in Q; shew that the locna of ^ is a coooeDtric ellipee. 

8. The tangent at any point P of an ellipse cuta the 
equi-conjugate diameters in T, J"; shew that Um triangles TCP, 
TCP are in the ratio of CT' : CT". 

9. If CQ be conjngate to the normal at P, then will CP 
Iw conjngate to the normtd at Q. 

10. If P, D he extremities of conjugate diameters of an 
ellipse, and PP", DD' be chords p*ralle] to an axis of the 
ellipse; shew that PD' and PD are parallel to the eqni- 
conjugates. 

II. If P, D are extremities of conjugate diameters, and 
the tangent at P cut the major axis in T, and the tangent at 
Z) cot ^e minor axis in T'; shew that TT' will be parallel to 
one c^iJie eqai-conj agates. 

12. Q^ is any chord of an ellipse parallel to one of the 
eqni- conjugates, and the tftogents at Q, Q" meet La T; shew 
tlutt the circle QTQ' passes through the centre. 

13. In tiie ellipse prore that the normal at any point ia a 
fourth proportional to the perpcndicalara on the tcuigent &om 
the centre and from the two foci. 

14. Two conjngate diameters of an ellipse are drawn, and 
their four extremities are joined to any point on a ^ven circle 
whose centre is at the centre of the ellipse ; shew that the sum 
of the squares of the lengths of these four lines is constant. 

15. PNP is a doable ordinate of an ellipse whose centre 
is G, and the normal at P meets CP in 0; shew that the locus 
of is an ellipsa 

16. If the normal at any point P cut the major axis In G, 
iliew that, for different pesitums of P, the locus of the middle 
point of P6 will be an ellipse. 

17. S, A' are the vertices of an ellipse, and P ony point 
on the curve; shew that, it PS" be perpendicular ia AP and 
Pi£ perpendicular to A'P, M, K being on the axis AA', then 
will MN be equal to the latus rectum of the ellipse. 



,,l:al by Google 



140 THE ELLIPSE. 

18. Find the equation of the locns of a point from -whicb 
two tangents can be drawn to an ellipse making angles 0, , $^ 
with the ads-major such that (1) taut' + tan ^ is constunt, 
(2) cot 5, + cot 9^ is constant, and (3) tan fl, tan 0^ is constant. 

19. The line joining two eitremitiea of any two diameters 
of an ellipse ia either parallel or conjugate to the line joining 
two exb'emil^es of their conjugate diameters. 

20. If F and D are extremities of conjugate diameters of 
an ellipBe, shew that the tangents at J" and D meet on the 

ellipse -J + —, = 2, and that the locus of the middle point of 

P2)i.^4:=i. 

a' ■* 

21. A line ia drawn parallel to tbe axis-minor of an ellipse 
midway between a focus and the corresponding directrix; prove 
that the product of the perpendiculars on it from the extremi- 
ties of any chord passing through that focus is constant. 

22. If the chord joining two points whose eccentric angles 
are a, ^ cut the mcgor axis of an ellipse at a distance d from the 



"2-dS 



, where 2a is the length 



of the major axis. 

23. If any two chords be drawn through two points on the 
axis-major of an ellipse equidistant from the centre, shew that 

tan ^ tan ? tan i tan t; = 1, "where o, /3, y, 8 are the eccentric 

angles of the extremities of the chords. 

24. If :fi^, ^ be the foci of an. ellipse and any point A be 
taken on the curve and the chords ASB, BHC, CSD, DEE. . . be 
drawn and the eccentricangles of .li, .3, (7, .D,...befl , $ , 6,, &.-.., 

A it fi 6 B 

prove that tan ^ tan -^ = cot J oot-^ = tan^tan^— ... 

25. Shew that the area of the triangle formed by the 
tangents at the points whose eccentric angles are o, )3, y respec- 
tively is <i6 tan ^ (^ - y) tan J (y - a) tMi J (o - ^. 

26. Prove that, if tangents be drawn to an elUpse kt 
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pointa whose eccentrio sngles are ^,, ^,, ^,, the radius of the 
oiiQle drcomscribiDg the triangle so formed is 

p, q, r being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, b the semi-axes of the ellipse, 

27. From any point i* on an ellipse straight lines are 
drawn through the foci S, H cutting the corresponding direo* 
trices in. Q, R respectively; shew that the locus of the point of 
intersection of QH and RS is an ellipse. 

. 28. If P, p he corresponding points on an ellipse and its 
auxiliary circle, centre C, and if CP be produced to meet the 
auxiliary circle in q; prove that ^e tangent at the point Q on 
the ellipse corresponding to j is perpendicular to Cp, and that 
it cuts off from Gp a length equal to CP. 

29. If i*, ^ be the points of contact of perpendicular ton- 
gents to an ellipse, and ^, g be the corresponding points on the 
auxiliary circle; shew ^t Cp, Cq are conjugate diameters of 
the ellipse. 

30. From the centre C of two concentric circles two 
radii CQ, Gq are drawn equally inclined to a fixed straight line, 
the first to the outer circle, the second to the inner; prove that 
the locus of the middle point P ai Qqi& an ellipse, that PQ is 
the normal at i* to this ellipse, and that Qq is equal to the 
diameter conjugate to GP. 

31. If u is the difierence of the eccentric angles of two 
points on the ellipse the tangents at which are at right angles, 
prove that ab Bin<ii=A;i, where X, ^ are the semi- diameters 
parallel to the tangents at the points, and a, b are the semi-axes 
of the ellipse. 

32. Two equal circles touch one another, find the locus of 
a point wliich moves so that the sum of the tangents from it 
to the two circles is constant. 

33. Prove that the sum of the products of the perpen- 
diculars from the two extremities of each of two conjugate 
diameters on any tangent to an ellipse is equal to the square of 
the perpendicular from the centre on that tai^nt 
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31. Q ia a point oq the Dormal at any point /" of ui ellipae 
whose centre is ouch that the lines CP, CQ make equal 
angles with the axis of the eljipsej shew that fQ is proportional 
to the diameter conjugate to OF. 

35. If a pair of tangents to a conic be at right angles to 
one another, the product of the perpendiculars from the c«ntre 
and the intersection of the tangents on the chord of contact is 
constant. 

36. Find the locus of the middle poiate of c^rds of an 
ellipse vhi(^ all psss throu^ a fixed point 

37. If P bo any point on an ellipse and any chord PQ cut 
the diameter conj ugate to CP in E, then will PQ . PR he equal 
to half the sqnwe on the diameter parallel to PQ. 

38. Find the locus of the middle points of all diords of 
an ellipse which are of constant length. 

39. Tangents at right angles are drawn to an ellipse; find 
the locus of the middle point of the chord of contact. 

40. If three of tlie sides of a quadrilateral inacribed in an 
ellipse are paraDel respectively to three given straight lines, 
shew that the fourth side will dso be parallel to a fixed straight 

41. The area of the parallelogram f(»xa6d by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joinii^ the points of 
contact. 

42. If at the extremities P, Q of any two diameters 
CP, CQ oi an ellipse, two tangents Pp, Qq be drawn cutting 
each other in T and the diameters produced in p, and q, then 
the areas of the triangles TQp, TPq will be equal. 

43. From the point two tangents OP, OQ are drawn to 
the ellipse -j + ^ = 1 ; shew that the area of the triangle CPQ 
m equal to 

a'b'Jb'h ' + a'ie -^' 
b'h' +"a'A* ' 

a^d the area of the quadrilateral OPGQ is equal to 

(J'A' + aV-a't'ji, 
C being the centre of ^e ellipse, and A, k the co-ordinates of 0. 
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44. TP, TQ are tangents to aa eUipso irhofee oentM is C, 
shew Oiat the area of the quadrilalAraJ CfTiJ is ofr tan ^(^ - if,"); 
where a, b are the Hemi-axes of the ellipae, uid ^ iji are thtt 
eccentric angles of P and Q, 

45. POP" is a diameter of an elUpae and QCQ' is the 
corresponding diameter of the anxiliarj circle^ she'w that the 
area of the pai»Uelograin formed hy the tangents at P, P", Q, Q* 

is ; rr-- — sv. 'where A is the eccentric angle of P. 

(a - 6) sux 3^ ' ^ ° 

46. A parallelogram circumscribes a circle, and two of the 
angular points ar« on fixed straight lines parallel to one an- 
other and equidistant from the centre; shew that the other two 
are on an ellipse of whioh the circle is the minor auxiliary 
circle. 

47. Two fixed conjngate diam^iers of an ellipse are met in 
the points P, Q respectively by two lines OP, OQ which pass 
through a fixed point and are parallel to any other pur of 
conjugate diameteTv; shew that the locos of the middle point 
of PQ is a strai^t Ibm, 

48. If &om any point in the plane of an ellipse the per- 
peodicuhirs OM, ON be drawn on the equal conjugate diameters, 
the direction OP of the dia^nal of the parallelogram MONP 
will be perpendicular to the polar of 0. 

49. Three points A, P, B are token on an ellipse whose 
centre is C. Fardels to the tangents at, A and B drawn 
through P meet CB and CA respectively in the points Q and R, 
Prove that QR'ia parallel to the tangent at P. 

60. Find the locus of the point of intersection of normals 
at two ptnntfi on an ellipse which are extremities of conjugate 
diaraet^s. 

51. J^ormals to an eUipse are drawn at the extremities 
(£ a chord parallel to one oi. the equi-conjugate diameters; 
prove that iJiey intersect on a diameter perpendicular to the 
other equi-conjugate. 

63. If normals be drawn at the extremities of any focal 
chturd of an ellipse, a line through theu interseotini parallel to 
the axift-major will bisect the tdiord. 
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63. If a length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi- 
diameter which is conjugate to CP, shew that Q lies on one or 
other of two circles, 

64. Shew that, if ^ be the angle between the tangents t(> 
the ellipBO —, + ^—1=0 drawn from the point (x', y), then 



v/?^ 



wiU tan ^ (as' + y" - a' - 6') = 2a6 

65. TP, TQ ate the tangents drawn from an external 
of w* 
ptant (a^ y) to the elUpee — ,+ ^ — 1 = 0; shew that, if /f be a 

56. If two tangents to aa ellipse from a point T intersect 
at an angle 4>, shew that ST . If T coaij,^ CT' -a'~ b', where 
C ia the centre of the ellipse and S, H the foci. 

57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point P meet the focal distance SP, 
produced if necessary, in S\ the locus of R will bo a circle. 

58. If two concentric ellipses be such tliat the foci of cme 
lie on the other, and if e, &' be their eccentricities, shew that 

their axes are inclined at an angle cos"' — -j . 

59. Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplemeutaiy to 
that which the coigugate diameter subtends at the end of the 

60. If 0, ^ be the angles subtended by the axis maj(^ of 
an ellipse at the extremities of a pair of coi^Dgate diameters, 
shew tjiat coftf -i-cot*^ is constant. 

61. If the distance between the foci of an ellipse subt«nd 
angles 2^, 1& at the ends of a pair of conjugate diameters, shew 
that tan' ^-f tan' ^ is constant 
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63. If A, X' be the angles which any two conjngate diame- 
ters Bubtend at any fixed point on an ellipse, prove that 
eot'X + cot'X' is constant. 

63. Shew that pairs of conjugate diameters of aa eUipee 
are cut iu involution by any straight line. 

64. A triangle whose sides touch an ellipse and enclose 
it, is a minimum; shew that each side of the triangle touches 
at ite middle point, and that the triangle formed by joining the 
points of contact is a 



65. A, B, C, D are four fixed points on an ellipse, and P 
any other point on the curve ; shew that the product of the 
perpendiculara from F on AB and CD bears a constant ratio to 
the product of the perpendiculars from P on BC and DA. 

66. Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another. 

67. Find the equation of the locus of the point of inter- 
section of the tangent at one end of a focal chord of an ellipse 
with the normal at the. other end. 

68. Two straight lines are drawn ]>arallel to the axis-major 

of an ellipse at a distance -r— ^ - from it; prove that the part 

of any tangent, intercepted between them is divided by tlie 
point of contact into two parts which subtend equal angles at 
the centre. 

69. FG ia the normal to an ellipse at P, Cf being in the 
major a^s, GF ia produced outwards to © so that PQ = GP ; 
shew that the locus of ^ is an ellipse whose eccentricity is 

-i — -. , , and find the eq nation of the locus of the intersection of 

the tangents at P and Q. 
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CHAPTER Vn. 

The Htpeebola, 

Befinition. The Hyperbola is the locus of a point 
which moves so that its distance from a fixed point, (^led 
the focus, bears a constant ratio, which ia greater than 
unity, to its distance &om a fixed straight line, called the 
directrix. 

■ 139. To find tiie equation of am hyperbola. 
Let S be the focus and ZM the directrix. 
Draw SZ perpendicular to the directrix. 
Divide Z8 in ^ so that 8A : AZ~ given ratio = e : 1 
suppose. Then j1 is a point on the curve. 

There will also be a point -4' in ^2^ produced such that 

SA' : A'Z ;: e : 1. 

Let C be the middle point of AA', and let AA' = 2a. 

Then 8A = e.AZ, and 8A' = e.A'Z; 

.-. SA+8A' = e{AZ+A'Z}; 

.: 2SC=2e.AC; 

.: CS = ae (i). 

Also 8A'-8A=e[A'Z-AZ), 

or AA' = e{AA'-2.AZ); 
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.-. AO-e.ZC, 
CZ-- 



..(ii). 



Now let C be taken as origiD, CA as the axis of x, 
and a line perpendicular to GA as the asis of jr. 

Let P be any point on the curve, and let its co- 
ordinates be ic, y. 




Then, in the figure 



.: sip + np'-^zn: 

SS=ON-CS-i-ae, 




ZN^CN-CZ-x--; 




(«-«)• + J/- = ^ («-?)', 




y + a!"(l-«")-a'(l-«'). 




"■'"■(l-'l 


10—2 


0, 
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Since e is greater than unity o*(l — e*) is negative; 
if we put — b* for a' (1 — e"), the equation takes the fonn 

<-g = l (iv). 

The latut rectrnn is the chord through the focus parallel 
to the directrix. To find its length ive must put X'^ae 
in equation (iv). 

Then y* = i'(e'-I) = -^, since fc' = a'{«'-l); 

so that the length of the semi-latus rectum is — , 

140. In equation (iv) [Art. 139] ic" cannot be less than 
ffl', for otherwise y' would be negative. 

Hence no part of the curve lies between 
x = ~a and x = a. 

If X be greater than a, j^ will be positive ; and for any 
particular value of w there will be two equal and opposite 
values of y. Therefore the axis of x divides the curve 
into two similar and equal parts. 

For any value of y, a^ is positive ; and for any particular 
value of y there will be two equal and opposite values of x. 
Therefore the axis of y divides the cui-ve into two similar 
and equal parts. From this it follows that if on the axis 
of X tne points S', Z' be taken such that CS' = SC, and 
CZ' = ZO, the point 5" will also be a focus of the curve, 
and the line through Z' perpendicular to CZ' will be the 
corresponding directrix. 

If {x, y') De any point on the curve, it is clear that the 
point (— «', ~y') will also be on the curve. But the points 
(ic', y') and {—x', —y") are on a straight line through the 
origin and are equidistant from the origin. Hence the 
origin bisects every chord which passes through it, and is 
therefore called the centre of the curve. 

From equation (iv) [Art. 139] it is clear that if a?" be 
greater than a', y' will be positive, and will get larger and 
krger as x* becomes larger and lai^r, and there is no 
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limit to this increase of x and y. The curve is therefore 
shaped somewhat as in the figure to Art. 139, and consists. 
of two infinite branches. 

AA' is called the transverse oris of the hyperbola. 
The line throngh C perpendicular to AA' does not meet 
the curve in re^ points ; out, if B, B' be the points on this 
line such that BG= CB' = b, the line BB" ia called the 
conjugate axis. 
' ) 141. To Jind the focal distances of any point on an 
hyperbola. 

In the figure to Art. 139, since 8P=^ePM, we have 

SP = eZN=e{CM^CZ) = e(j:--) = ex-a: 

also S-p = e.PM' = eiCN+2'0) = e(x + ^ = ex + a; 
J :. B'P-&P=%a. 

142. The polar equation of the hyperbola referred to 
the centre as pole will be found by writing rcos^ for x, 
and r wa.6 for y in the equation 

--■^ = 1 

The equation will therefore be 

r'cosM r*8in'g_ 

l_coa*^ sin*^ 

"'" '?~~c^' b~ ^^^' 

The equation (i) can be written in the form 

1 1 /I 1\ . ,^ rs 

We see from (ii) that -^ is greatest, and therefore r is 

least, when 6 is zero. As Q increases, -^ diminishes, and 

6" ^ . 

is zero when sin'^ = -j — r-, \ so that for this value of 6, 
a +0 
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r is infiiiite. If sin'^ be greater than , , ^ will be 

negative, eo tbat a radiua vector vbicb makes witlf the 

axis an angle greater than sin"' -r^ — ^ does not meet 
the curve in real points. ^'•'* ■^ 

143. Moat of the results obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it ia only necessary to change the sign of 6'. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 
^ .v' _ 1 

(i) The line y = mx + VCaW - ft") is a tangent for all 
values of m [Art. 113]. 

(ii) The equation of the tangent at (x, y") is 

^-f'-l. [Art. 114] 
(iii) The equation of the polar of {x , y) is 

^-■^ = 1. [Art lis.] 
(iv) The equation of the normal at {x', y) is 
^^ = 2^'. [Ari 116.1 
a' — h* 
(v) The line lx + -m,ij = n will touch the curve, if 
oT-6V* = «'[Art. 115]. 

(vi) The line or cos a + 3/ sin a = jo will touch the 
curve, if p' = a* cos*a — 6* sin*a [Art. 115]. 

(vii) The equation of the director-circle of the hyper- 
bola is a;* +/= a' -6' [Art. 120]. 

The director-circle is clearly imaginary when a is leas 
than b, and reduces to a point when a=b. 
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(viii) The geometrical propositions proved in Art, 125 
are also true for the hyperlMla, 

(is) The locus of the middle points of all chords of 
the hyperbola which are parallel to y = mx is the straight 

\ia& If = m'x.-yiheTe mm' = —,[Ait. 127]. 

144. The lines y = mx, y = m'ir are conjugate if 
, 6' 



These two diameters meet the curve in points whose 
abscissfs are given by the equations 

The first equation gives real values of a; if m be less 
than - , and the second gives real values if m' be less than 



Therefore, of two conjugate diameters of an hyperbola 
one meets the curve in real points, and the other in 

imaginary points. 

The two conjugate diameters are oo^icideni if Oi = ± - . 

145. Ijet P, D be extremities of a pair of conjugate 
diameters ; let the co-ordinates of P be x, jf, and the 
co-ordinates of D be x", y". We know from Art. 144 that 
if one of these two points be real the other will be 
imaginary. 

The equations of CP and CD are 



Hence, from (ix) Art. 143, we have 
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whence 


a' 6' ' 


or, amce {x 


, y') and {i^', y") are both on the curve, 




S('-^I^)-(S-)?. . 


or 


?=4-^ 




.■.«'■- + 5^7^ (ii). 


and .■. from 


(i) y--i\^'JZri (iii). 



From (ii) and (iii) we have 



"■(S-^i-ns-f^y 



= a' — J*. 
So that, as in the case of the ellipse, the sum of the 
squares of two conjugate diameters is constant. 

.' ' 146. Definition. An asymptote is a straight line which 
meets a curve in two points at infinity, but which is not 
altogether at in&nitj. 

To find tite asymptotes of an hyperbola. 

To find the ahscissfe of the points where the stnught 
line y = mx + c cute the hyperbola, we have the equation 

a' 5= • 

./l m*\ 2mc c" , _ ,., 

^[a'-T?)—b'"-b--^-'' »■ 

Both roots of the equation (i) will be infinite if the 
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coefficients of ir* and of x are both zero ; that a-, if 

— -.-,- = 0, and wic = 0. 
a 

Hence we must have c = 0, and m = + - , 



The hyperbola 






has therefore two real asymptotes whose equations are 
y = ± " « ; or, expressed in one equation, 

■".-i-o (ii). 

a 

Draw lines through B, B" parallel to the transverse 
axis, and through A, A' parallel to the conjugate axis ; 
then we see from (ii) that the asymptotes are the diagonals 
of the rectangle so formed. 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

147. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 

For, one root of the equation (i) Art. 146 will be in- 
finite, if the coefficient of ^ is zero. This will be the case 

if j»=!±-. So that the line i/ = ±-x+c meets the 

curve in ovs point at infinity whatever the value of c may be. 

148. The equation of the hyperbola which has BB" for 
its transverse axis and AA' for its conjugate axis is 



"P 



= 1 (i)- 



Thifj hyperbola and the original hyperbola, whose 
equation is 



'V 



..(ii). 



are said to be conjugate to one another. 
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i properties of a pair of conjugate 




(1) The two hyperbolas have the same asymptotes. 

(2) If two diameters be conjugate with respect to one 
of the hyperbolas, they will be conjugate with respect 
to the other. 

This follows from the condition in (ix) Article HiS. 

(3) The equations of the hyperbolas (ii) and (i) can 
[Art. 142] be written in the forma 

1 cos' $ sin' d 



1 _ cos' 9 sin' 9 
^~~* 6^' 

It is clear that if, for any value of 9, r' is positive for one 
curve it is negative for the other. 

Hence every diameter meets one curve in real points 
and the other in imaginary points ; moreover the lengths 
of semi-diameters of the two curves are, for all values, of 9, 
connected by the relation r^ = — r,', 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in P and d respectively, then OF' — C(f = a' — b\ 

Let x', y he the co-ordinates of P, and x, y" the 
co-ordinates of d. 
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THE HTPEHBOLA, 
Then the equations of CP and Cd are 



The condition for conjugate diameters, viz, mm = —, , 
?'<'_?'3'!=n... iu\\ 



And, since (a;', ^) ia on (ii), and {a;", y") on (i), i 



have 



(t^->)=^;(S-). 



..(iv), 



and, .-. from (iii), ~^-b ^^'^" 

Hence CP* - Ca* = ic" + y" - x'" - y'" 

(5) The parallelogram formed by the tangents at 
P, P", d, d' is of constant area. 

The parallelogram is equal to K^CP . Cd sin PCd, or 
equal to 4iCd . GF, where CF is the perpendicular from C 
on the tangent at P. 

* CP and Cd mnat not be loolced upon M conjngate Bemi-diameterB, 
since the points P and i ace not on the same hyperbola. The line dCif 
cntB the original hnierliola in two imaginaty points; and if these points 
be D, I/, ■me see from (3) that CD' = - CiP. 
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16 THE HTPEEBOLA. 

Now the equation of the tangent at P is 
XX' yy'_,_ 



And C^ = ~ y* 4 -, x^ = a'b' (~ + 0, . 

" or \a* b J 

Jlence Qd.CF=ab. ' 

(6) The asymptotes bisect Pd and Pd'. 

If X, y be the co-ordinates of the middle point of Pd, 
then 

2x=^x' + x", and 2i/ = y' + y" ; 

, , ., «'±i,y' 
a; __ a; + (c _ o ^ n 

therefore the middle points of Pd and of Fd' are on one 
or other of the lines 

Also, since CPKd is a parallelogram CK bisects Pd 
or Pd', and therefore is one of the asymptotes, so that the 
tangents at D, U meet those at d, d' on the asymptotes, 

(7) The equations of the polars of {x, y) with respect 
to the hyperbolas (ii) and (i) rtspectively are 

a* 6' ' n' 6' 

Hence the polars of any point with respect to the two 
curves are parallel to one another and equidistant from the 
centre. 

If {x', y') be any point P on (ii), then its polar with 
respect to (i) is 
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But the last equation is the tangent to (ii) at the point 
(— »', — yO> ■which ie the other extremity of the diameter 
through F. 

Hence, if from any point on an hyperbola the tangents 
PQ, PQ' be drawn to the conjugate hyperbola, the Une 
QQ" will touch the original hyperbola at the other end of 
the diameter through P. 

14p9. To find the. equation of an hyperbola re/erred to 
any pair of conjugate diameters as axes. 

The equation of the hyperbola referred to its transverse 
and conjugate aicea is 

a" }/ • 
Since the origin is unaltered we substitute for x, y ex- 
pressions of the form Ix + my, I'x + m'y in order to obtain 
the transformed equation [Art. 51]. 

The equation of the hyperbola will therefore be of the 
form 

Aa?-^2Hxy^By'='\ (i). 

By supposition the axis of x bisects the chorda parallel 
to the axis of y. Therefore for any particular value of x 
the two values of y found from (i) must be equal and 
opposite. Hence H= ; the equation will therefore be 
of the form 

Aa* + B!f=\ (ii). 

Of the two semi -conjugate diameters one is real and 
the other imaginary. If their lengths be a' and J —lb' \ 
since these are the intercepts on ihe axes of a: and y re- 
spectively, we obtain from (ii) 

Aa'^='l=-Bb'\ 
Hence the required equation is 

S-?-' » 

150, Since the equation ofthe curve is of the same form 
as before, all investigations in which it was not assumed 
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that the axes -were at right angles to one another still hold 
good. For example (i), (ii), (iii), (v) and (ix) of Ait 143 
require no change. Art. 146 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 
ivhoBe equation in (ii) is 



151, To Ji/nd the eqttation of an hyperbola when referred 
to its asymptotes as axes of co-ordinates. 

Let the asymptotes be the lines CK, CK in the 

figure, and let the angle ACK' = a., so that tan a = - . 

Let P be any point {sc, y) of the curve, and let a!, y 
be the co-ordinates of P when referred to CK, CK". Draw 
PM parallel to CK' to meet CK in M, and draw PN 
perpendicular to the transverse axis. 




CM=x'. MP = y', CK = aj, NP = y. 
GN = CM cm a + MP cos a, 

a; = (x' +y')cosa (i). 

iW= MPsin a - CMsia a, 

y = (y'_-r')sina (ii). 
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Hence, hj substituting in the equation 

a' f* 

we obtain 

cos'g (x^ + ^y ain' a fy - x'f _ ^ ^.„j_ 

■D . , ft .. -. sin* a cos' a I 

Uut tan o = - , therefore - ■ , . - = — ,— = -, — t= . 

■a' b' or a*+b* 

Hence, suppressing the accents, we have from (iii) 

ixj/ = o* 4- h*, 
which is the required equation. 

ITie equation of the conjugate hyperbola, when referred 
to the asymptotes, will be 

4i«/ = -(«•+*•). 

152, The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola are 

-=-^ = 1, ^-?,- = 0, and -i-^=»-l 
a Ir a a b 

respectively. 

If the axes of co-ordinates be changed in any manner, 
we should, in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hyperbola 
will only differ from the equation of the asjTnptotes by 
constants, and the two constants will be equal and opposite 
for the two hyperbolas. 

153. To find the equation of the tangent at any point , 
of the hyperbola whose equation is ^osy = a' -|- 6'. 

The equation of the line joining the two points {x', y'), 

y-y ^ ^-'^ (i) 
y- y' x" -x' 
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But, since the points (a', ji") and {x", y") i 
curve, 

, , a* + 6' „ ,, 

•■■ y -y^=-^-3'. 

or 3L-_y! = ^~?^ 

2/' a^' '-* 

From (i) and (ii) we have 



The equation of the tangent at («', y') is therefore 



..(ii). 



.t* J. 1:^.0, 






..{iii). 



From (iii) we see that the intercepts on the axes are 
2a^ and 2^'. 

Hence the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. 

The area of the triangle cut off from the asymptotes 
by any tangent is from (iii) equal to '2.x'y' s\n.m ; or, since 

4a.''y' = a' + 6*, and sin w = —, — r^ , the area of the triangle 

is equal to ah. 

154. When the angle between the asymptotes of an 
hyperbola is a right angle it is called a rectangular hyper- 
bola. 

The angle between the asymptotes is equal to 2 tan'' - , 

and therefore when the angle is a right angle we have 
6 = 0. On this account the curve is sometimes called an 
equilateral hyperbola. 
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155, The aaymptoUa and any pair of conjugate diame- 
ters of an hyperbola form a harmonic pencil. 

The tangent at the extremity of any diameter of an 
hyperbola is parallel to the conjugate diameter; also 
[Art, 153], the poi-tion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. Hence 
[Art. 55] the pencil formed by tne asymptotes and a pair 
of conjugate diameters is harmonic. 

156, We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in terms of a 
single parameter. We may put x = a sec 0, and y = b tan 0, 
since for all values of 0, Bec'5— tan'^ =1, 

If PJf be the ordinate of any point P on the curve, and 
if Q be the tangent from if to the auxiliary circle ; then 
CN = aaecAGQ. Hence ACQ is the angle 8. 

157, The equation of an eUipse or hyperbola referred 
to a vertex as origin is found by writing a; — a for « in 
the equation referred to the centre as origin. The equation 
will therefore be 

a 

a^ t^ ^ „ ... 

or a«^l"¥"" W- 

Now, if the distance from the vertex to the nearer focus 

remain fixed {d suppose), and the eccentricity become 

unity, the curve will become a parabola of latus rectum id. 

The equation of the parabola can be deduced from (i). 

For, since o (1 — e) = d, a must be infinite when e = 1. 

Also a (1 - e*) = d (1 + c) = 2d ; therefore ~ = 2d. 
Hence, from (i) 

a zd 
or, since a is infinite, 

^ = ±4dx. 
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The paralooU therefore is a limiting form of an ellipse 
or of aa hyperbola, the latua rectum of which is fimte, but 
the major and minor axes are infinite. The centre and 
the second focus are at infinity. 

It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola. 

158. Let the focus of a conic be on the directrix. 
Take the focus as origin, and let the directrix be the 
axis of y; then the equation of the conic will be 

or a^(l-«') + y' = 0. 

This equation represents two etraigkt lines which are 
real if e be greater than unity, coincident if « be equal to 
unity, and imaginary if be lees than unity. 

Hence we must not only consider as conies an ellipse, 
a parabola, and an hyperbola, but also two real or imaginary 
straight lines. 

It should be noticed that the directrix of a circle is at 
an infinite distance ; also that the foci and directrices of 
two parallel stnught lines are all at infinity. 



1) Examples on Chapter VII. 

1. AOB, COD are two straight lines which Insect one 
another at right angles; shew that the locus of a point which 
mores so that PA . FB = PC . PI> is a rectangular hyperlx^ 

2. If a straight line cut an hyperbola in C> C and its 
asymptotes in R, R, shew that the middle point of Q^ will 
be the middle point of RK. 

3. A straight line has its extremities on two fixed stnught 
lines and passes through a fixed point ; find the locns of th« 
middle point of the line. 
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4. A Btraight line bu its extremities on two fixod straight 
lines and cats off from them » triaagle of ooBstant ai«a ; find 
the local of the middle pcnni of the line. 

5. OA, Ofare fixed straight lines, P anj point, and P.M', 
PJf the peFpendioolacs from P on OA, 03 y find the locus of 
P if the quadrilateral OMPN be of constant area. 

6. The distance of any point from the centre of a rectan- 
gular hyperbola varies inversely as the perpendicular distance 
of its polar from tike centre. 

7. PJV is the ordinate of a point P on an hyperbola, PG 
is the normal meeting the axis in (?; if NP be produced to 
meet the asymptote in Q, prove that QQ is at right angles to 
the asymptote. 

8. If e, e be the eccentricities of an hyperbola and of the 
conjugate hyperbola, then will -j + -j = 1. 

d. Hie two straij^t lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
tc the chord of contact of the tangents and are equidistant 
from it. 

10. Prove that the pfot of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
tnmsvene axis is a harmonio mean between the lengths of the 
perpendiculars drawn from the foci on the normal at the same 
point. 

11. If ihrongh any point a line OPQ b« drawn parallel 
to an asymptote of an hyperbola cutting the curve in P and 
the polar of in Q, shew that P is the nuddle point of OQ, 

12. A parallelogram is constmcted with its aides parallel 
to the asymptotes (MF an hyperbola, and one of its diagonala 
is a chord oi the hyperbola; ahev that the direction of the 

other will pass through the centre. 

13. A, A' are the vertices of a rectangular hyperbola, and 
P i3 uiy point on the carve ; shev that the internal and external 
Useotmni of the ui^ APA' are parallel to the asymptotes. 

11—2 
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14. A, A' lire tlie extremitieB of a fixed diameter of a 
circle and P, P are the extremitiee of any chord perpendicular 
to this diameter; sheiv that the locus of the jioiitt trif intersec- 
tion of AP and A'P" is a rectangular hyperbola, 

15. Shew that the co-ordlnatea of the point of intersection 
of two tangents to an hyperbola referred to its ssymptotea as 
axes are h^monic means between the co-ordinates of ^e points 
of contact. 

16. From any point of one hyperbola tangents are drawn 
to another which has the same asymptotes; shew that the chord 
of contact cuts off a constant area from the asymptotes, 

17. The straight lines drawn from any point of an equi- 
lateral hyperbola to the extremities of any diameter are equally 
inclined to the asymptotes. 

18. The locus of the middle points of normal chords of 

the rectangular hyperbola a:* — y' = a* is (y* — a;')'=4a'a^y*. 

19. Shew that the line x-0 is an asymptote of the 
hyper"bola Say + Sic' + 4^ = 9. 

What ia the equation of the other asymptote % 

20. Pindthe aeymptotesof a^-3a:-2j/=0. 
"What is the equation of the conjugate hyperbola 1 

21. Shew that in an hyperbola the raMo of the tangents 
of half the angles which the radii vectorea from the foci to a 
point on the curve make with the axis, is constant. 

22. A circle intersects an hyperbola in four points ; prove 
that the product of the distances of the four points of inter- 
section irom one asymptote is equal to the product of their 
distanoea from the other. 

23. Shew that if a rectangular hyperbola cut a circle in 
fonr points the centre of mean position of the four points ia 
midway between the centres of the two curves, 

24. If four points be taken on a rectangular hyperbola 
Buch that the choi-d joining any two is perp^idicnlar to the 
chord joining the other two, and if a, /3, y, 8 be the inclinations 
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to <»tber asymptote of the straight lines joining these points 
nspeotiTely to the centre; prove that tana tan ^ ton y tan S= 1. 

a:* v* 

25. A series of chords of the hyperbola -: — t.— I are 

"^ ah 

tangents to the circle described on the straight line joining 
the foci of the hyperbola as diameter; shew that the locus of 

a:* w* 1 

dieir poles with respect to the hyperbola is — , + ^ = —i — y^ . 
' a b a' + b 

26. If tvo straight lines pass through fixed points, and 
the bisector of the angle betveec them is alvays parallel to a 
£xed line, proTe that the locus of the point of intersection of 
tiie lines is a rectangular hyperbola. 

27. Shew that pairs of conjugate diameters of an hyperbola 
are cut in involution by any straight line. 

28. The locus of the intersection of two equal circles, 
which arc described on two sides AS, AC of a triangle aa 
chords, is a rectangular hyperbola, whose centre is the middle 
point of £C, and which passes through A, B, C. 
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CHAPTER VIII. 

PoLAE Equation of a Conic, the Focds being the 
Pole. 

159. To fiiid the polar equation of a conic, the focus 
being the pole. 

Let 8 be the focus and ZM the directrix of the conic, 
and let the eccentricity be a 




Draw SZ perpendicular to the directrix, and let iS.2^be 
taken for initial line. 

Let LSL' be the latua rectum, then e .SZ = SL = l 
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Let the co-ordinates of any point P on the curve be 
r, 6. Let PM, PN be perpendicular respectively to the 
directrix and to SZ. 

Then we hare 

8P=e.PM = e.NZ~e.N8-^e.SZ, 
or r = e.rcoa('7r — tf) + i; 

.*. - = 1 +eco8ft 
r 
If the axis of the conic make an angle a with the 
initial line the equation of the curve will be 

- = 1 + e cos {9 — a). 

For in this case 8P makes with SZ an angle 6 — a. 

160. If r, d be the co-ordinates of any point on the 



therefure (Ae equaHon of the directrix is 
- = « cos ^. 



^ 161. Tosheivtkatinanif conic the aemi-latus rectum is 
a harmonic mean between Ute segmenie of anyjbcal cfiord. 

If PSP" be the focal chord, and the vect<^&l an^^e of 
Pbe 0, that of P' will heB + v. 

Hence, if 5i*= r, and SP" ™ /, we have 

-=■1 +eoos5, and —"1+ecos f5-|-ir) ; 

r r \ i I 
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162, Totrace the conic -=l + eco3^ from ItB equation. 

(IJ Let e= 1, then the curre is a parabola, and the 
equation becomes 

, - = 1 + cos ^. 




Ai the point A, where the curve cuts the axis, 

5 = 6 and r=5. 

As the angle increases, (1 + cos 0) decreases, that is 

- decreases, and therefore r increases: and r increases 
r 

without limit until 0=^ir, when r is infinite. As ^ in- 
creases beyond v, 1+ cos increases continuously, and 
ther^ore r decreases continuously until when S = 2w it 

B^n becomes equal to „ • ^@ curve therefore is as in 

the figure going to an infinite distance in the direction AS. 
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(2) Let e be less than uoity, then the curve is aii 
ellipse. 

At the point A, 6=0, and r = . 

1 + e 

As increases cosd decreases, and therefore - decreases, 
that is r increases, until = ir, when r = -z . [Since e<l, 



thb value of r is positive.] 




creases continuously from = 



The curve therefore cuts the axis again at some point 
A' such that 8A' = ^ . 

Ab 6 passes from -jr to Sir, cos increases continuously 
from — 1 to 1 ; hence - increases continuously, and r de- 

1 + c 

Since, for any value of 0, cos 6 = Cos (Stt — 6), the curve 
is symmetrical about the axis. 

Therefore whctn e is less than unity, the equation repre- 
sents a closed curve, symmetrical about the initial line. 

(3) Let e be greater than unity, then the curve is an 
hyperbola. 

At the point A,6 = (i and r = = — , 
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As d increases coa 9 decreases, and therefore r increases 
until 1 -f ecoe^EsO. For this value of 8, which we will 
call a. (the angle ASK in the figure), the value of r will be 
infinitely great. 

Aa 8 increases beyond the value a, (1 + e cos 6) becomes 

negative, and when 6=ir, r = — —^ = 8A' in the figure. 

(1 + e COB ^ will remain negative un^ 6 is equfd to 
(Sit — a), the angle ASK' in the figure. When is equal 
to (Itt — a), r is ag^n infinite. If is somewhat less tlian 
this, r is very great and is negative, and if d is somewhat 
greater, r is very great and is positive. The values of r 
will remain positive while changes from (2n- — a) to 2n-. 

The curve is therefore described in the following order. 

First the part ABG, then G'PA' and A'DE, and 
lastly KQA. 




The curve consists of two separate branches, and the 
radius vector is n^ative for the whole of the branch 
ITPA'DE. 

If, as in the figure, a line 8QP be drawn cutting the 
curve in the tWQ points Q and P which are on difrerent 
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branches, tbe two points Q and P tnusb not be considered 
to have tlie same vectorial angle. The radius vector 8P 
is negative, that is to say (Si* is drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be JSp, p being on ilSf 
produced. So that, if the vectorial angle of Q be 0, 
that of P will be 5- TT. 

163. To find the polar equation of the straight line 
through two given points on a conic, arid to find the equation 
of the tangent ai any point. 

Let tbe vectorial angles of tbe two points P, Q be 
(a - ;8) and (a + ,8) respectively. 

Let the equation of the conic be 

i,:-l+eco85 (i). 

Tke straight line whose equation is 

-■=Acxis0 + Bcoa($~a) (ii), 

ivill pass through any two points, since its equatdoQ con- 
tuns the two independent coostante A and B. 

It will pass through the two points P, Q if r has 
the same values in (ii) as in (i) when 0=a — ff, and when 
£? = o + /3._ 

This will be tbe case, if 

1 + e cos (a - ^) = J. cos (a - (8) + -B cos (9, 
and 1 + e cos (a + ^) = .d cos (a + j8) + 5 cos j3; 

.'. A = e, and B cos )9 = 1. 

Substituting these values of A and B in (ii) we have 
tbe required equation of the chord, viz. 

- = ecos^ + sec^cos{5-a) (iii). 

To find tbe equation of the tangent at the point whose 
vectorial angle is a, we must put /9 = in (iii), and we 

obtain 

- = e cos 4 cos {$ — a) 'i v). 
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Cor. If the equation of the conic be 

the chord joining the points (i — yS) and (a4-^) haa for 
eqvuttion 

- = e COS (5 — 7) + sec j9 coa (8 — a), 

and the tangent at a has for equation 

- =e cos (0 — 7) + coa (0 — a). 

164. To Jind the equation of the polar of a point vntJt 
respect to a conic. 

Let the equation of the conic be 

- = 1 + 0CO3^. (i). 

and let the co-ordinates of the point be r , $^. 

Let a ± /3 be the vectorial angles of the points the tan- 
gents at which pass through (r , \). 

The equation of the Une through these points will be 

- = eco85 + sec/9coa(5— a) (ii). 

The equations of the tangents will be 

- = e cos 5 + cos (^ — a + ^), 



Since these pass through (r,, ^,), we have 
-= e cos (9, + cos (e^~a + fi); 



and 
whence 
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Substitute for a and /3 in (ii), and we have 

(--ecm9\( e cos 5,^ = cob {8 - ^,)...(iii), 

which is the required equation. 



^ 166. We will now solve eomo examples. 


(1) The eipatioD 
axea,p reapoctively i 


of the tangeuta at two points whose vectorial angles 




U<IJOBfl+0O8(fl-=), 


and 


^=«co«S+cos(«-ff. 


Where these meet 


coB(*)-«) =008(9-,!); 



Henoe, if T be the foint of inteneetiott of the tangent! at the Iwo 
poind P, Q of a eonU, ST iHll biuet the angle FSQ. If however 
the oonio be an hyperbola, and the points be on different brandhes of the 
enrye, ST will biseot the exterior angle P5Q ; for, ae we have seen, 
the vectorial anf^e of P (it P be oa Aa further branch) is not the angle 
wMeh 3F makes with SZ, bet the angle PS produced mokes with SZ. 

(3) If the tangent at any point P of a conie n««( the directrix in K, 
then the angle ESP u a right angle. 

If the Tectorial angle of P be n, the equation of the tangent at 
PwOlbe 

-=«COB0 + COS(0-a]. 

This will meet the diieotrii, whose egnation is l=ereoa$, where 
eos(fl-o)=0. 

Hence, at the point K, 0-a— ±^ . 

Therefore the angle KSP is a right angle. 

(3) If ehordt of a eonie lubtend a conttant angle at a focm, the 
taugentt at the endt of the chord mill meet on a fixed conic, and the 
chord will toueh another fixed eonie, 

Let 2^ be the an^e the chord subtends at the foons. Let a~p and 
a-h^be the Tectorial angles of the extremities of the chord. 
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The equation of the chord will be 

-—e OOB # -i- BBC j9 OOB {9 - a), 

or — - =<coHjS,eo8fl+ooB(fl-o) (i). 

But (i) is the equation oF the tangent, at the point whose vectorial 
angle is a, to tbe.oonio whose equation is 

-^^ = l + «cosp.ooBfl (ii). 

Hence the chord always toaohes a fixed conic, whose eeoentrioity 
is e cos |3, and semi-latna Eectam i cos j3. 

The equations of the tangents at the ends of the chord will be 
- = ecofl()+cos{tf-a+|S), 
and -=eooae + coa{9-a-j9). 

Both these lines meet the conie 

in the eame point, Tiz. where * = aftnd - = eooan + co»p. 

Hanoe, the loens of the tnterseetion of the tai^ents at the ends of ttio 



Both the conies (ii) and (iii) have the same focus and diieotiis. as the 

(4) To find the equation of the circle eirtnimieribing the triangU formed 
by tkree tangenU Ut a parabola. 

Let the vectorial angles of the three p^ta A, B, C be a, p. y 
respectively, 

Iiet the equation of the parabola be 

Theeqnationsof the tangents at ^, B, C tospeotively will be 
-=ooaS + ooB{S-a), 

--eMS-Kx»($-p), 

-=<iosS+coa(S-^), 
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The tangents at B and C meet where 

«=i(3 + T), and .-. -=3oo«|co»^. 
The tangents »t C and A meet where 

*=i(7+«), 8nd-=2ooa|cos^. 
And the tangenta at A and B meet where 

#=i(a+,8), and-=aoo8~ooB^. 

B; mbatitntiou we see that the three ptonta ol uiteneotlon are on the 
circle whose equation is 

I 



»H-M)- 



The cirele alwaTS paaaea throneh (he fooos of the pantbok. 

(5) To find thf polar tquation, of the normal at any point of a toni 
hefocKi being the pole. 

Let the equation ol the aonio be 

The equation of the tangent at any point a is 

- => oo» tf + COB (fl - a). 
The equation of any line perpendienlar to the tangent ia 

This will be the Teqoired etpiation of the normal provided C is i 
bosen that the point (.— , aj ma; be on the line. Hence ^ 
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176 polar equation of a conic. 

Examples on Chapter YIII. 

1. The exterior angle between any two taDgents to a 
parabola is equal to half the diSereuoe of the vectorial angles 
of their pointe of contact. 

2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hTperbola having the same focus and directrix as the original 
parabola. 

3. If JPSP" and QSQ" be any two focal chords of a conic 
at right angles to one another, shew that -,., „_, + ■ - ■ „ ;,^ 
isconst&nt. 

4. If A, £,C h^ any three points on a parabola, and the 
tangenta at these pointe form a triangle A'ffC, shew that 
SA.SB.SC=SA'.SB'.SG', S being the focus of the parar 

6. If a focal chord of an ellipse make an angle a with the 
^xis, the angle between the tangents at its extremities ie 



6. By means of the equation -= 1 + e cos $, shew that the 

ellipse mi^t be generated by the motion of a point moving so 
that the sum of its distances &om two fixed points is constant. 

7. Find the locus of the pole of a chord which Bubtends 
a constant angle (2a) at a focus of a conic, distingaishiug the 
casefl for which cosa >■«<«, 

8. FQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and the 
locus enveloped by PQ are each conies whose latera recta are 
to that of the original conic as ^2 : 1 and 1 : ^2 respectively, 

9. Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 
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10. If fwo conicB bfkTe' a commoa focus, sbew fliat.two of 
titeir common chcaxls will paaa throngh. the point of iiitersecti<m 
ot their directrices, 

11. IVo conies Lave a eommon focos and any chord is 
drawn through the focus meeting the iconics in ^, i^ and Q, Q' 
respectivelj. Shew that the tangents at P or P' meet those at 
Q, ff in. points lying on two etiaight liaes through the inter- 
section of the directrices, these lines being at right angles if 
the oonics have the same eocentiidty. 

,' ' 12. I%Mugh the focuB of a parabola luiy two chords LSL', 
iMSM' are drawn; the tangent at L meets those at Jtf, Jf ' in 
the points .V, Jf' and the tangent at L' meeto them in K', K. 
Shew that the lines KN, K'S' are at right angles. 

13. Two conies have a common focus about which one is 
turned; shew that two of their common chords will touch 
oonics having the fixed focus foe focus. ' * 

14. Shew that the equation of the locus of the pcant of 
intersection of two tangents to - = 1 + « cos d, which are at 
light angles to one another, is r" (a* — 1) — 2te r oos tf + 2P = 0. 

15. If PSQ, PHE be two choi-da of an ellipse throngh the 
foci S, S, then -will -^ ■¥ -p-j^ he independent of the position 
of P. 

Ifi. Two oonics are described haTing the same focus, ' and 
the distance of this focus from the corresponding directrix 
c^ each is the same ; if the conies touch one another, prove that 
twice the sine of half the angle between the transverse axes is 
equal to the difference of the reciprocals of the eccentricities. 

17. A inrcle of given radius passing through the focus of 
a given conic intersects it in A, B, C, D; shew that 



s constant. 
8. C. S. 
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178 POLAB EQUATION OF A COMIC, 

18. A rircle passing thronglitlie focus of a coniowlioaelatuB 
feotum is 21 meets the conic in four points irhose distuicea 

from the focus are r:, r« r^ r, ; prove that — '+ - + — + — = t , 
i> n ■> 4> I '"i f*! »•,»■*, * 

19. A ^ven oiroie whoso centre is on the axis of d 
"parabola paasee through the focus S, and is cut in four points 
'A, B, C, D by any conic of given latuB rectum having S 
for focus and a tangent to the parabola for directrix ; shew' 
tbat the sum of the distances SA, SB, SC, SJ> is constant. 

30, Two points 7", § ate taken one on each of two cooica, 
"which have a common focus and their axes in the same 
■direction, Buch that FS and QS are at light angles, 3 being the 
common focua Shew that the- tangents at P and Q meet on a 
conic the square of whose eccentricity is equal to the sum of 
the squares of the eccentricities of the original conies. 

21. A series of conies are described with a common IntuB 
rectum; prove that the locus of points upon them, at which 
the perpendicular &om tlie focus on tlie tangent is equal to 
the semi-latuB rectum, is given by the equation / — — r cos 2$. . 

. 22, JfPOP'he a chord of a. tonic through a fixed point 0, 
then will taa^P'SO tm^PSO be constant, ^ being a focua of 
the conic 

2$. Oonica are described with equal latera lecta and 
a common focus. Also the ooiresponding directrices en- 
velope a fixed confocal conic. Prove that these conies all touch 
■two fixed conies, the reciprocals of whose latera recta are the 
sum and difference respectively of those of the variable conic 
and their fixed confocal and which have the same directrix as 
the fixed confocal. 
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CHAPTER IX. 



GENERAL EQUATION OF THE SECOND DEGREE. 



166. We have seen in the preceding Chapters that 
the equation of a conic is always of the second degree : we 
shall now prove that every equation of the second d^ree 
represents a conic, and shew Low to determine from any 
such equation the nature and position of the conic which it 



167. To shevi that every cwme whose eguatum is of the 
second degree is a conic. 

We may suppose the axes of conardinatea to he rect- 
angular ; for if the equation be referred to oblique axes, 
and we change to rectangular axes, the degree of the equa- 
tion is not altered [Art. 53]. 

Let then the equation of the curve be 

aa^ + ^thxif + b^+2gx+2fy+c = ...(i). 

As this is the most general form of the equation of the 
second degree it will include all possible cases. 

We can get rid of the term containing tey by turning 
the axes through a certain angle. 

For, to turn the axes through an angle we have to 
substitute for x and y respectively a: cos d — y sin d, and 
xsin^ + ycos^ [Art 60]. 
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180 EVERT CURVE OP THE SECOND DEGREE IS A. CONIC. 

The equation (i) will become 
a(^oos$ — yBmff)'' + 2h{xcos6 — ysin$)(xBm6 + y coa 0) 
+b(x6ine+ycos6)*+2g(a:coBd-ydJi6)+y'{xsiuff+yi}oa0) 
+ " = , .,...,..., (ill. 

The coefficient of ay in (ii) is 

2 (6 - o) sin /coa 5 + 2A (cos'^ - ain*^ ; 
and this -will be zero, if 

tan 25 = -^ (iii). 

a-b ^ ' 

Since an angle can be found whose tangent is equal to 

any real quantity ■whatever, the angle C = ^tan"'^ — -riaii 

all cases real. 

Equation (ii) may now be written 

Aa!"+5y+2(?a!+2Fi/+(7=0 (iv). ■ 

If neither A nor B be zero, we can write equation (iv) 
in the form 



Q 



or, taking the origin at the point ( — 7 » ~ "») » 

^ + ^=j + ^-C. (v). 

If the right side of (v) be zero, the equation will repre- 
sent two iAraight lines [Aj^. 35]. 

If however the right side of (v) be not zero, we have 
the equation 

which we know represents an ellipse if both denominators 
are positive, and an hyperbola if one denominator is posi- 
tive and the other negative. 

If both denominators are n^ative, it ia clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imaginary ellipse. 
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( CENTBK OF A CONIC. 181 

Next let ^ or £ be zero, A suppose. [A and B cannot 

both be zero by Art 53.] Equation (It) can tben be 
■written 



B 



(2/+f)'=-2ff-^-C+f {vi). 



If G = 0, this equation represent-a a pair of parallel 
straight lines. 

If 6^ be not zero, we may write the equation 

which represents a parabola, whose axis is parallel to the 
axis of a>. 

Hence in all caaea the curve represented by the general 
equation of the second degree is a conic. 

168. To jind the eo-ordinatea of the cen^e of a conic. 
We have seen [Art. 109] that when the origia of co* 
ordiuates is the centre of a conic its equation does not 
contain any terms involving the firat power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point (nf, j/^, and choose a/, y, so that 
the coefficients of m and y in tie transformed equation may 
be zero. 

Let the equation of the conic be 

ax' + 2hay + bs* + 2ffie + 2fy + c =0. 
The equation referred to parallel axes through the 
point (a^, y) will be found by Substituting x+x' for x, and 
y+ ^ toT y, -and will therefore be 
a (a: + a;')' + 2A (a: + a;-) (y + yO + 6 (y + /)■ + 2^ (a; + a;') 

+ 2/(y+y) + c=0, 
or aa^ + 2AiEy + 6j* + 2fl! ((Ub' + Ay + ^) + 2^ (A«' + Jy' +/) 
+ (Kc" + 2Aa:y + ty" + ^ic' + Z/y + c = 0. 
The coefficients of x and y will both be zero in the 
above, if <xl and y' be so chosen that 

ax'+hy' +g = (i); 

and hm'+hy +/=0 (ii). 

The equation referred to (a^.y) as origin will then be 
aa? + 2hxy + b/+c''^0 (iii). 
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■where c'^aaf' + 2hafy' +b^+2gx' + 2Jy' + e......(iv). 

Hence the co-otdinates of the centre of the conic are the 
values of x' and y given hy the equations (i) and (ii). 
The centre is therefore the point 
/ hf- hff gh - a/ \ 
\ab — A" ab~h*/' 
When o5 — A.' = 0, the co-ordinates of the centre are 
infinite, and the curve is therefore a psrahola [Art. 157]. 
If however hf— bg = and a6 — /r = ; that is, if 
a h_g 
h b f' 
the equations (i) an,d (ii) represent the same straight line, 
and any point of that line is a centre. The locus in this 
case is a pair of parallel straight lines. 

In the above investigation the axes may be either 
rectangular or oblique. 

Subsequent investigations which hold good for oblique 
»zeB will be distinguished by the sign (to). 

169. Multiply equations (i) and (ii) of the preceding 
Article by a/, y respectively, and subtract the sum from 
the right-hand member of (iv) ; then we have 

_ k/-bg .gh-af 

_a hc + 2f gA - of*- hg'~ch* 

oJ-A" ■ W- 

170, The expression ahc + Hfgh — of* — bg* — ch* is 
usually denoted by the symbol A, ana . is called the 
discriminant of 

ax^ + 2kxy + bi^ + 2gie + yy + c. 

A = is the condition that the conic nay be two 
stnught lines. 

For, if A is zero, c' is zero ; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

This is the condition we found in Art- 37, (<a). 
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171. Tojvnd thepoaition and magmtiide ofHieaaes of 
fAe conic whose equation is aa? + Hixy + i>^~ 1, 

If a conic be cut by any concentric circle, tlie diameters 
through the polnte of intersection vill be equtilly inclined 
to the axes of the conic, and wiU be coincident if the 
radius of the circle be eq^ual to either of the semi-axes of 
the conic. 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is o^ -t-y* = r*, are given by the equation 

(o-p)a?+2A^ + (6-p)/ = 0.......(i). 

These lines will he coiricident, if 



(»-?)('-?)-*■■■» ; («' 



and they will then coincide with one or oUier of the axes, 
of the conic. 

Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation. 

l_(a + j)^ + «ft_A» = {iii). 

Multiply (i) by (<»—->) ; then, if -5 is either of the 
roots of the equation (ii), we get ■ 

whence fo-j\a;-f- Ay = (iv). 

Hence if we substitute in (iv) either root of the equation 
(iii) we get the equation of the corresponding axis. 

In the above we have supposed the axes to be rect- 
angular. K however they are inclined at sa angle to the 
investigation must be slightly modified, for the equation of 
the circle of radius r will be a? + 2xycmw'^j^=''i*. 

U.g,l:«lbvGOOglc 



184 AXIS OF A FABABOU.. 

'•' ' .172. To find Hie axis avd Udus redMm. ofa parabola. 

If the equation 

represent a parabola, the terms of the second de^ee 
forth a perfect square. [This follows from the fact that tiie 
equation of any parahola can be expressed in the form 
y-i4a'a;=0, and therefore with any axes the equation 
will be of the form 

(Ix + mj/ + n)' - ia' {I'x + »ft'y + n') ~ 0.] . 
Hence the equation is equivalent to 

■ {ax+fiyy+2gx + 2fs+c=G... (i), , 

where if=a, and j9' = 6. 

From (i) we see that the square of the perpendicular 
on the line oo; + jSy = b varies as the perpendicular on the 
line 2gx -i-2J}/ + c = 0. These lines, m&j 'not be at right 
angles, but we may write the equation (i) in the form 

and the two straight lines, whose equations are 

ax + ^y + \=0, and 2x Q>a- g) +2y (\ff -f) + X*- c^o; 

will be atjight .angles to one another, if 

a O^-g)+0(\$ -/•) = (). 

orif- x«^-±^ . 

Now take 
0X + ^y +\=^0 aM 2(flK- g) ts + Z(ffK-r-f) 1/ + V -0 = 
for new axes of x and y respectively, and we "get ' 

... . »•-*!», 

and tins we know is the equation of a parabola referred to 
its axis, and the tangent at the vertex. 

To find the latus-rectumi ' we write the equation in 
the form 
. l<i^±^y±}.\*^ . f2(aV-ff) x+.2{ffk-f) y-i-X*~c ] . 
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hence 4^. VI*(«^-gJ ±*(g^/a, 

Hence (i) ia a parabola -wbose axis is the line 
aa; + fy + \ = 0, 
and whose latus-rectum ia 



sirfte 



173. We will now find the nature and position of the 
conies given by the following equations. 

(1) 7a*-17aj(+6!/' + 23i-a!(-20=0. 

(3) a!'-eiry + B' + 8K-20y+16=0. 

(3) 86!t> + 24i!^ + 2V-72a! + 126j(-f81=0. 

(4) {5x-12g)'-3a-SSy-l = 0. 

j^) Tha eqaatiooB lor finding the centre are [Art. 168, (i). (iij] 

-i7i^+i%'-a=or 

Theeegiveaf— 3,^33. Therefoce centre is the point (2, 3). 

The equation lefened to parallel axes throngh the centre nill be [Ait. 
169] 

7i<*-17»v + ei/' + Y-2-l. 3-20=0. 
or Tj!'-17i!( + 6s>=&. 

The equation therefore repreeents two straight liuee which intersect 
in the point (3, 8). They cat the axis of z, where 7x*+23z- 30=0, that 

iswhereE=-l, and where >: ==', 
(a) ar»_Ex3/ + y'+8a-3by + 15=0. 
The eqoations for finding the centre ai« 

8«'-Ey'+8=0,and -6^+21^-30=0; 
.■.V=-4,y'=0. 
The eqna^on referred to parallel aies tbrongh the centre will be 
■ *"-6ay+/ + 4(-4)-t,lB=0, 
or -'^~6x]i+y*=l. ._ 
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EXAKPLIS OF CONIOS. 
U-&IM ot the conie tm the roota of the eqiution 
J-(«+6)i+aft-»«=0 [Alt 171. pii)]; 
1 a , 25 „ 

21H + 8r*-4=0: 



The enrre is therefore ut hjpeiibola vhoee real si 
and whose iauffnatj Benii-sxiB ia - ij- 6. 



«»5,/i4. 




The direolion of the leat aiiB Is given [Art. 171, (iv)] bj the equation 

r a! + j/ = 0. 

(3) 36i> + a4iy + 39y'-72ie+12ey + 81=0. 
The equatiooE foe finding the centre are 

S8i' + lV-36 = 0, andiaa/ + a9j'+63=0; 

.•.3^ = 2. !,=-3. 

The equation referred to parallel aiee throrigh the centre, ivill be 

SO^' + aiay + Sgy'- 73 + 68 (-8)+81 = 0, 



^15- 



-^^m^^'- 
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EXAMPLES OP COSlCS. 
Tbe Mmi-aies of tbe oonie an the root* of the equation, 
i-(«+6)^+a6-A'=0. 

,_., 29 __1_ 1 
" ~906 325"' 86' 

.-. 86-18T*+r*=0. 
HoDce tho squares ol the semi-axet are D and 4. 




G-»' 



&»=». 



4a! + 3ff=0. 
(i) <3«-13s)»-2i-29y-l=:0. 
Tbe eqnation ma^ be vritten 

(E*-l% + X)' = 2*{l+SX) + ff(a9-34X) + X=+l. 
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Tbeliaea 5 6ii!~12y+X=0 

and a(l + BX)x+(29-34X)y+X» + l=0 

ere at right angles, if * 

10-i-60X-348 + 2e8X=0; 
tlutiB, if\=>l. 

Tlte eqaation is therefore eqniTSlent to 

/ 6z-12y + l \'_ 1 18jr+5!/4-2 

{ lA ) "18" 18 '■" 

therefore 5x-12y+l'-0 U the equation of the axui of the parabola, and 
132+fiif + 2=iOiB theeqoatioaof the tangent at the vertex. 

Evei? point on the cnrre most clearly be on the positive Bide of the 
line 12x-\-&y + i=0, ^noe the left aide of eqoation (i) is always positiTe. 

174. To find the equation of the asymptotes of a conic. 

We have seen [Art. 146] that the equations of a conic 
and of the asymptotes only differ hy a constant. 
Let the equation of a conic be 

aj?+2hxy-\-hf + ig(c + 2fy + c=(i (i). 

Then the equations of the asymptotes will be 

aa? +2hxy -Vhf + lgx-^-^fy + c-VX = f) (ii), 

provided we give to \ that value which will make (ii) 
represent a pair of straight lines. 

The condition that (ii) may represent a pair of straight 
linea is [Art. 170] 

ab <c + \) + 2fgh -af^-hg^~(c + \)h' = Q; 
.-. X (a6 - A*) + A = 0. 
Hence the equation of the aaymptotea of (i) is 
a^ + 2hxy + fcy' + 2gx + 2fy + c~ ^^3^, - 0. 

The equationR of two conjugate hyperbolas differ from 
the equation of their aBymptotes by constants which are 
equal and opposite to one another [Art. 1521; therefore 
the equation of the hyperboU conjugate to (i) la 

2A 
oa:" + ^hxif + h/ + 2^ij; + 2^ + c - -7—7., = 0. 
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Cor, The lines represented by the equation 

are parallel to the asymptotes of the conic. (w). 

Ex. Find tfas asTmptotes of the oonio 

The a^mptotaa will be ^-zy-%* + 3j-a + X=0, if this equation 
rqiTeaents straight lines. Solving m b qoMlntie in «, w« have 

-By + a-xj. 



-IVII'' 



Henoe [Art. 87], the condition for etndght lines is 9 (3 - X) = 9, or X = 1. 

The atiTinphites ore therefore z* - zy -~ 2u> + 3u - 1 —0. 

4- 3 

175. To find the condition that the conic represented 
hy the general emotion of the second degree may oe a rect- 
angular hyperbola. 

If the equation of the conic he 

aal' + 2hxy + ty* + 2gx + 2/y + c = 0, 
the equation ' 

ai^ + 2kicy + b^ = (i) 

represents straight lines parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola, the 
lioes given by (i) must he at right angles. 

'Hie required condition is therefore [Art. 44] 

o + fc-2Acos«)-0 (ii). 

If the axes of C(>-ordinat«s be at right angles to 
one another the condition is 

a + 6 = (iii). 

The required condition may also he found as follows. 
If the axes of co-ordinates be changed in any manner 
whatever, we have 

a + b — 2h cos tti a' + 6' — 2A.' cos a' , _^ _„- 

— . , = ^~i—, [Art. 621. 

am to sin « 

But, if the conic be a rectangular hyperbola and 
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190 EXAMPLES, 

the asymptotes be taken for axes, the equation . will be 
;cy + constAnt = ; 

-•. a' = &' = cos w' = 0. 
Hence a + b-i2kcoaa = (i. (w). 

, - . Examples om Gbapteb IX, 



^ ]. Find thd ceotres of the following Anrvea : , 

(i) 3a!'-5ay+6y'+na:-17y+13=0. '(=-/p'i'^' 
(ii) xy + Sax - Zay = 0. » ' - 3fi. j 4 ' -- - 1 0. 

(iii) ai:'-7a^-6y' + 3a!-9j/ + 5 = 0. /'^.'j-j,^'- . tf' 

Find also the equations of the cnrres referred to ^rallel ' 
axes through their centres, '0. -i-if ^y-i- » (,';;) jit, t^u ^^. 
I"' +0',vJ + fn'- p 
2, What do the following equations represent 1 
^ '>f-',*)(i) x!/-2x + y-2 = 0. (ii) y" - Say + 4<m; - 0. 
(iii) f^ + aa! + ay + a' = 0. (iv) (a; + y)' = a {« - y). 
(v) 4(a! + 2y)'4-(y-2a;)'=6a*. (vi) y* -»•■'- 2aai = 0. 

" 3. Draw the following carves: 

<1). ((y + aa!-2(iy = 0. (2) a^ + 2x^+1/ -2x- 1^0. 

(3) 2a;' + Sa!y+2y' + 3y-2 = 0. 

(4) s^+ixy + 7/~n^0. 

(5) (2a! + 3y)' + 2a; + 2y + 2 = 0. 

(6) a:" - 4iBy - 2^" + 10a; 4- 4y = 0. 

(7) 41*'+ 24a!3/ + 9y* ~ ISOoa: - 60ay + 116a' - 0. 

4. Shew th&t if two chords of a conic bisect each other, 
tbeir point of intersection must be the centre of the curva 

5. Shew that the product of the semi-axra of the conic 
whose equation is 

(fl! - 2j/ + 1)* + (43! + 2y- 3)' - 10 = 0, is 1. 

6. Show that the prodnct of the semi-axes of the ellipse 
whose eqi^tion is 

■«*-iey+2y'-2a!-6y+7 = 0is-J^; 

and that the equation of its axes is 
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7. Pind for irhat value of A the eqaatJon \ ^ I 

2x'+Aay-/-3j!+6y-9-0 '^' ' 

will represent a pair of stiai^t linea. 

8. Find the equation of tlie conic whose asymptoteB are 
tie lioea 2a! + 3y — 5 = and 6a; + 3y-8 = 0, and which passes 
through the point (1, — 1). 

9. Find the equation of the asymptotea of the conic 

Sa:' - 2ay - V + 7* - 9y = 0; 
and find the equation of the conic which has the same asynip- 
totes aud which passes through the point (2, 3). 

10. Find the asymptotes of the hyperbola 

6a:'-7!Cy~3y'-2a;-8y-6 = 0; 
find also the equation of the conjugate hyperbola. 
— ^11. Shew that, if 

aa!* + 2Aa!y + 6y' = l, and a'x? + 2h,'x]/ + b'y' - 1 
represent the sanie conic,. and the axes are rectangular, then 
(a „ 6)« + ih' = (a' - by + a". . 

12. Shew that for all positions of the axes so long as they 
remain rectangular, and the origin is unchanged, the value of 
(/'+/' in the equatiun aa^+2/ixif + bi/'+2gx + 2Jif-i-c=0 is 
constant. 

13. From any point on a given straight line tangents are 
drawn to each of two circles: shew that the locos of the point 
of intersection of the chords of contact is a hyperbola whose 
asymptotes are perpendicular to the given line alnd to the line 
joining the centres of the two circles. 

14. A variable circle always passes tliroughafixed point 
and cuts a conic in the points P, Q, R, S; shew that 

§P.0Q.0R.^S 
(radius of circle)' 
is constant. 

15. If ax'+2&ty + i/=I, and Ai^ -t-^ffxy + Bj^ ^\ be 
the equationB of two conies, then will aA ^hB + 2kH be un- 
altered by any change of rectangular axes. 
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MISCELLANEOUS PEOPOSITIONS. 

We have proved [Art. 167] that the curve 
ited by an equation of the second degree is always 

Bhall throughout the present chapter assume that 
ation of the conic is 

oie' + 2A«y + 6y* + Sff'C + 2/y + = 0, 
t is otherwise expressed. 
I left-hand side of this equation will be sotuetimes 

, To find the equation of the elraight line paseitiff 
tioo points on a conic, and to find the equation of the 
at any point. 

(of, y') and (x", y") he two points on the conic. 
I equation 

r)(x~^') + h{{w~x')(^-y'-)-¥{x~^'){y~y-)] 
-y')(y-y") = ai^ + 2h^ + h^ + %ffie + 2/y + c...Q} 
dmpliiied is of the first degree, and therefore 
ots some straight line. 
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EQUATION OF A TANQENT. 193 

If we put a; = a;' and y=y' in (i) the left side vanishes 
identically, and the right side vanishes since (a:', y) is on 
the conic. Hence the point {d, jf) is on the line (i). So 
also the point (a;", y"') is on the line (i). 

Hence the equation of the straight line through the 
two pomts (a/, y) and {x', y) is (i), and this reduces to 
(wr {oo + a;") + hy (a;' + a!') + Aa: (y' + y") + 6y (/ + y") + ^gx 
H- 2/y + c = ad:^' + h {off +^x") + 6/ y"...(ii). 
To ohtain the tangent at {x, y) we put x" =x', and 
y = y' in (ii), and we get 
2axx' + 2A (icy' + x'y) + 2fcyy' + 2^a! + 2;y + c = oar" 

+ 2Aa!'y' + ty". 
Add 2(;ra;' + ^fi/ + c to hoth sides ; then, since [of, y*} is 
on the conic, the right side will vanish; and we get for the 
equation of the tangent 

axx + h{y'x-^x'y) + hy'y-\-g(x + x^-\-f{y+y')+C = 0. 
It should be noticed that the equation of the tangent 
at {x', y) is obtained from the equation of the curve 
by writing x'x for a?, i/x-^-x'y for 2a^, y'y for i^,x + x' for 
2i, and y + 'i/ for 2y. (w) . 

178. To find tlie condition that a given ^raighi line 
may be a tangent to a conic. 

Let the equation of the straight line be 

Ix + my + n = Q (i). 

The equation of the straight lines joining the origin to 
the points where the line (i) cuts the conic ^(x, y) = 0, 
are given [Art. 38] by the equation 



If the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident. The condition for this is 
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194 THE FOUA 

(an' - Zgln + cP) (bn' - 2/wnt + cm*) 

= (An' —/In — ffmn + chnf, 
or P (6c -/*) + m*(ca^ <f) +n'(ab- A') + 2wi» {ffh ~fa) 

+ 2«/(A/-5*)+2;m(^-Ac) = (iii). 

The equation (iii) may be written in the form 

■where the coefficients A, B, C, &c. are the minora of 
a, b, c, &c. in the determinant 

\ a, k, g \ 

\l'.>>,/r 

\s,f.c\ W- 

179. To find the equaUonofthe polarofany pointmOt 
respect to a conic 

It may be shewn, exactly as in Article 76, 100, or 118, 
that the equation of the polar is of the same form as the 
equation of the tangent. 

The equation of the polar of {of, y') ia therefore 
tLi-x + h{'^x + x'y)+by'y + g{x-\-x-)+f(^+y') + c^Q. 
or x{ax' + hy+g) + y{haf + hy' +f)^g3f +fy' + c = Q. 

The equation of the polar of the origin is found by 
putting a:' = y' = in the above ; the result is 

180. If two points P, Q be such thai Q ia on iA« polar 
qfP with respect to a conic, then will P be on the polar of 
Q with respect to that conic. 

Let the co-ordinates of P be of, y', and those of Q 

^"> y". 

The equation of the polar of P is 
aalx + A (y'a; + xy) + b'fy +g{x + x') +f(y + y) + c = 0. 

Since (x", i/") ia on the polar of P, we have 
axy+ h (ya;'+xY}+by'y"+g(x'+a/')+f(^+ y") + c=0. 

The symmetry of this result shews that it is also 
the condition that the polar of Q should pass through P. 
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JH6 polab. 195 

If the polara of two points P, ^ meet ia S, then B is 
the pole of the line PQ. 

For, since li ia on the polar of P, the polar of R will 
go through J*; similarly the polar of fi will go through Q; 
and therefore it must be the line PQ. 

If any chord of a conic be drawn through a fixed point 
Q, and P be the pole of the chord ; then, since Q is on the 
polfu* of P, the point P will always lie on a fixed straight 
line, namely on the polar of Q. 

Def. Two points are said to he conjugate with respect 
to a conic when each lies on the polar of the other. 

Def. Two straight lines are said to be conjugate with 
respect to a conic when each passes through the pole of the 
other. Conjugate diameters, as defined in Art. 127, are 
conjugate lines through the centre. 

181. If amy chord of a conic he drawn through a 
paint it will be cut harmonically by the curse and 
the polar of 0. 

Let OPQB be any chord which cuts a conic in P, B 
and the polar of with respect to the conic in Q. 

Take for origin, and the line OPQB for axis of ir ; 
and let the equation of the conic be 

ait' + tkxy + hf + 2gx + 2/y + c = ^. 
Where y =/^ cuts the conic we have 

ai* + 2gx + c = ; 

•■ OP^ OB c '''• 

The equation of the polar of ia 

gx+fy + e = 0; 
1 (J 

•■■05— f '">• 

From (i) and (ii) we see that 

J^ J 2_ 

OP'''OR~ VQ' 

13—2 
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196 CONJUGATE DIAMETERS. 

182, To find the locos of the middle points of a system 
of parallel chords of a conic. 

Let (a;', y) and (a;", y") be two points on the conic. 

The equation 

a[x^x-){x-x")+h{{x-a^)(y-y")-\-{x~x"){y~y')\ 
+ b(y~y)(2/-f) = a3? + 2kDy+by' + 2gx + yy+p 

is the equation of the str^ght line joining the two points. 

In (i) the coefficient of a; ia a (a;' + x") + h(t/+y") + 2g, 
and the coefficient of y is k(x' + x") + b(^' + y") + 2f; 
hence if the line is parallel to the line y = mx, we have 
a{x' + x'^ + h{y' + y")+2g 

k{x+x-) + bi2/ + y")+2f ^'•'■_ _ 

Now, if (a:, y) be the middle point of the chord joining 
(x'ly") and {af,y"}, then 2a; = x' -i-w", and 2y = y'+y"', 
therefore, from (li), we have 

_^_ aa! + ky+ g 
hx + by + f 
or x{a-^mh) +y (h + mh) + g + mf =0...(ui), 

which is the required equation. 

If the line (iii) be written in the form y =■ m'x + k, then 
we have 

, _ a + mh 
h + mb' 

or a+h(m. + m') + bmm' = (iv). 

This is the condition that the lines y = mx and y = m'x 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree. (ta). 

183. To find the condition that the two lines given by 
the equation Jla^ + 2Hxy + By" = may be conjugate dia- 
meters of the conic aa^ + 2hxy + 6y* = 1 . 

If the lines given by the equation Aa^+2Hxy+£y'^0 

be the same as y — mx = 0, and y — m'x = ; then 

c^ ^ > ^ 
m+m = — 2 -j; , and mm = -jj . 
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CONJUGATE DIAMETERS. 197 

But i/ — mx=0 and y~7n'x=0 are conjugate diameter 
if a + k{m-i- m') + bmm = 0. 

Therefore the required condition is 

or aB + hA=2hB:. (»). 

[The above result follows at once from Articles 155 
and 58.] 

Ei. 1. To find tlie equation of tlie eqai-conjugaU diamcttra of tht conic 

TliB Btraight linei through tta centre of a oonin and any oonoentrio 
lirole give equal diametera. Through the interaeotionB of tiie conk and 
the ciicle whose equation is \[x* +y^ + 2xy <:<aa) = \, the lines 
(a-X)3!> + 2(h-XcoaB.)iy + {ft-\)s»=0paafl, 
These are conjngale M 

6(a-X) + a(J-X) = 2fl{A-Xcoflu). 
Snbatilntine the value of \ BO found, we hare tiie leqnired equation 

Ex. 2. To thevi tltat any too eoneentria eoniet have tn general one 
and only one ;paiT of commoa conjugate diameters. 
Let the eqaations of the two oonica ba 

tta!' + 2fcr!/ + 6!f> = l, and o'i' + 2A'ieji + J'ji'=l. 
The diametera Ax!' + 2IIxy+I)g*=0 are conjugate with xeepect to 



A __ -2H _ B 
ha' — ah' ab' — a'/i bhf — b'U 
The equation of the common conjugate diameteis ia therefore 

{ha'~ah')x'-lab''-a'b)xy + (bh'-b'kjy^~0. 
Since anj two eoneentria conioa have one pair of conjugate dianieti 
1 common, it foUowa that the equations of an; two conoentrio con 
in be rednced to the forms 
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198 BEQHENTS OF A' CHOBD. 

184. To ^find the ImfjtK of a straight line drawn from 
a given point in a given direction to meet a conic. 

Let (/, y") be the giyen point, and let a line be drawn 
through it making an angle with the axis of x. The 
point which is at a distance r along the line from (x', y') is 
(x' + r cos 0, y' + r sin 0), the axes being supposed to be 
rectangular ; and, if this point be on the conic given by the 
generjd equation, we have 
a{x'+ r cos fff-vlh (a/ + r cos ff) {%f-\- r sin 6) + fc(t/'+rsin5)' 

+ 2g (x + r cos (9) + 2/(y' + r sin (9) + c = 0, 
or r" (a cos* (9 + 2A. sin 5 coa 5 + 6 sin' 0) 

+ 2rco3e(aa;'+Ay+3)+2rsin^{fa'+6y+/} + 0(3:',y)=O. 

The roots of this quadratic equation ace the two values 
of r required. 

185. If the point {x', y") be the middle point of the 
chord intercepted by the conic on the line, the two values 
of r, given by the quadratic equation in the preceding 
Article, will be equal in magnitude and opposite in sign ; 
hence the coefficient of r must vanish ; thus 

(ax' + hy' + ^f) cos + Qix + by +/) sin 8=0. 

If the chords are always drawn in a fixed direction, so 
that is constant, the above equation gives ua the relation 
satisfied by the co-ordinates x', y' of the middle point of 
any chord. 

The locus of the middle points of chords of the conic 
which make an angle with the axis of a: is therefore a 
straight line. [See Art, 182.] 

186. The rectangle of the segments of the chord 
which passes through the point (^, i/') and makes an angle 
with the axis of x, is the product of the two values of r 
givenhy the quadratic equation in Art. 184; and is equal to 

»,("'.>•) 

a cos'5 + 2h sin cos + b sia'8 ' 
Cor. 1. If through the same point {x', jf) another 
chord be drawn making an angle ff with the axis of x, the 
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BBOMENTS OF A CHORD. 199 

rectangle of the segments of this chord ■will be 

<!> (^'. y') 

a cos* ^ + 2A ein ^ cos fl' + 6 sin.' ff ' 
Hence we see that the ratio of the rectangles of the seg- 
meDtB of two chorda of a conic drawn in given directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
tatio of the aquarea of the parallel diameters of the conic. 

Cor. 2. The ratio of the two tangents drawn to a conic 
from any point is equal to the ratio of the parallel diame- 
ters of the conic. 

Oor. 3. If through the point (x", y) a chord be drawn 
also making an angle 6 with the axis of x, the rectangle 
of the segments of this chord wiU be 



acoa' 8 + 2h sin & coa + b sin* ' 

'Hence the ratio of the rectangles of the segments of 

any two parallel chorda drawn through two fixed points 

(x', y") and (ic", y") is constant and equal to the ratio of 

^(y,y)to0(^",/). 

Got. 4>. If a circle cut a conic in four points P, Q, R, 8, 
the line PQ joining any two of the points and the line SS 
joining the other two make equal angles with an axis of 
the conic 

For, if PQ and BS meet in T, the rectangles TP . TQ 
and TR , T8 are equal since the four points are on a circle, 
Theref<M:e by Cor. 1, the parallel diameters of the conic are 
equal; and hence they must he equally inclined to an axis 
of the conic. 

Ei. 1. If a, p,y,Sbe ttie eccmtrie anglei of the four poind of inter- 
tectiim of a eijvte and an elHpie, l\entnUa+p+y + i = inr. 
Tbe eqnatioiiB of the lines joining a, j9 imi y, S are 

|cofli(a+;S) + |sittJ(.+^=W8l(a-/S). 
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200 CONICS HAVIITO FOUR COMMON POINTS. 

and |co9i(Y+1)+|sini(7+!)=oo8i(-r-«)- 

These two obords are equally inclined to the axis b; Cor. i : Oieceioce 
tanJ(a + /S)— tani(7 + J),orJ(a+^) = n»-i(7 + !)i therefore 
a+p+y + S = 2nr. 

Ex. 2. A focal chord of a conic voriea at the iqvart of the paralltl 
diameter. [See Art. 161.] 

Ex. S. If a triangle cireumieribe a conic the three linei from the 
angular pointt of the triangle to the potTib of contact of the oppoHte tidei 
mill meet in a point. 

Let the angular points he J., B, C and the points of contact of the 
oppoeita lides of the triangle be A', B", C; also let r,, r^ r, be the eemi- 
diameters of tbe conio parallel to the sides of the tiianj^e. Then 

BA' : BC=r-y : r,; CR : CA'=t, : r,; and AC : Jff^r, : r,. 
Hence BA' . CB" . AC=BC.AS. CA', 

which shews that the three lines meet in a point. 

Ex. i. If a conic cut the three lidet of a triangle ABC in the point* 
A' and A", B' and B", C and C" retpecHvtly, then wiU 

BA'.BA".CB'.CB".AC.AC" = BC.BC".GA'.CA''.AB'.AB''. 
{Camot't Theorem.) 

[BA'.BA' : BC,BC"=r,';r,', aodBofortheotlieTS; t-,, r„ r, being 
the Mmi-diameters of the oonio parallel to the sides of the triangle.] 

Ex. 5. If a conic touch all the lidet of a polygon ABCD the 

pointiof contact of the lidei A B.BC beingP,Q,R,S ; thentcill 

AP.BQ.CR.DS beequaltoPB.QC.BD 

187. If iS be written for shortness instead of the left- 
hand aide of the equation 

and 8' he written instead of the left-hand side of the 
equation 

aV+ 2A'a^ + by + tg'x + %fy + c' = 0, 
then 5 — X S' = is the equation of a conio which 
passes through the points common to the two conies 
^=0, S'=0. 

For, the equation ;? — XS' = is of the second d^ree, 
and therefore represents some conic. Also if any point be 
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CONICS HATING DOUBLE CONTACT. 201 

on botK the given conies, its co-ordinates will satisfy both 
the equations S=0 and S'=0, and therefore also the 
equation S — 'KS' = 0. 

By giving a suitable value to \, the conic 8~-\S'=0 
can be made to satisfy any one- other condition. 

If the conic S' =0 really be two straight lines whose 
equations are liv + my + n = and I'a^ + mi/ + n' = 0, which 
for shortness we will caJl u = 0, and ii = 0, then 8 — \uv = 
will, for all values of \ be the equation of a conic passing 
through the points where S = is cut by the lines « = and 
v = 0. 

If now the line v = be supposed to move up to 
and ultimately coincide with the line m = 0, the equation 
S — Xu' — O will, for all values of X, represent a conic 
which cuts the conic iS = in two pairs of coincident points, 
where iS = is met by the line « = 0. That is to say 
8 — Xu* = Q is a conic touching 8=0 at the two points 
where 8=0 is cut by w = 0. (w). 



Ei. 1. Alleonio through thepointi of inttTfection o} Imo rectangttlar 
byperbolai are Tcetangular hyperboUu. 

If iS = 0, S' = be Qia equationa of two rectangular hyperbolae, all 
eonica througli their points of intersection are includod in tbe equation 
S-\S' = 0. How the sum of the coefficlenta of i' and y* iaS~\S'=0 
Hill be zero, since that Bum is zero in S and alao in S', the axes being at 
right angles. This proreB the proposition. [Art. 176.] 

The following aie particular casea of the above. 

(i) If two rectangular hyperbolas intersect in fonr points, the line 
joining any two of the points is perpendicular to the line joining 
the other two. (For the pair of lines is a conic through the points 
of intersection,) (ii) It a rectangular hyperbola pass through the 
angular points of a triangle it will also pass through the ortiiooentre. 
(For, if A, B, OiM the angnlar points, and the perpendicular from A on 
£C cut the conic in D; then the pairoflinea,iD,S<7 is a rectangular hy- 
perbola, since these lines are at right angles ; therefore the pair BD, AC 
is also a rectangular hyperbola, that is to say the lines are at right 
angles.) 

Ex. 2. If two conie$ liave tlieir axet parallel a circle mill pan 
Iheough their pointi of inUrtection. 
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202 EQUATIOK OF A PAIK OF TANQENTS. 

Toks szei parallel to the axes of the cornea, their equations will 
then be (tK' + ij* + 2Ka: + 2/y + c = 0, 

and a'x' + by +2g'x + 2fy + e' = Q. 

The conic air» + V + 3s* + 2/s +c + ^ ("'a' + %' + 2i['i + 2/^ +c^ = Till go 
throngh their intetseetlona. Bnt this will be a circle, it we choose X bo 
that a + \a' = b + \b', and this is clearl; alw^^ possitile. 

Ei. 3. If TP, TQ and TP", TQ' be tangenli to an ellipse, a conte 
Kill pan through t!ie lix poinU T. P, Q, T. P. Q'. 

Let the conic be ax' + by'^l. and let T be (i', y") and T' he 
(*", y"). The eqnationa ol PQ and P'Q' will be axx' + b^y'- 1 = and 
'tiw" + ftyy"-l = 0. Theconio 

\(W+v-i) -("«*'+ W-i)('«^+W-i)=o 

will always pass through the fonr pointa P, Q, P", Q*. It will also paaa 
through T U M)e snoh that 

X (aa!^ + iy^ - 1) - (ay + V" - 1) (*>'«' + VS* - 1) - 0. 
orif X = Oir'!i/' + Vy''-l. 

The sjametry of tliii result shews that the conic will likawiai paea 
throo(i r'- 

Ex. 4. If tao chordt of a conic he drcavn through tv>o points on 
a diameter equidietant from the centre, any conic thrOttgh the extTemitic$ 
of those chordt mill lie cut by that dianuter in points equidistant from the 

Take the diameter and ita coojogate for axes, then the equation of 
the eonio will be ni' + ij'^l. Let the eqnatioua ol the chorda be 
y-in(a:-c) = and y-m' {g + c) = 0. Then the equation of any conic 
throogh their extremities ii given by 

aa^ + bp)_l_Mj,_„(j_c)n3f-m' (« + «)( =0. 

The axis of x onta this in points given by ax* - 1 — \mm' (i^ - c*) =0, 
and these two Talnes of x are clearly eqoal and opposite whatever X, tn 
and m' may be. 

Aa a particular case, if PSQ and PffQ" be two focal chorda of a conic, 
the llnea Pf and QQ' cut the axis in pointa equidistant from the centre. 

188. To find (h« equation of the pair of tangenta 
drawn from any point to a conte. 

Let the equation of the conic be 

ax' +2hxj/ + b>/' +2ffx + 2fy + c = (i). 

If C"^'. yl te the point from which the tangentg are 
drawn, the equation of the chord of contact will be 
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THE DIEECTOB CIRCLE. 203 

Tha «qufttioii 

aa? + 2A;ry + hy' + 2gx + 2/y + c 
= \ [axx' + h {x>j + yx') + Ay/ + ^ (« + a:') +/{y + jr') + cj' 

represents a conic touching the original conic at the two 
points where it ia met by the chord of contact. The two 
tangents are a conic which touches at these two points and 
which also passes through the point {x', j/) itself. The 
equation (ii) will therefore be the equation required if \ 
be so chosen that (x', i/) is on (ii) ; that ia, if 
aa;" + 2hx'y' + 6 y"* + '^9^' + '^fy + c 
= \ [ax" + 2Aic'^' + V + 2?a'' + 2/^' + c]\ 
Therefore 
1 = X {a*" + 2A«y + Ji/" + 2g^ + 2// + c} - X^ {m\ y). 
Substituting this value of X in (ii) we have 
(oa^ + ^hxy + 6/ + tgx + 2/y + c) {of, y") 
= {aarar' + A (xy' + yx') + hyy' ^■g{x-\- x') +f{y + y') + c]', 
which is the required equation. (&>). 

The above equation m&j be found in the following manner. 
Let TQ, TQ' he the two tangents from (z', y*), let P (x, ji) be any 
point on TQ, and let TH, PM be the peipendicalai? from T and P on the 
abord of oontact QQ', 

^ g-IS «■ 



Bnt [Art. 186, Cor. 3; 



PQ*_f(x,9) 



and [Art. 81] 

PM« _ )««' + > (j y+yO + iyy' + g{« + ^} +/{y + s')4-g;' , 

therefore from (i) we have 

0(«.»)0(ir'.]O = !'«a^ + *(*»' + 3«O + %' + ff{*+'^)+/(j' + J'') + «!'- 

189. To /nd the equation of the director-circle of a 
conic. 

The equation of the tangents drawn from (x', y") to the 
conic given by the general equation is 
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The two tangents will be at right angles to one 
another if the sum of the coefficients of a? and y" in the 
above equation is zero. This requires that 

(a + h) {ax" + 2^y + hy-* + "igx' + 2// + c) 
- (cwj' + V +i')' - (A^ + h' +/)" = 0- 
The point (x', y) is therefore on the circle whose 
equation is 
(ah-h'){x^ + ^ + Zx{gh-fh) + 2y{Ja-hg) + c{a + h) 

-/"-/= 0. 

or Cx' + Cf-tQx-2Fy+A+B=0 (i), 

where A, B, G, F, 0, H naean the same as in Art. 178. 
If h* — ab = 0, the equation reduces to 
Zx (hg -/A) + 2y (fa -~kg) + c{a + b) -f ~g" = 0, 
or ^Gx-V'UFy-A-B^-O. (ii). 

The conic iu this case is a parabola, and (ii) is the 
equation of its directrix. 

Ex. 1. Trace tbeonrve llz'-f24z3f-H42^-2x+lGy + ll— 0; ondshew 
that the equation of the diiectoi-ciicle is x*+i/*-t-2z-2y^l. 

Ex. 3. Sliew that the equation of the diiectrii at the parabola 
ie*+2>^(+i/'-4a; + 8j/-e=0 ia ae-3y-i-8=0. 

190. To shew that a central conic has Jour and only 
four foci, t/wo of which are real and two imaginary. 

Let the equation of the conic be 

aa?-Vhf-\ = (i). 

Let (x', y') be a focus, and let a; cos « + ^ sin a ~p = 
be the equation of the corresponding directrix ; then if e 
be the eccentricity of the conic, the equation will be 
(a7-a:74-(y-t/')'-fi*(«eosa+y8ina-p)» = 0...(ii). 
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Since (i) and (ii) represent the same curve, and the 
coefficient of a>y is zero in (i), the coefficient of xy must be 

zero in (ii) ; hence a is or ^ . 

Hence a directrix is parallel to one or other of the 
axes. 

Let a = 0, then since the coefficients of m and y are 
zero in (i), we have y = and ar' = e'p. 

Also, by comparing the other coefficients in (i) and (ii), 
we have 

a J) _ -1 . 
1 ~ e" 1 3i* — e*^' ' 

■■■'-J^-ti » 

apx = 1 (iv), 

A -,11 , . 

a^d ^^a~h '^''^■ 

From (v) we see that there are two foci on the axis of 
a whose distances from the centre are ±a/( — t) - 

From (iv) we see that a directrix is the polar of the 
corresponding focus. 

If a = s . we can shew in a similar manner that there 
are two foci on the axis of y whose distances from the 

centre are ± kIKt, ) • ^^ '^'^ ^^"^ pairs of foci one is 

clearly real and the other imaginary, whatever the values 
of a and 6 (supposed real) may be. 

The eccentricity of a conic referred to a focus on the 
axis of X is from (iii) equal to . / ( 1 — r ) ; the eccentricity 
referred to a focus on the axis of y will similarly be 
- - j . If the curve be an ellipse a and S have the 
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206 THE ECCENTRICmr. 

satne sign, and one of these eccentrioities is real and the 
other itDf^inaiy. If however the curve be an hyperbola, 
a and b have different signs and both eccentricities are 
real 

In any conic, if e^ and e^ he the two eccentricities, we 
have 

11a J , 

-+ - = — r + T =1. 

c, e, a~o —a 

191. To find the eccentricity of a conic given ly the 

I equation of the second degree. 
By changing the axes we can reduce the conic to the 
form 

a^ + ^f + y^O (i). 

If e be one of the eccentricities of the conic, 

« = ^(l-0 (ii). 

But [Art. 52], we know that 

a + ^ = a + b (iii), 

and o/S = a6-A' (iv). 

Eliminating a and yS from the equations (ii), (iji) and 
(iv), we have 

{2-er ^ ia + h)* 
1 - e' ab-h* ' 

^•-^^iS^('--) = »••■■;• M- 

If the curve is an ellipse, ah — h' is positive, and one 
value of e" is positive and the other negative. The real 
value of e is the eccentricity of the ellipse with reference 
to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e" are 
positive, and therefore both eccentricities are real, as we 
found in Art. 190; we must therefore distinguish between 
the two eccentricities. 

The signs of a and j8 in (i) are different when the curve 
is an hyperbola; and, if the sign of a be different from 
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that of 7, the real foci iriU lie on the axis of x. Hence 
to find the eccentricity with reference to a real focus ; 
obtain the values of a and ^ from (iii) and (iv), then (ii) 
will give the eccentricity required, if we take for a that 
value whose sign is different &om the sign of 7. 
Ei, Find the ©oaentrioity of the conio whoBB equation is 

The aqnation referred to the centre i« ^ - ixy - 2y' - 1 = 0. Thia will 
beeome ax< + ^jr>-l=0, where n + ^^-l and a^ = -6. Hence a = S. 
^ = -3. The eocentrioitj mth referenoe to ft resl focna is giTen b; 
3— 3(l-e'); therefore e-Vl- 

192. To find the/oci of a conic. 

Let (a/, y) be one of the foci of the conic 

aa? + ^kxy + hy'+2gx + yy -1^0 = (1). 

The corresponding directrix of the conic is the polar of 
(«', 1/); therefore its equation is 

x\aai-Vhy'+g)+y{h3f + hy/+f)+gaf+fy''\-c = (>. 
The equation of the conic may therefore be written in 
the form 
{x-wy + (3~yy^-K{x(ax' + h^+g)+y{hx' + hy4-f) 

+5^+/y + c)' = (ii). 

Since (i) and (ii) represent the same curve, the coeffi- 
cients in (ii) must be equal to the corresponding coefBcients 
in (i) multiplied by some constant. We have therefore 
l-X((w' + Ai/' + ir}' ^ka, 

— \(ax'-i-hy' + <f) (kx' + hj/' +f) =kh, 
l-X{h3f + by' +ff =)t6, 

~3f-\lax' + h^+g) Cy^+Zy + c) "=%, 
~y'-\{h^ + hy'+f) i^aZ+fiZ + c) =kf, 
and a^+y" - X (ga^ -vfif + c)' = he. 

From the first three of the above equations we have 
(ga/ + Ay'+ff)--(fea;' + V+/') 



_ (gj' + A/ + ff) Q,x' + hy' +/) 



,.(iii). 
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Multiply the fourth and fifth equations by af, y' respec- 
tively aad add tbem to the sixth ; then, comparing witii 
the second, after rejecting the factor jfj;' +J^' + c, we get 
x {aj>' + hy +g) + y' {hx + 6/ +/) + gx +fy' + c 

{ax-+hy' + <))(hx'-Vbtf+f) 



The four foci are therefore from (iii) and ^v) the four 
points of intersection of the two conies 
(ax-yhy+gy-ihx + hy+f)' ^ {ax-\-hy+g){kx + by+f y 
a — b h 

193. The equation of a conic referred to a focus as 
origin is iC° + i/* = t!'(a!cosa+y sina — p)'. 

Either of the lines x + J— 1 y = meets the conic in 
coincident points. 

Hence the tangents from the focus to the conic are the 
imaginary lines x±y J— 1 = 0, or as one equation 
x'' + f = 0. 

Since the equation of the tangents from a focus is in- 
dependent of the position of the directrix, it follows that 
if conies have one focus common they have two imaginary 
tangents common, and that confocal conies have four 
common tangents. 

Now if the origin and axes of co-ordinatea be changed 
in any manner, the equation of the tangents from a focus 
will be changed from 

a^ + y' = 0toa? + y' + 2gx + 2fy + c = 0. 

ffence the equation of the tangents to a conic from a 
focus satisfies the conditions for a circle. 

We may therefore find the foci of a conic in the 
following manner. 
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The equation of the tangents irom (d/, y") to the conic 
4,{x,y)=0K 

= (oar'ic + A (a:V + y-ar) + Vy + «? (a: + aO +/Cy + yO + c}'. 
If {x , y') be a focus of the conic, this equation satisfies 
the conditions for a circle, viz, that the coefBcieatn of a? 
and 1/' are equal, and that the coefficient of xy is zero. 
Hence we have 
a4.{x',if)-{ax' + ky'-¥gf = h4,{^,y')~{hx' + hi/^f)\ 
and yi^{y,/)=(«M' + Ay+5')(A«' + 6y+/)- 
The foci are therefore the points given by 
(gj; + % + gf - {hx + by +/)* 

^ (<Lr + ky + ff){hx + bjf+ /) ^ ^ ^^^ ^^ 

The equations giving the foci may be written 

\dxj \dy/ ^ dx dy ^ 

194. To find the equation o/tlie axes of a conic. 
The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation (ii'+2Aya! + 6u'=0 [Art. 174]. Hence 
[Art, 39] the axes are the straight lines through the centre 
of the conic parallel to the lines given by the equatioir 
aj*- / _ xy 

a-b~ A ■ ' . 

We may also find the equation of the axes as follows. 
If a point P be on an axis of the conic, the line joining 
' P to the centre of the conic is perpendicular to the polar 
of P. 

Let «', y be the co-ordinates of F, then the eqnation 
■ of the p<^ar of P is 

x{ax'+hy'+g) +y(kx'+ by'+f) +^a:'+//+ c = 0...(i). ■ 
s. c. s. 1* 
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The equation of any line tbrough the centre of the 
eomois aai + k^+ff + \{hx + by+/) = 0. ...... ..(ii). 

Since (ii) jb perpendicular to (i), we have 
{a+\h){ax'+h/+g) + {h+')d>){hx'+b^+f)=0...{m). 

Since (ii) passes through (a;', y'), we have 

ax- + ky' +g + \(kx' + b!/ +f) =0 (iv). 

Eliminate \ from (iii) and (iv), and we see that (a/, y') 
must be on the conic 

(aw + ky + g)*" (ft^ + fry +/ )' ^ iax-t-hy + g)(hx+by+f ') 
a — b h ' 

which is the equation required. 

The equation of the axes may also be deduced from 
Article 192 or 193j for one of the conies on which we have 
found that the foci lie passes throitgh the centre, and 
therefore must 'he the axes. 

Bi. 1. Shaw that all oonios- throngh the four foci of a oonia ore 
rectangul&r hjperbolaa. 

Ex. 9. PxoTe that the fed of the conio whose eqnetion h 

lie on the onrves 

a!'-y *_jy_ J 
i-B" a" A' -oft" 
Ei, 8. Shew' that the *eal fora of the oonio 

0(>-6Kj)+y'-2i!-2jF + 6 = Oare(l, l)aiid(-3, -3). 
Ex. 4 The oo-ordtnates of the real fodof 2x'-8xjr-49<-4y-hl=0 

Ei. 5. The (ooua of the parahola a^-1-2zy+jr'- Jx + 8^-G=0 is the 
point (-^, -I). 

Ei. 6. Bhew that the prodnct of the perpendicnlamfrom the two 
imaginary foci of an ellipse on aoj tangent to the curve ia eqoal to the 
sqnare of the Bemi-major axis. 

Ei. 7. Shew that the foot of the perpendicular from an imaginary 
fooDB of an eUipae on the tangent at anj point lies on the cimle 
deaoribed on the minoy Rzis aa diameter. 
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Ex. 8. If a dide liave doii1>Ie contact with on ellipse, sbev that the 
tangent to the drcle from ftn; point on the ellipse Tariea as the distance 
of that point from the chord of ooolact. 

195. To find the equation of a conic when the axes 
of co-ordinatea are the tangent and normal at any point. 

The most general form of the equation of a conic is 
(M^ + SAj:^ + V + Sjfa: + 2/y + c = 0. 

Since the origin is on the curve, the co-ordinates (0, 0) 
will satisfy the equation, and therefore c = 0. 

The line y = meets the curve where as? + ^gx = 0. 
If y = is the tangent at the origin, hoth the values of x 
given by the equation tM^+ 2^a; = must be zero; there- 
fore g=0. 

Hence the most general form of the equation of a conic, 
wheu referred to a tangent and the corresponding normal 
as axes of x and y respectively, is 

as? + 2hxi/ + v + yy = 0- 

Ex. 1. All chmd* of a conic which ruittend a right ajigU at a fixed 
point on the come, cut the normal at O in a fixed point. 

Take the tangent and nonnal at O for area; then the e<iuation 
of the conic will be 

oi»+2ftxy + V + 3/V=0. 

Let the eqoation oIPQ, one of the chorda, be Ix + >n^-I=0. ' The 
equation of the linea OP, OQ will be [Art. 38] 

ax' + 2hxy-t-ln/' + 2fy(lt + my)-Q p). 

But OP, OQ are at right angles to one another, therefore the snm of 
the coeffidents of se'aodp'iii (i) is zeto. Hence we haTeo + i + 2ftn=0; 
which shews that nt is oocatant, and m is the reciprocal of the intercept on 
the normal. 

Ei. 3, If any too chordi OF, OQ of a conic tnakt eqnal angle* aitti 
the taatgent at 0, the line PQ mill cut that tangent in afixedpoint, 

196. The equation of the normal at any point (a/, y') 
of the conic whose equation is aar" + 6y* = 1 is 



Y 
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This will pass tbrongh the point {k, k) if 

i.e.if xy'(a-~h)+^r/'-aktf'=fk 

Therefore the feet of the normals whicli passthroiigt a 
particular point (A, k) are oa tlie conic 

ay (a-*)+6Ay-a*r = (i). 

The font real or imaginary poiats of intersection of the 
conic (i) and the originiu conic are the points the normals 
at which pasa through the point (A, k). 

The conic (i) is clearly a rectangular hyp«rt)^a whose 
asymptotes are paraJlel to the asea of co-ordinates, that ia 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the point (h, k) itself. 

197. If the normals at the extremilaes of the two 
chords Ix + my -^1 = and Vx + my — 1 = meet in the 
point (h, k), then, for some value of X, the conic 

oa:* + ty>_l_X(?a, + my.-l)(ra, + m'y-l} = 0...(i), 
which.for all values of X, p^ses through the four extremities 
of the two chords, will [Art. 196] be the same as 

xy(a — b)-^hhy — akx = (ii). 

The coeflScienta of s? and y", and the constant term are 
all zero in this last equation, and therefore they must be 
zero in the preceding. 
We have therefore 

a—\U' = (i, b-Xmm =0, and H-\ = 0. 
Hence, if the normals at the ends of the chords 
lx+mif — l = and I'x + my —1=0 meet in a point, we 
have . 

It mm , ,.,,, 

— = — r- = -l ....(ni). 

a b ^ '' 

198. By the preceding Article we see that nonnals to 
the ellipse whose axes are 2a, 2b at the extremities of the • 
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chords whose equations are 

& + my — 1 = 0, and I'x + m'y —1=0, 
will meet in a point, if 

oV?' = 6*nHn'--l (i). 

If the eccentric angles of these four points be a, ^ and 
7, S, the equations of the chords will be 



We have therefoi-e, by comparing with (i), 

COS^~ cos '—^ hCOS- -CO3-i-s~ = 0, 

and Bin — 5 — em — 5— + cos — ^ — cos -^— = 0. 

By subtraction, we have 

whence a+/9 + 7 + S= (2n + l) tt (ii). 

Also the first equation gives 



+co3-"ti~^-r=o, 

and, using the condition (ii), this becomes 

sin (a +(9) + sin OS + 7) + sin (7 + a) = 0...(iii). 

Ei. 1. Ii ABC bt a maximum triangle tmcrihed in on eUigie, tlit 
normali at A, B, C viill meet in a point. 

The ecoeutrio aqglM wiU be a, a-t--^ , uid a + -^ [Art ISS]. Ths 
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condition that the uoimals meet in b point U [Art. 193 (iii)] 

iiii2o + wn(2o + y\ + ainf2«+-^J=0, 
Thick ia cicarlj tme. 

Gi. 2. Tlie nontalt to a eenlral eonie at tht four point* P, Q, R, S 
meet in a point, and the circle through P, Q, It cut* the eonie again fn 5*; 
$htw titat SS' it a diameUr of the conic. 

Sff will be ft diameter of flie conic it JiS an& RS' aie pftnllal to 
canju^te diameters [Art. 134]. 

Now if PQbe ljr+«y-l = 0, BS will be^i + ^y+1^0 [Art. 197]; 
ftlao RS* will be parallel to lz-iny=0, siitce P, Q, R, ff am on a drole; 
hence 5? is a diameter, for [Art. 183] lx--my=0, and -7X+ ~V=0 ^"^ 
conjngate diameters of ax' + by'—l. 

[The propoeition may also be obtained &om Art. 103 (ii), anil 
Art. 136, Ex. (1).] 

Ex. 8. 1/ the normal* to on ellipte at A, B, C, D met in a point, the 
axil of a parabola through A, B, C, Dii parallel to one or other of the 
eqai^conjugatet. 

If A, I: be the point where the normals meet, A, BtC,Daie the fotu 
points of intersection of the oonica 

3? y* , , /I 1\ hu Jix ^ 

All conies through the interaections are included in the eqoation 
a" s" J /I 1\ fty ii) „ 

If this be a parabola the terms of the second degree must be a perfect 
•qnaie. and tbeiefore must be the eqaare of - ± ^ . The eqnatloa of ereiy 

such parabola Is therefore of thefonni -±|j +Ax + Bj/ + C=0. Their 
axes are therefore [Art. 172] parallel to one or other of the lines - ± ^ — 0. 
El, 4. The perptTidieulaT frora any point P on iti polar tritkreipecl to 
a conic piutei through a fixed point O; prove (a) that the loctu of P it a 
rectangular hyperbola, [fi] that the circle ciraantcribing the triangle wftich 
the polar of P etiU off from the axet alteayt pattti through aJUcedpoint ff, 
(y) that a parabola vihote focvi ia 0' will loach the axes and all rueh 
polara, (J) that the directrix of thti parabola u CO, tohere C it the centre 
of the conic, aitd (<) lAat and 0' are interchangeable. 
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Let theegoatioa ot tliB oonio be-^ + p~l, and Icttl^, J,*)be theeo-or* 
dinabsE of ths fixed point 0, 

If the co-oidinatea of any point P be (i*, y'), tlie eqoation of the lies 
throng P peipendioalai to its polar with reqieet to tho conic nil! be 



--^^'f. 



If tUa lino pass throogb the point (h, k), ne haTs 

?-?"■->= «.■• 

From (i) we see Uiat (z*, if') ie on a rectangnlat hypecbola (a). 

The equation of tlie circle circiunaeilbing the triangle ont ofF from the 
axes b; the polar of (^, ^) will be 

The drole will paes throngh the point t^'^i -Xit] if 

Hence, if (z*, f'i Batisfiea the relation (i), we hxive 

»' + **■ 
Hence the drde« all pass through the point 0' whose co-ordinates are 

W+i^^^+k^" <^'' 

The point O' k on the circle ciromnsoribing the triangle formed by tho 
axes and any one of the polare ; hence the parabola whose tocns is 0' and 
which tonchea the axes will touch every one of the polars (7). 

The parabola toochea the aiea of the original conio, therefore the centre 
C is a point on the directrix of the parabola. Also the linea CO and 
CO' make equal angles with the aiia of z, which ia a tangent to the 
parabola; therefore 0" being the focns, CO is the directrix (J). 

Since Cff . CO-a'' -y, and CO, CO' make equal angles with the 
axis ot X, and are on the same side of the aiia of y, the points and ff 
are interohangeable (f). 

199, Definition. Two curves are said to be similar 
aod eimilarly gituated when radii vectores drawn to the 
first from a certain point are in a constant ratio to 
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paraJl^ radii vectores drawn to the second, from anotlier 
point 0'. 

Two curves are similar when radii drawn from two 
fixed points and 0" making a constant angle with one 
another are proportional. 

The two fixed points and 0' maybe called centres of 
similarity. 

200. If om pair of centres of similarity exist for two 
curves, then there vnll be an infinite numher of such pairs. 

Let 0, 0' he the given centres of similarity, and let 
OP; (yP" be any pair of parallel radii. Take C any point 
whatever, and draw Ov parallel to- OC and in the ratio 
(yr : OP. Then, from the aimiiar triangles COP, and 
cap' we see that CP is i»rallel to CP" and in a 
constant ratio to it ; which proves that C, C are centres of 
similarity. 

201. Jf two central conica he similar the centres of the 
two curves will be centres of similarity. 

Let and (7 be two centres of similarity, Draw 
any chord POQ of the one, and the corre^onding chord 
P'OV of the other. Thenby supposition PO.OQ:?' (7.0'^ 
is constant for every pair of corresponding chords. But 
since is a fixed point PO . OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conies are 
in & constant ratio to one another; this shews that tbc 
centres of the curves are centres of similarity. 

202. To find the conditions that two conies may he 
similar and similarly situated. 

By the preceding Article, their respective centres 
are centres of similarity. 

Let the equations of the conies referred to those 
centres and parallel axes be 

aa? -^^hxy + bti* +G =0, 
and o'ic* + tk'xy + b'y' + c' = 0; 
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or, in pol^ co-brdmates, 

r* (a cos* ^ + 2A em 5 cos ^ + 6 Bin' ^ + c = 0, 
and r^ [a' <io&' + Sh' ma coa + b' em* ff] +c' = 0. 
If therefore r" : r"* be conHtant, we must have 
acofl'g + 2Asinflco8fl + &Bin'g 
a' co3*5 + 2A' sin 5 cos ^ + 6' sin' 5 
the same for alt values of 0. 

This requires that — = P = u ■ Hence the asymptotes 

of the two conies are parallel. [This result may be obtained 
in the following manner ; since r : / is constant, when one 
of the two becomes infinite^ the other will also be infinite, 
which shews that the asymptotes are parallel.] 

Conversely, if these conditions be satisfied, and if each 
fraction be equal to X, then 

, »f c_ 

therefore the ratio of CoiTespon<£ng radii is constant, and 
therefore the curves are similar.' 

If c and \c' have not the same sign the constant ratio 
ia ijnagmary, and is zero or infinite if c or (/ be zero. 

The conditions of aimilarity are satisfied by the three 
curves whose equations are 

xy = c; xy = Qi and !cy = ~-c. 
Therefore an hyperbola, the conjugate hyperbola, and 
their asymptotes are three similar and similarly situated 
curves ; the constant ratio being J — \ for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the same shape. For 
similar curves to have the same shape the constant ratio 
must be real auA finite. 

2D3. To find iJie condition that two conies may be 
timilar although not similarly aitiiated. 

We have seen that the centres of the two curves must 
he centres of similarity. 
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Let the equations of the curves referred to tbar 
respective centres be 

aa^ + 2fucy + bj^ + c =0 (i), 

a'a^+2k'xy + by + c' = (ii), 

and let the chord which mates an angle with the axis of 
(c in the first be proportional, for all values of 0, to that which 
makes an angle {0 + a) in the second. If the axes of the 
second conic be turned through the angle a, we shall then 
have radii of the two cOnics which make the same angle 
with the respective axes in a constant ratio. 

Let the equation of the second conic become 

A'x' + 2S'xy + By + c' = 0. 
Then, by the preceding Article, we must have 

a A " 6 ' 

- . A' + S ^{A'R-H^ 

therefore ri T" ir »: i.»\ • 

a + b ij{ab — hr) 

But [Ait.52]^'+B'=a'+6',and A'B'-W^a'b'-h'*; 
therefore the condition of similarity is 
ab—h*_a'b' —A" 

The above shews that the angles between the asymp- 
totes of similar conies are equaL [See Art. 174-] 

This result may also be obtained in the following 
manner : since radii vectores of the two curves which are 
inclined to one another at a certcun constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the ai^le between tho asymptotes of the 
other. 
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Examples ok Chapter X. 



1. It Q and P be anj two points, and C the centre of a 
conic; show that the perpendiculara from Q and on the polar 
of P with respect to the conic, are to one another in the same 
ratio as the perpendiculars from F and C on thti polar of Q. 

2. Two tangents drawn to a conic from any point are in 
the same ratio as the correspondiug normak. 

3. Find the loci of the fixed points of the examples in 
Article 195, for different positions of on the conic. 

4. POQ is one of a system of parallel chords of an ellipse, 
and is the point on it such that PO* + OQ' is constant; shew 
that, for different positions of the chord, the locus of is a 
concentric conic. 

5. If be any fixed point and OPF' any chord cutting a 
conic in P, P, and on this lin« a point D be taken such that 

— jj5 = jYpi + f\jy i> ^^^ locus of D will be a conic whose centre 

is 0. 

6. If OPPQQ' is one of a system of parallel straight lines 
cutting one given conic in P, P' and another in Q, Q, and is 
such that the ratio of the rectangles OP. OP and OQ . OQ is 
constant; shew that the locus of 0\& a conic through the inter- 
sections of the original conies. 

7. POP, QOQ are any two chords of a conic at right 
angles to one another through a fixed point ; shew that 

8. If a point be taken on the axis-major of an ellipse, 

whoso abscissa is equal to a . / -i — i-., prove that the sum of 

the squares of the reciprocals of the segments of any chord 
passing through that point is constant, 
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9. If PP" be any one of a tfjrstem of parallel chords of 
a reotangular hyperbola, and A, A' be the extremities of the 
perpendicular diameter; FA and P'A' will meet on a fixed 
circle. Slievr also that the words rectangular hyperbola, and 
ciccl<^ can be interchanged. 

1 0. If PSP be any focal chord of a parabola and PM, PW 
be perpendiculars on a fixed straight line, then vill 

PM PIT 
PH "^ PH 
be constant. 

11. Chords of a circle are drawn throligh a fixed point and 
circles are described on them aa diameters; prove that the 
polar of the {loint with, regard to any one of these circles 
touches a fixed parabola. 

1 3. Erom a fixed point on a conic chorda are drawn making 
equal intercepts, measured from the centre, on a fixed diameter; 
find the locus of the point of interaectioa of the tangents 
at their other extremities. 

13. If (a/, y') and (a;", y") be the co-ordinates of the 
extremities of any focal chord of an eUipse, and ig, J be the 
co-ordinates of the middle point of the chord ; shew that y' y" 
will vary as £. What does this become for a parabola ? 

14. S, H are two fixed points on the axis of an ellipse 
equidistant from the centre C; PSQ, PMQ' are chords through 
them, and the ordinate MQ is produced to H bo that MJt may 
be equal to the abscissa of Q' ; shew that the locus of £ is 
a rectangular hyperbola. 

15. .S", ff are two fixed points on the axis of an ellipse 
equidistant from the centre, and 2'SQ, PSQ' are two chords of 
the ellipse; shew that the tangent at P and the line QQ^ make 
angles with the axis whose tangeuts are in a constant ratio. 

16. Two parallel chorda of an ellipse, drawn through the 
foci, intersect the cui-ve in points P, P on the eame side of the 
major axis^ and the line through P, P' intersects the semi-axes 

Cl,(75inI7,rrespectireIy: prove that ^rr^, -h p^^is invariable. 
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17. fVom an external point two tangents are dr&wn to an 
ellipse ; aheir tiiat if the &ttir points where the tangenta cut 
the axes lie on a circle, the point from which the .tangents ftre 
drawn will lie on a fixed rectangular hyperbola 

18. Prove that the locus of tke intersection of tangents to 
an ellipse whidi make equal angles with the major and minor 
axes respectively, but which are not at right angles, is a rect- 
angular hyperbola whose Terticea are the foci of the ellipse. 

19. If a pair of tangents to a conic meet a fixed diameter 
in two points such that the turn of their distances from the 
centre is constant; shew that the locus of the point of intersec- 
tion is a conic. Shew also that the locus of the point of inter^ 
section is a •miic if the product, or if the aum »fthe TeciproccUa 
beconatant. 

20. Through 0, the middle point of a chord AB of an 
ellipse, is drawn any chord POQ. The tangents at P and Q 
meet ABinS and 7 nnpeetiTely. Prove that AS=BT, 

21. Pah-s of tangentA are drawn to the conic a^ + fi'i/= 1 
so as to be always parallel to conjugate diameters of the conic 
oar* + 2A«y + fey* = 1 ; shew that the lociis of their intoraection is 



22. PT, PT are two tangents to an ellipse which meet the 
tangent at a fixed point § in 2", 2*; find the locus of P (i) 
when the sum of the squares of QT and QT is constant, and (ii) 
when the rectangle QT . QT is constant. 

23. is a fixed point on the tangent at the vertex A ot a. 
conic, and P, P, are points oa that tangent equally distant 
from 0; shew that the locus of the point of intersection of the 
other taaigents f rom i* and P" is a straight lina 

24. If from any point of the circle circumsiJpibing a given 
square tangents be drawn to the circle inscribed in the same 
square, these tangents will meet the diagonals of the square 
in four pointe lying on a rectangular hyperbcJa. 
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■ 25; Find tlie locuS of the point of intersection, of two 
tangents to a conio which intercept a constant length on a fixed 
straight line. 

26. Two tangents to a conic meet a fixed straight line MK 
in P, Q: it P, Q be Buch that PQ subtends a right angle 
at a fixed point 0, prove that the locus of the point of inter- 
section of the tangents will be another conic. 

27. The extremities of the diameter of a circle are joined 
to any point, and from tliat point two tangents are drawn to the 
circle; shew that the intercept on the perpendicular diameter 
between one line and one tangent is equal to that between the 
other line and the other tangent. 

28. Triangles are described about an ellipse on a given base 
which touches the ellipse at P; if the base angles be equidistant 
from the centre, prove that the locus of their vertices is the 
normal at the other end of the diameter through P. 

29. A parabola slides between rectai^lar axes; find the 

curve traced out bj any point in its axis; and hence shew that 
the focus and vertex wUl describe cutVes of which the equations 

4fl! being the Intus rectum of the parabola. 

30. If the axes of co-ordinates be inclined to one another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 

where p* and g' denote respectively the sum of the squares and 
ihe product ot the semi-axes of the ellipse. 

31. If OP, OQ are two tangents to an ellipse, and 
CP', C^ the parallel semi-diameters, shew that ' 

OP .Og+CP'.CQ' = OS. OH, 

S, n being the focL . 

32. Through two fixed points P, Q stmight lines APB, CQD 
are drawn at right angles to one another, to meet one given 
straight line in A, C and another given straight line perpen- 
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liiculiir to the fonner in S, D ; find the locus of tlie point of 
intersection of AD^ BC; sod shew thnt, if the line joining 
P and Q subtend a right angle at the point of intersection of 
the given lines, the locus will be a rectangular hyperbola, 

33. Prove that the locus of the foot of the perpendicular 
from a point on ite polar with respect to an ellipse ia a rect- 
angular hyperbola, if the point lies on a fixed diameter of the 
ellipse. 

34. The polars of a point P with respect to two concentric 
and co-axial conies int^ect in a point Q; shew that if P 
moves on a fixed straight line, Q will describe a rectangular 
hyperbola. 

35. Shew that if the polai^ of a point with respect to two 
given conicB are either parallel or at right angles the locus of 
the point ia a oonic. 

36. The line joining two points A and B meets the two 
1 iiies OQ, OPiaQ and P. A conic is described so that OP and 
OQ are the polars of A and B with respect to it. Shew that 
the locns of its centre is the line OR where R divides AB so 
that 

AR : RB :■ QR : SP. 

37. Find the locus of the foci of all conies which have a 
common director-circle and one common point. 

38. Shew that the locus of the foci of conies which have a 
given centre and touch two given straight lines is an hyperbola. 

39. In the conic aic'+ 2!iay + 6y* = Sy, the rectangle undei? 
the focal distances of the origin ia 

1 



40. The focus of a conic is given, and the tangent at 
a given point; shew that the locus of the extremities of 
the conjugate diameter is a parabola of which the given focus 
ia focus. 

41. A series of conies have their foci on two adjacent aides 
of a given parallelogram and touch the other two sidesj shew 
that their centres lie on a straight line. 
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42. If TP, TQ Iw tangents dmwn from any point T to 
touch a conic in P and $, tind if S uid ^ be the foci, then 

ST ST* 

SP.SQ" HP.HQ' 

43. An ellipae is described concentric irith and touching a 
given elGpse and paasing tbrougti its foci; shew that the locus 
of the fi)ei of tJie yamble ellipse is a Iemnis«ate. 

44. Having given five points on a circle of radins a; shew 
that the centres of the fire rectangular hyperbolas, each of ivhich 
passes through four of Ae points, will all lie on a circle of 

radius^. 

45. If a rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centm of tlie 

46. Three straight lines are drawn parallel respectively to 
thd three sides of a triangle ; shew that the six points in 
whiek tbey cut the sides lie on a conic. 

47. If the normal at i* to an ellipse meet the axes tn the 
points 6, &', and be a point on it such that j,^ = p-^ + -^^ ; 
then will any chord through subtend a right angle at P. 

48. Through a fixed point of an ellipse two chords 
OP, OP are drawn ; shew that, if the tangent at the other 
extremity (/ of the diameter through cut these lines pro- 
duced in two points Q, Q' Buch that the rectangle O'Q . O'Q' is 
constant, the line PP will cut 00' in a iixed point. 

49. A chord ZM is drawn parallel to the tangent at any 
point 7* of a conic, and the line PJi which bisects the angle 
/jPM meeits ZMia R\ prove that the locua of fiis a hyperbola 
having its asymptotes parallel to the axes of the original conic. 

50. A given centric couie is touched at the ends of a 
chord, drawn through a given point in its transverse axis, by 
another conic which passes through the centre of the former : 
prove that the locua of the centre of the latter conic is also a 
oentrio conic. 
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51. QQ' is a chord of an ellipse parallel to one of the equi- 
conjugate diameters, C being the centre of the ellipse; shew 
that the locus of the centre of the circle QCQ' for different 
positions of QQ" b an hyperbola. 

53. A circle is drawn touching the ellipse —j + Ij = 1 at 

any point and passing through the centre; shew that the locus 
of the foot of the perpendicular from, the centre of the ellipse 
on the chord of intersection of the ellipse and circle is the 

ellipse aV + 6y = ^,— J.^. ■ 

63. Find the ^alue of c in order that the hyperbola 
2xy — e == may touch the ellipse -j + r, - 1 = 0, and shew that 

the point of contact will be at an extremity of one of the 
equi-(X)njugate diameters of the ellipse. 

Sbev also that the polars of any point with respect to the 
two curves will meet on that diameter. 

54. Shew that, if OB, EF \> 
which intersect iji A and S, t 
through the sii points A, B, C, D, M, F; and give a construc- 
tion for the position of the major axis. 

55. If the intersection P of the tangents to a conic at two 
of the points of its intersection with a circle lie on the circle, 
then the intersection i" of the tangents at the other two points 
will lie on the same circle. In this case find the relations con- 
nectinj the positions of P and P" for a central conic, and deduce 
the relative positions of P and P" when the conic is a parabola. 

56. If T, T be any two points equidistant and on 
opposite sides of the directrix of a parabola, and TP, TQ 
be the tangents to the parabola from T, and TQ', TP the 
tangents from Z"; then will T, P, Q, T, P', Q' all lie on a rect- 
angular hyperbola. , 

57. If ft straight line cub two circles in A, A' and B, S 
and if C, C be the common points of the circles, and if be 
any point; shew that the three circles OAA, OBS and OCC 
will have a common radical axis, 

8. C. S. 15 
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58, With a fixed point for centre circlea are described 
catting a conic; ahew that the locus of the middle points of the 
oommon chords of a circle and of the cooic is a rectangalar 
hyperbola. 

50. With a. fixed point for centre any circle is described 
cutting a conic ia four points real or imaginary; shew that 
the locus of the centres of all conica throagh these four points 
is a rectangular hyperbola, which ia independent of the radius 
of the circle. 

60. The normals at the ends of a focal chord of a conic 
intersect in and the tangents in T; shew that TO produced 
will pass through the other focus. 

61. If from any point four normals be drawn to an ellipse 
meeting an a^a in G^, G^ G„ G^ then will 

J_ J_ J_ 1 4 

CG^ * CQ, * fG, "^ CG^ ~ CG, + CG, + OG, + 6'(?, ' 

62. If the normals to an ellipse at A, B, G, D meet in 0, 
find the equation of the conic ABGDO, and shew that the 
locus of the centre of this conic for a fixed point is a straight 
line if the ellipse bo one of a set of co-axial ellipses. 

63. The four normals to an ellipse at P, Q, R, j?'nieet at 0. 
Straight lines are drawn from /", Q, R, S such that they make 
the same angles with the axis of the ellipse as CP, CQ, CS, CfS 
respectively : prove that these four lines meet in a point 

64. The normals at P, Q, B, S meet in a point and lines 
are drawn through P, Q, B, S making with the axis of the 
ellipse the same angles as OP, OQ, OM, OS respectively: prove 
that these four lines meet in a point 

65. The normals at P, Q, B, S meet in a point ; and 
P, Q, K, S' are the points of the auxiliary circle correspond- 
ing to P, Q, B, S respectively. If lines be drawn through 
P, Q, B, S parallel to PC, Q'C, SV and S'C respectively, shew 
that they will meet ia a point. 

66. If from a vertex of a conic perpendiculars be drawn 
to the four normals which meet in any point 0, these lines 
will meet the conic again in four points on a circle. 
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67. Tangents aw dr&wn from any pomt on the conic 

— . + n = i to the conic -; + , 5 = I : prove that the nonnals at 
a, b a' b ' 

the points of contact meet on tha conic a'a?+b'y*-i — - — J . 

68. If ABC be s triangle inscribed in an ellipse such that 
the tangents at the angular points are parallel to the opposite 
sides, shew that the normals at A, B, G will meet in some 
point 0. Shew also that for different positions of the triangle 
the locus of will be the ellipse 4aV + 46'^* — (»' — 6')'. 

69. If the co-ordinates of the feet of the normals to xy = a 
from tho point {X,Y) bo a;,, y,; x^, y,; a;,, y^; «„ y,; then 
r=y, + y, + y, -f-j/j, and X = a;, + SB, + «, + a:,. 

70. The locus of the point of intersection of the nonnals 
to a conic at the extreinities of a chord which is parallel to a 
given straight line, is a conic. 

71. Any tangent to the hyperbola ixy-ah meets the 
ellipse — , +^ = 1 in points P, Q; shew that the normals to the 
ellipse at P and Q meet on a fixed diameter of the ellipse. 

72. If four normals be drawn from the point to the 
ellipse 6'a^ + «'y' = a'ft", and Pi,^,,p„^^be the perpendiculars 
from the centre on the tangents to ^e ellipse drawn at the feet 
of these normals, then if 

L L L J_-i :- 
Pi" Pt P' P' <'' ' 
where c is a constant, the locus of ia a hyperbola. 

73. Find the locus of a point when the sum of the 
squares of the fonr normals from it to an ellipse is constant. 

74. Tho tangents to an ellipse at the feet of the normals 
which meet in (/ g) form a quadrilateral such that if (a^',y'), (x", y") 

be any pair of opposite vertices — j- = -3- = - 1, and that the 

equation of the line joining the middle points of the diagonab 
of the quadrilateral is _A! + jy = 0. 

75. Tangents are drawn to an ellipse at four points which 
are such that the normals at those points co-intersect; and four 
rectangles aie constructed each having two adjacent sides along 

15—2 
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the axes of the ellipse, aad one of those tangents for a diagon&l. 
Prove that the difitant extremities of the other dit^^nfJs lie 
in one straight line. 

76. From a point P normals are drawn to an ellipse 
meeting it in ^, B, C, D. If a conic can be described passing 
through A, S, C, D and a focus of the ellipse and touching the 
corresponding directrix, shew that P lies on one of two fixed 
straight lines. 

77. If the normals at A, B, C, D meet in a point 0, then 
wUl SA.SB.aC.SD^h*. tiO', where ^ is a fociis. 

78. From any point four normals are drawn to a rect- 
angalar hyperbola; prove that the sum of the squares on these 
normals is equal to tliree times the square of the distance of 
the point from the centre of the hyperbola. 

79. A chord is drawn to the ellipse ^ "*" ^3 = 1 meeting the 

B in a point whose distance from the centre is 

. At the extremities of this chord normals are drawn 

to the ellipse; prove that the locus of their point of intersection 
is a circle, 

80. The product of the four normals drawn to a conic from 
any point is equal to the continued product of the two tangents 
drawn from that point and of the distances of the point from 
the asymptotes. 

81. Find the equation of the conic to which the straight 
Jines {m + Xy)'-p' = ^, '"^A {x + fiyf-^—d are tangents at the 
ends of conjugate diameters. 

82. From any point T on the circle s? + y' = <^ tangents 

TP, TQ are drawn to the ellipse ^ + |j = 1, and the circle TPQ 

cuts the ellipse ^ain in P'Q. Shew that the line P'Q' 
always touches the ellipse 

S3. A focal chord of a conic cuts the tangents at the 
ends of the major axis in A, B; shew that the circle on AB as 
diameter has double contact with the conic 
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84. ABC J} is any rectangle circumscribing an ellipse whoBe 
foci are ^ and H; shew that the circle ABS or ABU is equal 
to the auxiliary circle. 

85. Any circle is described having its centre on the 
tangent at the vertex of a parabola, and the four common 
tangents of the circle and the parabola are drawn; shew that 
the sum of the tangents of the angl<^ these lines m^e 
with the axis of the parabola is zero. 

86. Tangents to an ellipse are drawn from any point on 
the auxiliary circle and interaect the directrix in four points : 
prove that two of these lie on a straight line passing throngli 
the centre, and find where the line through the other two 
points cuts the major axia. 

87. If M = 0, V = be the equation of two central conies, 
and «^ v^ the values of u, -a at the centres C, C of these conies 
respectively, shew that u^ib^v^u is the equation of the locus of 
the intersection of the lines CF, CP, where P, F" are two points, 
one on each curve, such that FF is parallel to CC . Examine 
the case where the conies are similar and similarly situated. 

88. Two circles have double internal contact with aa 
ellipse and a third circle passes through the four point* of 
contact. If (, (', T be the tangents drawn from any point on 
the ellipse to these three circles, prove that H' = Z". 

89. Find the general equation of a conic which has 
double contactwiththetwocircleB(3:-a)'+i/'=c', (a;— 6)'+y'=<r, 
and prove that the equation of the locus of the extremity of 
the latus rectum of a conic which has double contact with the 
circles {a; * o)" + y" = c" is y" («!• - o') {a? - a' + c") = cV. 

90. Shew that the lines Ix + my = I and l'x-¥m'y— 1 
are conjugate diameters of any conic through the intersections 
of the two conies whose equations are 

{Pm- ^r'm)af+2(l- 1') mm'xy + (m - m') nrnV = 2 (/(»' - f m) x, 
and 
{m-V - m"l) y" + 2 (m - m') Wxy + (i - f ) IVa? = 2 (mf - m'V) y. 

91. If through a fixed point chords of an ellipse be drawn, 
and on these as diameters circles be described, prove that the 
other chord of intersection of these circles with the ellipse also 
paaaea through a fixed point. 
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92. Tlie angular pomt« of a triangle are joined to two 
fixed points ; shew that the sis points, in which the joining 
lines meet the opposite sides of the triangle, lie on a conic 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, ^ew 
that the fourth side will also pass through a fixed point in that 
straight line. 

94. Two chorda of a conic PQ, PQ interaect in a fiied 
point, and PP passes through another fixed point. Shew that 
Q(^ also passes through a fixed point, and that PQ, PQ touch 
a conic having double contoct with tlie given conic. 

95. A line parallel to one of the equi- conjugate diameters 
of an ellipse cute the tangents at the ends of the major axis 
in the points P, Q, and the otlier tangents from 7*, @ to the 
ellipse meet in ; shew that the locus of is a rectangular 
hyperbola, 

96. L, M, JV, R are fixed points on a rectangular hyper- 
bola and 1' any other point on it, PA is perpendicular to LM 
and meets NR in o, PC is perpendicular to LN and meets MB 
in c, PB is perpendicular to LR and meets MN in b. Vtove 
thzXPA.Fa^PJi.Pb^PG.Pc. 

97. P is any point on a fixed diameter of a parabola. 
The normals from P meet the curve in A. S, C. The tangents 
parallel to PA, PB, PC intewect in A', B', C Shew that the 
ratio of the areas of the triangles ABC, A'BC ia constant. 

98. A point P is taken on the diameter AB of a circle 
whose centre is C, On AP, BP as diameters circles are 
described : the locus of the centre of a circle which touches 
these three circles is an ellipse having C for one of its foci. 

99. The straight lines from the centre and foci S, S' of a 
conic to any point intei-sect the corresponding chord of contact 
in F, G, G' ; prove that the radical axis of the circles described 
on SG, S'G' as diameters passes through V. 

100. If the sides of a triangle ABC meet two given 
straight lines in a„ a,; 6,, 6,; c,, c^ respectively; and if round 
the quadrilaterals hb^c^c^, c^eji^a^, a^jj^b^ cooics be de- 
scribed; the three otter common chords of these conies will 
each pass through an angular point of ABC, and will all meet 



,11 :«l by Google 



CHAPTER XL 

STSTEUS OF comes. 

204. The most general equatioQ of a conic, viz. 
aa? + ^kxy + 6y" + ^9^ + 2/y + c = 0. 
contains the six constants a, h, b, g, f, c. But, since we 
may multiply or divide the equation by any constant 
quantity without changing the relation between x and y 
which it indicates, there are really only five constants 
which are fixed for any particular conic, viz, the five ratios 
of the six Constanta a, h, h, g,f, c to one another. 

A conic therefore can be made to satisfy j^ye conditions 
and no more. For example a conic can be made to pass 
through five given points, or to pass through four given 
points and to touch a given straight line. The five con- 
ditions which the conic has to satisfy give rise to five 
equations between the constants, and five independent 
equations are both necessary and sufficient to determine 
the five ratios. 

The given equations may however give more than one 
set of values of the ratios, and therefore more than one 
conic may satisfy the given conditions ; but the number 
of such conies will be finite if the conditions are really 
independent. 

If there are only four (or less than four) conditions 
given, an infinite number of conies will satisfy them. 

The five conditions which any conic can satisfy must 
be such that each gives rise to one relation among the 
constants; as, for instance, the condition of passing through 
a given point, or that of touching a given straight line. 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or more of the five. We proceed to give some 
examples. 

Id order that a given point may be the centre Ueo 
relations must be satisfied [Art. 168]. 

To have a focus given is equivalent to having two 
tangents given [Art. 193], 

To have given that a hne touches a conic at a given 
point is equivalent to two conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva- 
lent to having one point (at infinity) given. 

Tohave the position of an asymptote given ia equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given in position is equivalent to 
three conditions. 

To have the eccentricity given is in general equivalent 

to one condition, but since we have , - . = ^^ — , ' ,. — 

l-tr a6 — A' 
[Art. 191], if we are given that e = 0, we must have hoUt 
a = b and h = 0. 

205. Through five points, no four of which are in a 
straight line, one conic and only one can be drawn. 

If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
Unea; for no straight line can meet an ellipse, parabola, or 
hyperbola in three points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points, 

If however not more than two of the points are on any 
straight line, take the line joiniiw two of the points for 
the axis of x, and the line joinmg two others for the 
axis of y. 

Let the co-ordinates of the four points referred to these 
axes be A,, 0; A,,0; 0,ft,; and 0, /;, respectiYely. 



,11 :«l by Google 



CONICS THBOnQH FOUE POINTS. 233 

The pairs of straight lines (£ + |-- l) (f + i -l)=** 
and xy = are conies which pass through the four points. 
Hence [Art, 187] all the conica given by the equation 



^'-itt'Xt 



will paas through the four points. 

This conic will go through the fifth point, whose co- 
ordinates are x', y, if \ be so chosen that 

There is one and only one value of X which satisfies 
this last equation, and therefore one and only one conic 
will pass through the five points. 

If four points lie on a straight line, more than one 
conic will go through the five given points, for the straight 
Une on which the four pointe lie and any straight line 
through the fifth ia such a conic. 

Bi. I. Find Qie equation of the conio pasBiug through the flve points 

(2, 1) (1, 0), (3, -1), (-1,0) and (3, -2). 

The paJTB of lines {x-ji-l){x + is + l)=0, and y(2z + y-S)=0, pass 

thioo^ (he first foOT points, and therefore also the conio 

(i-y-l)(x+4jr + l)-\y(2i!+y-6)-0. 

Tbepmnt (3, -2) is on the Istlei conic if X= -3; therefore the required 

equation is 3^ + liiy-i-iy'-i5y-l = 0. 

Ex. 2. Find the equation of the conic which passes through, the five 
points (0, 0), {2, S), (0, S), (2, 6) and (4, 6). 

Ant. £a?-l(tey + 4j/' + 20!t-12s=0. 

206. To find the general equation of a conic through 
fow fixed points, 

Tako the line joining two of the points for axis of 
x, and the Une joining the other two for axis of y, and 
let the lines whose equations are ax + by — 1—0 and 
a'x + b'y —1 = cut the axes in the four given points. 

Then ay=0, and {oaj+Jy — l){o'a! + 6'y-l) =0 are 
two conies through the four points, and therefore all the 
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conies of the system are included in the equation 

\xy + (ax + by-l)(a'x + b'2/-l) = (i), 

or aa'a? + {ba' + ab' ■\-\)xy-\- 66'y* 

-(o + ct')a;-(6 + 6')2; + l = (li). 

207. The equation (ii). Art. 206, will represent a 
parabola, if the terms of the second degree are a perfect 
square; that is, if 

^aa'bh' = (ba +ai' + \)\ 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
are real if the roots of the equation are real, which 
is the case when aa'bb' is positive. It is easy to shew 
that when aa'bb' is negative the quadrilateral is re-en- 
trant; in that case the parabolas are imaginary, as is geo- 
metrically obvious. 

When the terms of the second degree in (ii). Art. 206, 
form a perfect square, the square must be {Jaa'x ± •JWy)". 
Hence [Art.172], the axes of the two parabolas are parallel 
to the lines whose equations are Ja^x ± Jbb'y = 0, or as 
one equation aa'x' —hb'y^—Q. 

These two straight lines are parallel to conjugate di- 
ameters of any conic through the four points [Art. 183]. 

Hence all conies through four given points have a pair 
of conjugate diameters parallel to the axes of the two par 
rabolas through those points. 

208. To find the locus of the cenhrea of the conies wkicii 
pass through four fixed points. 

As in Art. 206, the equation of any conic of the 
system is 

\a;y + {aa; + by — l) {a'x+h'y — 1) =0. 
The co-ordinates of the centre of the conic are given 
by the equations 

\y + a{a'x + b'if-l) + a' {ax + by — l)=0, 
and JM + h {a'x + h'y — l) + b'{ax + by— 1) = 0. 
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Multiply these by x and y respectivaly and subtract ; 
then we nave, for alt values of X, 

{ax — by) {a'x + h'y - 1) + {ax — h'y) {ax+hy--V) = 0, 
or 2aaV - Ibh'y* - (a + a') « + (6 + 6') y = 0. 

The locua of the centre is therefore a conic whose 
asymptotes are parallel to the lines oaV — ifc'y' = 0, i,e. 
ptUBllel to the axes of the two parabolas through the four 
}k)iiits. [The two parabolas are conies of the system, and 
their centres are therefore the points at infinity oa the 
centre-locus.] 

209. The centre-locus in Art. 208 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining the other 
two; and by symmetry it must go through the intersection 
of the other pairs of lines through the four points. [This 
could have been seen at once, for the pairs of lines are 
conies of the system and their centres are their points of 
intersection, and therefore these points of intersection are 
points on the centre-locus.] 

The centre-locus cuts the axis of x where ic = and 

where a; = J ( - + -A. Therefore the locus passes through 

the point midway between [-, o) and [-,, 0], that is 

through the middle point of the line joining two of the 
fixed points, and therefore similarly through the middle 
point of the line joining any other two of the four points. 

If then A, B, C, D be any four points, the three points 
of intersection of AB and CD, of AG and BD, and of XD 
and BG, together with the six middle points of AB, BO, 
CA, AD, BD and CD all lie on a conic, and this conic is 
the locus of the centres of the conies which pass through 
the four points A, B, C, D. 

210. If Oa' and hV have the same sign, '^3 see from 
Art. 20S that the centre-locus is an hjrperbola, and that if 
aa' and W have different s^ns the cettb^-locus is an ellipse. 
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If ad = hh', that is if the four points are on a circle, the 
centre-locus is a rectangular hyperbola. If aa' = — hb', 

and the axes are at right angles, all the conies of the 
Bjatem are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the lines joining any two of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABC. 

Hence a circle will pass through the feet of perpendi- 
culars uf a triangle ABG and through the middle points 
of AB, BG, CA, AD, BD, CD where D ia the ortho-centre 
o£ the triangle ABC, and this circle ia the locus of the 
centres of all the conies (which are all rectangular hyper- 
bolas) through A, S, C, V. This cii-cle is called the nine- 
point circle. 

211, The asymptotes of any conic through the four 
points defined as in Art. 206, are parallel to the lines 

\a:t/ + {ax + by) {a'x + b'y) = 0, 
or ada? + iX + ab' + a'b) xy + hb'y' = 0. 

And [Art. 183] these lines are parallel to conjugate dia- 
meters of the centre-locus. Hence the asymptotes of any 
conic through the four points are parallel to conjugate dia- 
meters of the centre-locus; as a particular case, the asymp- 
totes of the rectangular hyperbola which passes through 
the four points are parallel to the axes of the centre-locus. 

El 1. The polar of a flied point with respect to a Bystem ol conios 
through fonr given pointa will paes throogh a fiied point. 

Take the Gxed point for origin, and let 

S= <w^+ 2iiy + hy*+2gx + 2/V + c =0, 
and S = a'!^ + iVxy + b-y' + 2^!c-i-2fy + e/-iy, 

be two of tte conioB; then any conic of the Eyetem ia given b; S -'KS' — d. 
The polar ol the origin is 

gx+fy + c-\[a-x+fy + ^)^(i. 
and this, for all valaes of \. pasBes through the intereectioa of 
p2+/y + c = 0, ftndff'ar+/'y + <''=0- 

Ex. 2. The locus of the poles of a giren straight line nith respect to 
the oonics which pass tbtoogh four given points is a oonio. 

Take the fixed straight line for the mis of a, and let the equation 
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of (my conia (if (he BTBtem be as in Ex. 1, Tbe polar of (x', y') is 
x{a3f + hy'+g) + y{hit-+b^+f) + g^+/y' + c 

-\]x{aV+k'^+g')+S{h-x'+bY+f)-tg'x'+fy' + if]=0. 
If this is the Bame hue ae i/=0, the ooeCBcient ot x and the constant 
term most be zero. Equate these to zero and eliminate X. 

Ez., 3. Shew that the locas of the pole of a given straight line 
with respect to any conio -which paaseB throogli, the angular points of 
a given square is a reotangnlar hjperbola. 

[Take for axes the lines thioogh the centre of the Bqoare parallel 
to the sides; then the conies are given bj ir'--a'-A(i/*-a')=0.] 

Ex. i. The nine-point cindea of the tonr triangles determined by 
foot given points meet in a point. 

212, If a ™ and ;9 = are the equations of one pair 
of straight lines through four given points, and 7 = 0, 
5 = the equations of another pair, any conic through 
the four points has an equation of the form 

off = kyB. 
Now, if a = be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 
point from the line. Hence the geometrical meaning of 
tbe above equation is 

PiP, « PJ>t' 
where jj, p,, jj,t p^ are the perpendiculars on the four lines 
a = 0, p = 0, 7 = 0, B = D respectively, the perpendiculars 
being drawn from any point on the conic 

213. 1/ P, Q, R, 8, he four points on a conic, and 
QP, US meet in A, QS, PR in B, and PS, QR in C; then 
of the three points A, B, G each la the pole with respect to 
the conic of the line joining the other two. 

Take A for origin, and the two lines ASR, APQ for 
axes of w and y respectively. 

Let the equations of PS and QR be 

(w; +6y -1=0 (i), 

a'x + b't/~l=0 (ii). 
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Then the equations of PR and QS will be 

a'x + by -1 = ....(iii), 

and ax + J'y— 1 = (iv). 

The equation of any conic through the intersection of 
the conies xy=ii and {ax + 6y — 1) {ax + b'y — 1) = 0, 
will be 

\xy + {ax-\-hj-\) {a'x + h'y - 1) = 0. 
Tho polar of the origin of this conic is [Art. 179] 
(a + a')a; + (& + ''')3'-2 = 0. 
Writing this in the forms 

(Kc + Jy — 1 + dx + 6'y — 1 = 0, 
and fflV + Jy — 1 4- aa; + t'y — 1 = 0, 

we see that the polar of the origin goea through the point 
of intersection of the lines (i) and {ii), and also througn'the 
point of intersection of the lines (iii) and (iv). The polar 
of A with respect to the conic is therefore the line Bv. 

It can be shewn in a similar manner that GA is the 
polar of B, and AB the polar of C. 




k. triangle which is such that each of its ai^lar points 
is the pole, with respect to a conic, of the opposite side, is 
called a self -cov jugate, or self-polar triangle. 

214. If a conic touch the sides of a quadrilateral and 
ABG he the triangle forToed by the diagonals of the quadri- 
lateral; then will ABG he a self-polar triangle with respect 
to the conic. 

Let P, Q, B, 8 he the points of contact. 

Then, in the figure, L is the pole otPQ, and If is the 
pole of SR; therefore LN is the polar of the point of 
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intetsection of PQ and SR. Similarly KM is the polar 
of the point of intersection of SP and BQ. 

Hence A, the point of in- 
tersection of LN and KM, ia 
the pole of the line joining 
the point of intersection of PQ, 
SB and the point of intersec- 
tion of SP, MQ. 

But [Art. 213] the point of 
intersection of PR and SQ is 
the pole of this last line. 

Hence A is the point of 
intersection of PB and SQ. 

So also B is the point of 
intersection of SP and BQ, 
and C is the point of inter- 
section of PQ and SB 

Hence from Art. 213 the 
triangle ABC is self-polar. 

215. To find the general equation of a conic which 
touches the axes of co-ordinates. 

If the equation of the line j oining the points of contact 
be ax + bv— 1 = 0, the equation of a conic having double 
contact with the conic xy = 0, where it is met by the line 
ax-^hy-l = Q, is [Art. 187] 

{ax + hy-Vf- 2XjTy = 0. 

210. To find the general equation of a conic which 
touches four fixed straight lines. 

Take two of the lines for axes, and let the equations 
of the other two he lx + my —1 = 0, and I'lc + m'y — 1 = 0. 
The equation of any conic touching the axes is 

(ax + by -l)*-2\xy = (i). 

The lines joining the origin to the points where 
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la; + my = 1 cuts (i) are given by the equation 

{ax ■\-hy — lx— my)* = ^\xy (li). 

The line will touch the conic if the lines (ii) are 
coincident, the condition for which is 

{a-lf{b-mf^{{a'-l){b~m)-\]*; 
whence X = 2 C« — (i — «»)- 

Hence the general equation of a conic touching the 
four straight lines 

a;=0, y=0, ip + my-1 =0, and Vx •\-m'y — l=(i, 
is (ax-\-hy-\f = 'i\xy; 

the parameters a, b, X being connected by the two 
equations 

\=2(a-i)(6-wi) = 2(a-0(6-m'). 

217- To find the locvs of ike centres of conies which 
touch four given straight lines. 

If two of the lines be taken for axes, and the equations 
of the other two lines be 

Ix + my — 1=0, and I'x + m'y —1 = 0, 
the equation of the conic will be 

(aic + fry-l)'-2Xxy = 0, 
with the conditions 

X = 2(a-0(6-m} (i), 

X=2(a-0(&-m') (ii). 

The centre of the conic is given by the equations 
a{ax + by-\)-\y=Q, and h{ax + by ~1) -\x = <i; 

.'. ax = by, and a(2ax-'l)=Xy (iii). 

To obtain the required locus we must eliminate a, b 
and X from the equations (i), (ii), and (iii). 
From (i) and (iii), we have 
a {2ax - 1) = 2y (a - Z) (A - to) = 2 (d - (by ~- my) ; 
therefore, since ax = by, 

a {2lx + 2my - 1) = 2lmy. 
Similarly, from (ii) and (iii) we have 
a (2i'a: + 2m'y - 1) = 2l'm'y. 
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Eliminatmg a, we obtain the equation of tlie locus of 
centres, viz. 

2lx + 2m.y - 1 _ 2tx + 2m'y - 1 
Im I'm' 

The required locus is therefore the straight line whose 
equation is 

\m m/ " \l 1/ Im Vm 
This straight line can easily be shewn to pass through 
the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
limiting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal. Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 
locus of the conies touching the sides of the quadrilateral. 

218. All conies touching the axes at the two points 
where they are cut by the Ime ax-yby — 1 = are given 
by the equation 

(aa, + 6y-l)' = 2X^y. 
The conic will be a parabola if X be such that the 
terms of the second degree form a perfect square : the 
condition for this is 

a'6' = (oft — X)' ; 
.-. X = 0, or X=2a6. 
The value X = gives a pair of coincident straight 
lines, viz. {ate + hy — 1/ = 0. 

Hence, for the parabola, X = 2ofr, and the equation 
of the curve is 

{oic + hy~ If = iabxy. 
The above equation can be reduced to the form 
Jax + Jby = l. 

219. Tojlnd the equation of the ttmgent at any poirtt of 
*Ae parabola Jax + Jby = 1. 

We may rationalize the equation of the curve and then 
B. c. s. 16 
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make use of the formula obtained in Art. 177. The result 
may however be obtained in a simpler form as follows. 

The equation of the line joining two points (so', ■}/) and 
{x", y") on the curve is 

?^^ = V ~1 

x"-af f -y 

with the conditions 

Ja^-\-Jk^ = \=Ja^-\-Jby^. (ii). 

From (ii) we have 

V«(V'^'-Va^") = -VA(Vy-Vy") (iii). 

Multiply the corresponding sides of the equations (i^ 

and (iji), and we have 

_,_^,(.-.).^_-_„ (,,_,), 

The equation of the tangent at (a:', y') is therefore 

or, since Ja^' + Jhy' = 1, 

To find the equation of the polar of anj^ point with 
respect to the conic, we must use the rationalized form of 
the equation of the parabola. 

Ex. 1. To find the ermdition IhtU the line Lr + nt^- 1=0 may touch 
theparabola ,jax + ijby-l=0. 

The egnaticm ol the tongeut at tMj point {x', y^ is 

whioli is the same as the given eqantion, it '^a/ji widm= -/—,{. 
<w if -y = ija^, and — — tjln/. 

Heuoe the reqoiced condition ia 

a b^_ 
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Ex. 3. To Jind the foeut of the pandMla ahoie tpiatton U 

The (dide which tonchefi TQ »t T and which paaaee through P will 
also pass through the focos [see Art. 1G5 (4), two of the langenta being 

ooinddent]. The two paints P, Q »« (- . O) and f 0, r ) . Therafora 

the toou IB on both the cirales whose eqiutions ue 

and a? + 2iiyooaa. + y'-|=0. 

Henoe the foooa is givea by 

*' + 3/'+3iycosu=- — J . 

Ex. S. To find the direetrix of tke parabola ^fax+ J by =1, 
The directiii is the locaa of the intaiseation of taageata at right 
angles; tiow the line lx-^my = 'i. will be perpendionlar to y=0 if. 
nt — IcoB u^O, and the line will tonoh if ^ + — = 1. Therefore l^e inter- 
cept on the aiia of x made hj a tangent perpendicular to that axis is 
given bj y ( a + — — 1 = 1. 

;&noe the point ( ; — , ) ia on the directrix. 

Similarly the point (O, — -j-^ — I is on the directrix. 

' 1~ y^ ■ o + lcOBu/ 

Hence the required equation is 

!e(ft + aco8oi) + y(a + 5c0Bu) = 0O8iB, 

220. Since the foci of a conic are on its axes, if two 
conies are confocal they must have the same axes. 
The equation 

a* + X 6 + X ' 
will, for different values of X, represent different conies of a 
confocal system. For the distance of a focus from the 
centre is 

V{(a' + >•) - (6' + >■)] or V(a' - b% 

16—2 
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221. The equation of a system of confocal conies ia 

— +-^=1 
a'+X b' + \ 

If X is positive the curve is an ellipse. 

The principal axes of the curve will increase as X 
increases, and their ratio will tend more and more to 
equality as X is increased more and more; so that a circle 
of infinite radius is a limiticg form of one of the confocals. 

If X he negative, the principal axes will decrease as 
X increases, and the ratio ,--, will also decrease as X 




increases, so that the ellipse hecomes flatter and flatter, 
imtil X is equal to — b\ when the minor axis vanishes, and 
the major axis is equal to the distance between the focL 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confoc^s. 

If 6' + X ia negative, the curve is an hyperbola. 
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If }/+\ is a small Degative quantity the transverse 
axis of the hyperbola ia very nearly equal to the distance 
between the foci ; and the complement of the line joining 
the foci is a limiting form of the hyperbola. 

The angle between the asymptotes of the hyperbola 
will become greater and greater as —X becomes greater 
and greater and in the limit both branches of the curve 
coincide with the axis of y. 

If X is negative and numerically greater than o', the 
curve is imaginary. 

222. Two conies of a conjhcal system pass through any 
given poirtt. One of these conies is an ellipse and the other 
an hyperbola. 

Let the equation of the original conic be 

a* ft' ■ 
The equation of any confoca] conic is 
ar' j' _ 1 

o' + \ 6* + X 
This will pass through the given point (;r', y'), if 

f I y" -1 

<F+X 6* + X 

In the above put A'+ X = X' ; 
then a;™X' + y^(X' + oV)-V{X'+a*e») = 0, 

or X" - X' (a/* 4- y" - oV) - aVy'* = 0. 

The roots of this quadratic in X' are both real, and are 
of different signs. Therefore there are two conica, and 
6' + X is positive for one, and negative for the other, so 
that one conic is an ellipse and the other an hyperbola. 

223. Orie conic of a confocal system and only one wilt 
touch a given straight line. 

Let the equation of the given straight line be 
te + my —1 = 0. 
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The line will touch the conic whose equation is 

o*+X 6' + \ ' 
if {a* + X)l*+(h'+X)m? = l [Art. 115], 

which gives one, and only one, value of X. Hence one 
confocal will touch the given straight line. 

224. 2*100 confocal conies cut one another at right 
angles at all tiieir common points. 
Let the equations of the conies bis 

T + ^ = 1, and -.—^ + ,vV, = 1. 
a a +X b +X 

and let (y, y') be a common point ; then the co-ordinates 

x', y' will satisfy both the above equations. 

Hence, by subtraction, we have 



..(i). 



a'(a'+\) 6'(6*+X)" 
Now the equations of the tangents to the conies at 
(«■, y") are 

=' + f.l.a„d.-5;- + „?f -1 
a a -f X 0^4- X 

respactively. 

The condition (i) shews that the tangents are at right 
angles to one another. 

225. The difference of fiie squares of the perpendictUars 
drawn from, the centre on any two parallel tangents to Uoo 
given confocal conies is constant. 

Let the equations of the conies be 

a a+\ +X 

Let the two atmght lines 
aicosa + ysina— p = 0, xcosa+ysin a— j)'=0. 
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touch the conies respectively; then [Art. 115, Cor.] we 
have j»" = o* cos* a + h* ain' a, 

and p" — (o* + X) cos' a + (6' + X) sin*a ; 

.: p'*-p* = \. 

226. ff a tangent to one of two eonfocal conies be 
perpendictua/r to a tangent to the other, the locus of their 
point of intersection is a circle. 

Let the equationB of the eonfocal conies he 

^ + ^=1, and -,^- + j^ =1. 
(T tr a' + X + X 

The lines whose equations are 

acoaa + y BID a = i^ia* cos* a + 1^ am* a) (i), 

iusina — ycosa = V{{a' + ^) ein'aH- {J* + X) co9'a)...(ii), 
touch the conies respectively, and ace at right angles 
to one another. 

Square hoth sides of the equations (i) and (ii) and add, 
then we have for the equation of the required locus 
a:' + ff* = o' + fr' + X. 
J£ we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangents to it will pass 
indefinitely near to a focus ; so that Art. 1 25 (*;) is a 
particular case of the above. 

Bz. 1. Any two parabolaB which have a conunon focoe and thdr axes 
in opposite directioiis interseot at right angles. 

Ex. 3. Two parabolas have a common focaB and their axes In the 
same straight line ; shew that, if TP, TQ be taDganta one to each of the 
parabolas, and TP, 7Q be at right angles to one another, the loaoa of T 
is a straight line. 

Ex. S. TQ, TP are tangents one to each of two oonfocsl coniot whoie 
centre is C ; shew that if the tangents me at right angles to one another 
CT will bisect FQ. 

Let the tangents be 

5 + ^=1. and $' + ^=1. 
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248 CONFOCAL CONICS. 

the eqnatiou of CT. will be 

ThJB -will pMB throngh the middlo point of PQ, if 

that is, if 

Of, Bince the oonicB iu« ooufooal, if 

Th&t ie, if the tajigentB are at light an^es. 

Ex. i. TP, TQ are tangentB one to each of two paiabolaa whioh have 
a oammon focDE and their aiee in the aatae straight line ; shew that, if 
a line through T parallel to the aiiB bisect PQ, the tangenta will be at 
right angles. 

Ex. G. If points on two oonfooal ellipses whioh have the same eooea- 
trio angles are called oonesponding points ; shew that, if P,Q be any 
two points on an ellipse, and j>, ; be the corresponding points on a 
oonfocal ellipse, then Pq=Qp. 

227. The locus of the pole of a given straight line vnth 
respect to a aeries of confocai conies is a straight line. 
Let the equation of the confocals be 

a» + X+&' + X ■* '•'■'■ 

and let the equation of the given straight line be 

ic+my = 1 (ii). 

The equation of the polar of the point {a;', i/} with 

respect to (i) is ~r ^ v + 1.^ , = 1 ("i)- 

If (ii) and (iii) represent the same straight line, wo 

must have — i — — = I, y—^ — = m : 

a' + X ' b' + \ ' 

x' . v' I. ^ 
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Hence tie locus of the poles is the straight line whose 
equation is ' 

This straight line is perpendicular to the line (ii). 
One confocal of the system will touch the line (ii), and the 
point of contact will be the pole of the line with respect to 
that confocal. 

Hence the locus of the poles is a straight line perpen- 
dicular to the given straight line and through the point 
where it touches a confocal. 

228. From any pmnt T the two tangents TP, TF are 
dra/am- to one conic, and the two tangents TQ, TQ' to a con- 
focal conic ; shew that the straight lines QP, Q'P vnll make 
equal angles with the tangent at P. 

Let TP and the normal at P cut QQ' in K, L 
respectively. 

Then [Art. 227] the pole of TP, with respect to the 
conic on which Q, Q' lie, is on the line PL. Also, since 
T is the pole of QQ" with respect to that conic, the pole 
of TP is on QQ' [Art. 180]. Therefore the pole of TPK 
is at L, the point of intersection of QQ' and FL. 




Therefore [Art 181] the range K, Q. L, Qf, and the 
pencil PK, PQ, PL, P</, are harmonic. 
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350 coNPOCAL coNica 

Hence, since the angle KPL is a right angle, P Q and 
Pq make equal angles with PL or FK [Art. 56]. 

Cor. 1. Let the conic on which Q, Q' lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes — The lines joining the fod of a conic to any point P 
on the cv/me make equal angles with the tangent at P. 

Cor. 2. Let the conic on which P, P' lie degenerate 
into the line-ellipse, and we have — Two tangents to a conic 
subtend equal angles at a focus. 

Cor, 3. Let the conic on which P, P" lie pass through 
T, and we have — The two taTigeTUs drawn to a conic from 
any "point T make equal angles with the tangent at T 
to eiUter of the confocal conies which pass through T. 

229. If QQ' be any chord of a given conic which 
touches a fixed confocal conic, then will QQ vary as the 
square of the parallel diameter. Also, tf GE he drawn 
through the centre parallel to the tangent at Q and 
meeting QQ' in E, ihen will QEbe of conatarA length. 




Let rbe the pole of QQ^, and let (77 cut QQ" in F, and 
the curve in P. Also let CD be the serai-diameter paral- 
lel to QQ'. 

JjCt p'.p be the lengths of the perpendiculars from the 
centre on QQ, and on the parallel tangent to the ellipse 
QP^ ; then [Art. 225] we have ■, 
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Hence 2h-l-?!-l -22!- «•"• 
Hence -,_l--,_l _ ^j^.-^j^, 

therefore, since p . CD = ab, we have 

.■.Qr-^ci)> 



Also 
QB OT 07, OT OP' OB' 

§r" VT~or.oT-ov~ ci'-ov~qv< 

therefore from (i) we have 

Ex. TP, TQ art tangmti one to each of tteo fixed eonfoeal eonici,- 
4hev tkat, if the tangttUi are at right angUt to one another, the Um PQ 
wiU ahcayi touch a tlUrd cortfocal eonic. 

It C be the oommon oeatre, then ainca the (angeats are at right angles 
to one another the line CT biaeots PQ [Ex. (S) Art. 226]. Therefore 
CT and QP make equal auglee with the tangent at Q. If therefore CE 
be parallel to the tangent at Q, and meet QP in E, we have QE—CT. 

Bnt OT ia constant [Art. 226]. Henoe QE ia oonatant, and therefore 
QSP toDohea a flied oonfooal. 

230. Wben two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have coniact of the first order at the 
point. When three points of intersection are coincident 
the curves are said to have contact of the second order, 
and 30 on. 

A curve which has with a given curve a contact of 
the highest poeaible order is called ao osculaHng curve. 

A circle can only be made to pass through three given 
points ; hence the circles which osculate a curve have 
contact of the second order with it. 

The circle which has contact of the second order with 
a given curve at a given point is generally called the circle 
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252 THE CONTACT OP COMICS. 

of curvature at that point, and the radius of the cirde is 
mled the radius of curvature at the point. 

Two conies intersect in four points. Hence two 
conies cannot have contact with one another of higher 
order than the third. If they have contact of the second 
order they will have OTie other common point. 

231. To find the general equation of a conic which has 
contact of the second order witJi a given conic at a given 
point. 

Let S = he the equation of the given conic, and let 
r = he the equation of the tangent to 8= at the given 
point {x, y). 

The equation of any straight line through {a/, y^ is 
y — i^ — m(x — a;') = 0. 

Hence the equation 

S-\T[(y-y')-m{a,-^')].0 (i) 

is the equation of a conic passing through the points where 
the straight lines T = 0, and y — y' — m (x — oT) = cut 

Hence (i) intersects )Sf= in three coincident points. 
The two constants X and m being arbitraiy, the conic 
given by (i) can be made to satisfy two other conditions. 
They oan for instance be so chosen that the equation (i) 
shall represent a circle. 

If the line y — f/ — m{x — af) = coincides with the 
tangent, all four points of intersection are coincident. The 
conic S—\T* = therefore has contact of the third order 
with 8=0; that ia to say, is the equation of an osculating 
conic. 

Ex. 1. Find the equation of the ciide nbich osotdalee the oouio 
itr' + 26xy+cy*+3ilx = at the origin. 
All the oonica incladed in the equation 

u;^ + 2bxy + cy^ + 2dx - Xie (j — mx) — 
have oontaot of the seoond order. 

The oonditionB for a cirde are26-X=0ando + Xin=c, 
' Theiefoie the circle lecinired is ei^+ci^ + idx^O. 
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Ex. 2. Find th« eqnation of the poialiola which baa oautaot of the 
third order with the oonio iu^-h2i9^ + cy*+2(&E=0 at the origin. 

The aomcaa' + 2bxy + cj^+2(ic-\^=0oata the givai eonio in font 
coinoidant points. 

The curre U » parabola if (a - X) c = i*. 

The eqnatioQ of the Teqoiied parabola ia tharatoie 
M^+ aicry + c«i,' + 3<ia!=0. 

232. Since the iine joining any two of the points of 
intersection of a circle and a conic, and the line joining the 
other two points of intersection, make equal angles with 
the axis of the conic, we see that, if the circle of curvature 
at a point P of a conic cut the conic again in 0, the 
tangent at P and the chord P make equal angles with an 
axis of the conic. 

233. If a, j9, 7, S he the eccentric angles of four points 
on an ellipse, a circle will pass through those fourpoints, if 

a + /9 + 7 + S=2mr [Art. 184. Ex. 1]. 

Hence the circle of curvature at the point a will cut 
the ellipse i^ain at the point S where 

3a + S = 2M7r (i). 

From (i) we see that, through any particular point B 
three circles of curvature will pai^, viz. the' circles of 
curvature at the points ^ (2ir — S), J (iw — S), and J (Gir — S), 
These three points are the angular points of a maximum 
triangle inscribed in the ellipse [Art. 138 (1)]. Also, since 
S+J{2Tr-S) + ^(47r-S) + i(67r-S) = 4Tr, the point S 
and the three points the circles of curvature at which pass 
through B are on a circle. 

234. To find'the equationa of the three pairs of straight 

lines which can be drawn through the points of intersection 
of two conies. 

Let the equations of the conies be 

S=ax'+ ^hxy + 6/ + 2gx + 2/y + c = 0, 
and S' = a'i^-\-th;xy-\-h'f+2g'x+2fy + c' = 0. 
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The equation of any conic through their points of in- 
tersection is of the form 

S+\S'^0 (i). 

The conic S+\S' = will be a pair of straight lines, 
if 

U + Xa', A + XA.', 5 + X3'| =0 (ii). 

!?+v./+v". c+xc'i 

We have therefore a cubic for the determination of X. 
If any root of this cubic be subetituted in (i) we have the 
equation of one of the three pairs of straight lines. 

If X be eliminated between the equations (i) and (ii) 
we have an equation of the sixth degree which represents 
the three pairs of straight lines. 

Since one root of a cubic equation is always real, one 
value of X is in all cases real. 

It can be shewn that at least one pair of stra^ht lines 
is in all cases real. [See Salmon's Conies, Art, 282.] 

235. The equation (ii) Art. 234 is usually written 

A + X0 + X'©' + X"A' = 0. 
If the axes be changed in any manner, and the equa- 
tions of the two conies become S = and 2' = 0, the equa- 
tion S + XjST = will become 2 + X2' = ; and if X be such 
that S + \8' = Q represents a pair of straight lines, so 
also will 2 + X2' = 0. Hence the values of X for which 
S + \S' = represents straight lines must be independent 
of any particular axes of co-ordinates ; hence the ratios of 
the four quantities A, 0, ©', A' to one another must be 
independent of the axes of co-ordinates. For this reason 
they are called the Invariants of the system. The student 
will find interesting applications of invariants in Salmon's 
Conic Sections and Wolstenholme's Problems. 

236. We shall conclude this Chapter by the solutioa 
of some Examples. 
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Ex. 1, If tvo amici have each double contact Kith a third, their 
ehardi of contact with that conic, and Itco of the Iin« through their 
common point!, tniil raeet in apoint andfomt a harmonic peittil. 

Let £=0 be (he equation of (ha third oonio, and let a=0, jS=0 be the 
eqnationH of (he two chords of noatact. Then [Ait. 187] the eqnbtumB of 
the oouioB are 

S-XV=0 (i), 

ftnd S-^"/S"=0 (U). 

Now the tvo straight lines 

X>«>-^5^=0 (iii) 

go through the oonuuon points oF (i) and (ii). The lines (iii) also go- 
through the point of inlerseotioa of a=0 and 0=0 ; and [Ait. £6] the 
foiiilineaa = 0, Xa-^=0, p = Q, andXa + ;i^=OformaliamiomopeuaiL 

Ex. 3. A circle of given radiwi cuti an ellipse in four poinlt; iheut 
that the eonlinued product of the diameteri of the eUipte parallel to the 
comfmon ckordi it conttant.' 

Let the equation of (he ellipse be _ + ^= 1, and the equation of the 
ciiole be (« - a)' + (j - 0)' - fc* = 0. Then the eqnation of any pair of 



(■=-.)- + (!/-«'-«'-x(5 + g-l)-ll (1), 

wheie X ii one of the roots of the eqnation 

L 0. -. I"" (»)■ 



a, -ft \+a'+^-k'\ 

The eqnation of the diameteis of the elilpse paiallel to the lines (i) is- 

■?+v"-x(J+j;J)=o (ill). 

The two Benu.diameters given bj (iiij clearly make eqnal angles with 
die axis, and the square of the length of one of them is eq.nfil to X. 

Henoe the continued piodnct of the «ii semi-diameteis is equal to the 
prodnot ol the thiee.valnes of X given by (ii), which is easily seen to be 
a'b'k: 

Ei. S. If a conic have any one of four given pointt for centre, and the 
triangle formed by the other three for a self polar triangle, its asymptotee 
tcUl be parallel to the axei of the tico parabolas ichich poM through the- 
/owjwinti. 
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Let tlie fonr pointH be given by the intorsactioQH of the etrtught linfiB 

iV=OMid {la + my ^l){rx + m'y~l) = Q. 
The line joining the oentre of a oanio to any one of the angular pcmite 
of a, BeU polai triangle is oonjagate to the line joining the other two 
angnlar points. Henoe, for all the lonr conioa, the three pairs of lines 
joining tha fonr ^ven points are parallel to oonjogate diametara. 
Let the oqnatitai of one of the oonica be 

air'+2kxy + by' + 2gx+2fy + e=0 (i). 

The lines (ir+ii^-l)(i'i + m'9-l)=0 

are parallel to oonjogate diameters ; therefore also the lines 

11'^ + {Im.' + Z'm) ay + mm'ji" =0 
are parallel to oonjogate diameters. Henee [Art. 163], we have 
amm'+bU' = h(lm' + l'm), 
The linee zy=0 ace parallel to oonjogate dianwterB ; therefore h=0, 
and we have 

amm' + iU-=0 (ii). 

The aaymptotes of (i) are parallel to the strught lines 

or, from fii), the asymptotes are parallel to the lines 

which proves the theorem [Art. 207]. 

Ei. 4. The ciTetiToecribing circle of aTty trtangle lelf polar with 
reipfct to a conic cuti the director-circle orthogimaliy, 

Lfit the equation of the oonio be (tE» + 6y'=l ; and let {^, y"), l^', p") 
and (x"', y") be the angular points of the triangle. 

Since each of the points is on the polar of another, we have 

iM'V"+Vy"-l=0 (i), 

<tr"V + VV-l=0 (ii). 

and ojeV + VJ'^' -1 = (iii). 

The equation of the cirde eironmscribing the triangle is 



.- (iv). 



it"'+S"«, tT. 

Now, If the eqoBtion of a cirole be 

Ax'+Ay^+2Gx + 2Fy + C=i), 
the square of the tangent to it bom the origin is equal to tha ratio 
of C to .i. 

Henoe the square of the tangent to the circle (iv) ia equal (o the 
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i^ + y^, 

ar'+y"", 


k", I/' to- xT 




• 


Now rrom the eqoation 


equal to 


}wehaT« 
-1 


■y'-') 


ax" 




1 





Bj meana of these eqaatious, (a) becomes 

/^4-lM *'' »'■ ^1 

l*'-. jT, i|. 

Henoe the tangent to the eucomsorihing oirele from Qte centra of the 
conic IB eqoal to /l/{~ + t) < t^t i« equal to the radinsof the director- 
tdide, whicli provaa the proposition. 



EXUIFLEB OH GhAPTEB XL 

1. Two straight liaes of given length are moved along two 
given BtraigiLt lines in such a manner that a circle will pass 
through their four extremities; shew that the locus of the centra 
of this circle is a rectangular hyperbola. 

2, OPP", OQQ' are two chords of a conic, and any line 
through cuta the conic in £, iS' and the lines FQ, P'Q' in S, S^; 
shew that 

L J_ _L J_ 

OM'*'OS'"OS'*'0^' 
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3. A syatem erf conies pass throngli the same four points 
and tlie tangent at a given point of one of the conies cats any 

other of the crmica in i*, F"; shew that -^ + Yrp ^ constant. 

4. A drcle and a rectangular hyperbola intersect in four 
points, and one oE their common chorda is a diameter of the hy- 
jwrbola; shew that the other chord is a diameter of the circle. 

5. Of all conies \rhich pass through four given points that 
which has the least eccentricity hsiS its equi-conjugat« diameters 
parallel to the axes o£ the two parabolas through the points. 

6. Of all conies which touch two given straight lines at 
given points the one of least eccentricity will be that in which 
one of the equi-conjugate diameters passes through the intersec- 
tion of the given lines. 

7. The locna o£ the middle pdnt of Uie intercept of a 
variable tangent to a conic on two fixed tangents OA, OB is a 
conic which rediices to a straight line if the original conic is a 
parabola. 

8. Two tangents OA, OB are drawn to a conic and are cut 
in P and Q by a variable tangent; prove that the locus of the 
centre of the circle* described about the triangle OPQ is an 
hyperbola. 

- 9. A conic is drawn touching the co-ordinate axes 
OX, OT at A, B and passing through the point I) where 
OA DB is a parallelogram ; shew that if the area of the triangle 
OAB be constant, the locus of the centre of the conic will be 
an hyperbola. 

10. Tangents are drawn from a fixed point to a system of 
conies touching two given straight lines at given points. Prove 
■that the locus rf Uie point of contact is a conic. 

11. Shew that the locus of the pole of a given straight 
line with respect to a series of conies inscribed in the same 
qnadrilateral is a straight line. 

12. An eJlipse is described touching the asymptotes of an 
;hyperboIa and meeting the hyperbola in four points; shew 

that two of the common chords are parallel to the line joining 
the points of contact of the ellipse with the asymptotes, and 
ore equidistant from that lineu 
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13. In a BysteTa of conies which have a given centre 
and their aices in a given, direction, the eum of the axes is 
gitren ; shew tLat the locus of the pole of a given straight line 
ia a parabola tonchii^ the axes. 

14. A parabola is drawn so as to tonch three given straight 
lines ; shew that the chorda joining the points of contact pass 
each through a fixed point. 

15. Shew that, if a parabola touch two pven straight lines, 
and the line joining the points of contact pass through a fixed 
point, the locus of the focus will be a circle. 

16. If the axis of the parabola Via: + V6y= 1 pass through 
a fixed point, the locna of tbe focus will be. a rectangular 
hyperbola. 

17. IV>m a fixed point 0, a {>air of secants are drawn 
meeting a given conic in four points lying on a circle; shew 
that the locus of the centre of this circle is the perpendicular 
from on the polar of 0. 

18. TP, TQ are tangents to a conic, and II any other point 
on the curve; RQ, RP meet any straight line through T in the 
points K, L respectively; shew that QL and PK intersect on 
the curve- 

19. Any point i*on a fixed straight line is joined to two 
fixed points A, B <£ ^ conic, anil the lines PA, PB meet the 
conic again in Q, R; shew that the locus of the point of inter- 
section of BQ and AR is a conic 

20. The confocal hyperbola through the point on the 
a? V* 

ellipse -i -f- Ti '" 1 whose eccentric angle is a has for equation 

COB a. Bin" a 

21. Find the locus of the points of contact of tangents to 
a series of confocal conies from a given point in the mujor axis. 

23, If \, ^ be the parameters of tho confocals which pass 
through two points P, Q oa & given ellipse; shew (i) that if 
jP, § be extremities o£ conjugate diameters then X + /i ia con- 
staut, and (ii) that if the tangents at P and Q be at right angles 

then - + - is constant. 

17—3 
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23. Shew that the eods of the equal conjugate diameters 
of a series of confocal ellipses are on a confocal rectangular 
hyperbola. 

34. Find the angle between the two tangents to an ellipse 
from any point in terms of the parameters of the coafdt^la 
through tliat point ; and shew that the equation of the two 
tangents referred to the normals to the confocala aa axes will ha 

2B. The straight lines OPF', OQ^ cut an ellipse in 
P, P" and Q, Q' respectively and touch a confocol ellipse; prove 

that op.op' . QQ'= oq.oq . PF. 

26. The locus of the points of contact of the tangents 
drawn from a given jwint to a system of confocals is a cubic 
curve, whicli passes through the given point and through the 
focL 

27. Shew that tlie locus of the points of contact of parallel 
tangents to a system of confocala is a rectangular hyperbola; 
and the locus of the vertices of these hyperbolas for all possible 
directions of the tangent is the curve whose equation is 

r'-(a'-J')coB2A 

28. If a triangle bo inscribed in an ellipse and envelope 
a coafocal ellipse, the points of contact will lie on the escribed 
circles of the triangle. 

29. If an ellipse have double contact with each of two 
confocals, the tangents at the points of cootact will form, 
a rectangle. 

30. If from a fised point tangents be drawn to one of 
a given system of confocal conies, and the normals at the points 
of contact meet in Q, shew that the locus of Q is a straight 
line. 

31. A triangle circumscribes an ellipse and two of its 
angular pointa lie on a confocal ellipse ; prove that the third 
angular point lies on another confocal ellipse. 

32. An ellipse and hyperbola are confocal, and the asymp- 
-totes of the hyperbola lie along the equi conjugate diameters of 
the ellipses; prove that the hyperbola will cut at right angles 
all conies which pass through the ends of the axes of the ellipee. 
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33. Four normala are drawn to aa ellipse from a point P; 
prove that their product is 

X,\, (A, - X,) 
a'-b' • 
where X,, X are the parametera of the confocals to the given 
eUipso which pass through P and a, b the semi-axea of the given 
ellipse. 

34. Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 

35. TF, TQ are the tangents from a point 2" to a conic, 
and the bisector of the angle PTQ meets PQ in 0; shew that, 
if ROK be ajiy other chord through 0, the angle RTR' will be 
bisected by OT. 

36. If two parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
D, the other meeting it again in E; prove that the angle 
between their axes is one-fourth of the angle subtended by DE 
at the centre of the circle. 

37. If ABO be a masimum triangle inscribed in an ellipse 
and the circle round ABC cut the ellipse again in D; shew 
that the locus of the point of intersection of the axes of the two 
parabolas which pass through A, B, C, J) i^e. conic similar to 
the original conic, 

38. If any point on a circle of radius a be given by the 
co-ordinates a cos 6, a sin 6; shew that the equations of the axes 
of the two parabolas through the four points a, fi, y, B are 



yeoaS= 



■ («-.) + «. (S-«+un(«-y),, 
.m(«-8) J 

where iS=a +P + y + S. 

If the axes of the two parabolas intersect in P, shew that 

the five points so obtained by selecting four out of five points on 

Ihe drcle in all possible ways, lie on a circle of radius j. 
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3d. If A, S,C,Dhe the sides of s quadrikteral inscribed 
ia & conic, the ratio of the product of the perpendiculars from 
any point P of the circle on the sidea A and to the product 
of the perpendiculars on the sides B and D will be constant. 
Shew also, that if A, Jl, C, D, E, /"...be tbe sides of a polygon 
inscribed in tlio cunic, the number of sides being even, the 
continued product of the perpendiculars from any point on 
the conic on the sides A, C, S,...wi\\ be to the continued 
product of the perpendiciilarg from the same point on the sides 
Ji, D, ^,...in a constant ratio. 

.40. is the centre of currature at any point of the 

ellipse --f^ji = ^'> Ci-S w* the feet of the other two normals 

drawn from to the ellipse ; prove that, if the tangents at Q 

and M meet in T, the equation of the locus of 7*18-^+ -j = l- 

41. Shew that a circle cannot cnt a parabola in four real 
points if the abscissa of its centre be less than the semi-latns 
rectum. 

A circle ia described cutting a parabola in four points, 
and through the vertex of the parabola Hues are drawn parallel 
to the six lines joining the pairs of points of intersection; shew 
that the sum of the abscisses of the points where these lines cut 
the parabola is constant if the al^cissa of the centre of tUe 
circle is constant. 

42. Three straight lines foi-m a self-polar triangle with 
respect to a rectangular hyperbola. The curve being supposed 
to vary while the linee remain fixed, find the locus of the centre. 

43. If a cirule be described concentric with an ellipse, 
shew that an infinite number of triangles can be inscribed in 

the ellipse and circumscribed about the circle, if — =- + t, 
' cab 

where c is the radius- of the circle, and a, b the semi-axes of 
the ellipse. 

44. Find the points on an ellipse such that the osculating 
circle at P passes through Q, and the osculating circle at Q 
passes through P. 
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45. Prove that the locus of the centrefl of rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola. 

46. P, Q are two points on an ellipse; prove that if (he 
normal at P bisects the angle that the norma] at Q Bubtenda 
at P, the normal at Q will bisect the angle the normal at P 
subtends at Q. 

47. Shew that the centre of curvature at any point i' of 
au ellipse is the pole of the tangent at P with respect to the 
confocal hyperbola through P. 

48. ABC is a triangle inscribed in an ellipse, A confocal 
ellipse touches the sides in A', B', C. Prove that the confocal 
hyperbola through A meets the inner ellipse in A'. 

49. Of two rectangular hyperbolas the asymptotes of one 
are parallel to the axes of the other and the centre of each lies 
on the other. If any circle through the centre of one cut the 
other again in P, Q, R, then PQlt will form a conjugate triad 
with respect to the flrft. 

50. A circle through the centre of a rectangular hyperbola 
cuts the curve in the points A, B, C, D. Prove that the circle 
circumscribing the triangle formed by the tangents at A, B, C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically oj^wsite to D, 
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ENVELOPES. 



237- In the general equation of a straight line the 
two constants are not in' any way connected. If however 
the two constants are connected hy any relation, the 
equation will no longer represent any etraight line. "We 
have seen, for example, that if the constants I and m 
in the equation Ix + my — 1 = satisfy the equation 
a*P+6'm'=l, where a and b are known, the line wilt always 

touch the ellipse -j + '^ = 1 [Art. 115]. In every such 

case, in which the two constants in the equation of a 
straight line are connected by a relation, the line will 
touch some curve. This curve is called the envelope of the 
moving line. 

By means of the relation connecting the two constajits 
we may eliminate one of them, and the equation of the 
straight line will then contain only one indeterminate 
constant. If different values be pven to this constant we 
shall have a series of different straight lines all of which 
will touch some curve. 

238. To find the envelope of a line whose equation 
coniaina o» indeterminate constant of the second degree. 

Write the equation of the line in the form 

>t'i»+2/iQ + ii = (i). 

where ft is the constant. 
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Through any particukr point two of the lines will pass, 
for if the co-ordiDates of that point be substituted in (i), 
we shall have a ^ucufrah'c equation to determine /t. Now 
the two tangents through any point will be coincident, if 
the point be on the curre which ia touched by the moving 
line. 

Hence, to find the eqoation of the envelope, we have 
only to writ« down the condition that the roots of (i) may 
be equal, viz. Q'~PR = 0. 

Ex. I. To^nd the envelcpe of the ItW 

Tbe eqnation may be written n'j; — my+a^^OfUid the condition for 
equal roots gives y^ = iax. 

Ex. 3. Find the envelope of a line which evU off from the axet 
intereepU tchoee non tt eorutatU. 

If the eqoation of the line be --(-| = 1, wehave Jt+Jb=conBlaDt=e. 

Therefore| + --ji = l, or A'-ft(i-y + i:) + in!=0. Whence the eqiutioa 
of the envelope u icx=(x-y + c)', 

Ex.3. Find the envelope of the Une axeoii + bi/uttt^e. 

The eqnatioD is equivalent to 

ax-e-i-2byt~(ax + e)t'=<3, where f=tan-. 
Hence, the envelope ia 

(«,-<:) («« + .) + 6V=0. 
or a'i" + iiV='^- 

Ex. 4. The envelope of the polar of a given point leith retptet to a 
lytlem of oonfocal coniei it a parttiiola Khote directrix ir CO, where C ii 
the centre of the confocait, 

11 the oonfooali be ^ven bj the eqnstion 

•nd be the point (z*, jf), the line who«e envelope is required is given bj 

«' + X- f+X ' 
or by X'-\(ie'n-sF's(-o'-ii^+o'6»-6Vi-aVi'''0- 
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Tha eqnatioD of the envelope b Aerefors 

4 (a>6' - IVi - oVj) = (i!'i + y'y - a' - 6*)'- 

The enrelope la therefore a p&rsibola. 

Two confocab pass throngh O, and the polari of with teBpect to 
them ue the tangenta at O; hence, aitice these tangenta are at ri^t 
angles to one another, l^e point is on the directrix of the parabola. Bj 
conaidering the limiting forma of the confocals as in Art. 231, we see that 
the aiea themaelTes are polara of ; hence C is on the diiectiiz of the 
parabola; so that the direotrii ia the line CO, 

239. To find the envelope of the line he + my + 1 = 0, 
wbere 

aP + 2hlm + 6m' + 2gl+ 2fm + c = 0. 

If the line pass through a particular point (af, y) we 
have laf + m^ +1 = 0. Using this to make the given con- 
dition homogeneous in I and %n, we have the equation 
a? + IhVm. + Sm* -%{gl +/m) {laf + my') + c (£c' + my'f = 0. 



the two lines which pasa through the pojut (a/, y'). 

If (a/, y") he A point on the curve which is touched by 
the moving line, the tangents from it must he coincident, 
and therefore the above equation must be a perfect square. 
The condition for this ia 

(a-2g!,f+ca^){b~ 2// + c>,'^ = {h - ^nf -fm + cjlff, 
which reduces to 
^ {i«3 -/•) + 2a;y {fg -ch)+7/*{ca- g') 

+ 2a^ (fh^gb) + 2y' (f,h-fa) +ab~h' = 0. 
The required envelope is therefore the conic 
Aixi' + 2Hxy + Bf + '2.Gx-\-2Fy-^ G= 0, 
where A, B, C, F, G, iT mean the same as in Art 178. 

The condition that Ix + my + 1 = may tooeh 
Ac* + 2HiV+ ^y' + 2l3it + 2Py + C = IB al' + 2Wm + lm> + 3(|I + 2fin + c =0. 
Hence by comparing with the condition found in Art. 17S, we see that 
a, h, e, dtc. must be propoTtibnal to the minora of A, B, C, do. in the 
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I J ire I 

\a F c\ 

This ia eaeil; verified, for the miDoi of ^ isBC-F>, or 
(CO - s') (ni - /.») - (iiA - a/}', tliat ia ai ! 
and BO for the othera. 

Ex. 1. To find the envel^e of the line Ix+my + 1 = wh^Tt 

al* + lm' + c=0. 
The diceutioDB ot the linea tiittnigh («. y) ftte given by 

aP + lm' + c (bs + mijy = 0. 
TheM lines mill coincide, if 

(« + «=) (ft + i;i<')=A^". 
Hence (he conation of the envelope is 

?^¥+'-»- 

Ex. 2. To find the envehpe of the tine lx-i-ins+l=Oaithtlie condition 

| + i + ll=0. 
Tha directions of the two lines through (x, y) are givEin by 

iftn-(/m+p!)(in-ms)=0. 
They will thacefoie coincide if 

4fSTs = {fx+gy--h]\ 
This is equivalent to 

240. If the equation of a straight line be 
h + mij-\-l = 0, 
then the position of the line is determined if I, m are 
known, and by changing the values of I and m the 
equation may be made to represent any straight line 
whatever. The quantities I and m which thus define the 
position of a line are called the co-ordinates of the Kn«. 

If the co-ordinates of a straight line are connected by 
any relation the line will envelope a curve, and the 
equation which cxpressea the relation is called the tan- 
gential equation of the curve. 

If- the tangential equation of the curve ia of the wth 
degree, then n tangents can be drawn to the curve from 
any point. 
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Def. A curve is said to be of tlie nth claxa when n 
tangents can be drawn to it from a point. 

We have seen [Art 239] that every tangential equation 
of the second degree represents a conic; also [Art. 178] that 
the tangential equation of any conic is of the second 
degree. 

If the equation of a straight line be ?a! + my + n = 0, we 
may call I, m, n the co-ordinates of the line ; and if the 
co-ordinates of the line satisfy any homogeneous equation, 
the line will envelope a curve, of which that equation is 
called the tangential equation. 

241. To find tks director-circle of a conic whose 
taTtgential equation is given. 

Let the tangential equation of the conic he 
aP + Wm + bm* + 2gl + 2//n + c = 0. 
As in Art. 239, the equation 

a? + 2Wm + &m'- 2 {gl +/m) {Ix + my)+c(lx + my)* = 
gives the directions of the two tangents which pass 
through the particular point {x, y). These tangents will 

he at right angles to one another if -'- -^ + 1 = 0, that is, 

if the sum of the coeflBcients of P and m' is zero. 

If therefore (x, ^} be a point on the director-circle of 
the conic, we shall have 

a^2gx + c3^+b-2/y + c^ = (i (i). 

The centre of the conic, which coincides with the centre 
of the director-circle, is the point [-.-). 

If c= 0, the equation (i) is the equation of a stnught 
line. The curte is in this ca^ a parabola, and the 
equation of its directrix ia 

2gx + 2fy-o-h^0. (ii). 

tn the above we have supposed the axes to be rect- 
angular; if, however, the ases of co-ordinates are inclined 
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to one nnotlicr at an angle to, the conditioo that the 
straight lines may be at right angles is 

a - 2ga: + C3?+ b -2/y + cy'+ 2 COB CO {h-gy-Jx + ca^)='0. 

The centre of this circle is ( 2 -i 1 



-'0.{). 



Hence, whether the axes are rectangular or oblique the 
centre of the conic, which coincides with the centre of its 



director-circle. 



''(!•{) 



242. To find the foci of a conic whose tangential 
equation is given. 

Let (f, rj) and (f , r]') he a pair of foci (both being real 
or both imaginary). The product of the perpendiculars 
from these points on the line Ix + my +1 = will be 
<^g + w»j + l)(;f' + wM;' + l) 

This product will be equal to some constant \ for all 
values of I and m if, 

+ m {tj + fj') + 1 = 0. 
Comparing this with the tangential equation we have 

a -Ih h tg If o'"^'' 

Hence cf ^ — crjij' = o — 6, and cfij' + cjf = 2h. 
Eliminate f" and ij' by means of the last two equations 
of (i), and we have 

and H*>V~y) + n (cf -2g) = - 2k. 

Hence the foci are the four points of intersection of the 
two conies, ca^—cy*— 2giC + 2fi/+a — b = 0, 
cxy-fx'~gy-Jrh = 0. 

243. If (S = and S' = be the tangential equations of 
twoconics, then5— X(S' = will be the tangential equation 
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of a conic touching the four common t&Dgents of the fiist 
two. 

For, ifS=Obe 

and 5' = be 

aT + Wlm + b'm* + 2g'l + 2/m + c' = 0. 
Then S—XS" = represents a conic, and any values of 
I and m which satisfy both S=0 and jS' = will, what- 
ever X may be, satisfy S — \S' =0, Therefore the conic 
jS — XS' = Owill touch the common tangents of iSi=0 and 
S' = 0. 

Ei. 1. The locta of the eentrei of all eontci vihieh lovci four fixed 
ttraight Urui u a itraight line. 

V S—0, and ff—0 be tlie tangential eqnationB of any two ooiiics vhioh 
touch Uia foni straight lines, 8-^=0 vjll be the general equation of 
the conies tooching the lines. The .centre of this ctmio is given hy 

Eliminating X we obtain tlie equation of the centre-loons, viz, 

'{<f-cfHy(c'g-<'!n-/'s+fii'-0- 

Ex. 2, The director-circlei of all conici lehich touch four ttraight 
Umt have a conmuia radical axli. 

The director- circle of the conic S-\S'=Ou 

a + b-2(rt-2f!/-i.ciz^i-f)-\{a- + l/-2g'x-2fy + <f{x''-i-j/>)) = 0. 
[Art. 241,] 

This circle always pasacs throogh the points common, to the two 
etioles 



The radlcaJ axis is therefore the line 

One of the conies of the Bjslem is a parabola, and its direotrix ii 
olenrly the common radical aiis of the director-circles. 
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I. PJV is tbe ordinate at any point P ot & parabola whose 
vertex is A, and tho rectangle AXPM is completed; find the 
envelope of the line MN. 

3. If the difference of the intercepts on the axes mode by 
a moving line b0 constant, aliew that the line will envelope 
a pambola. 

3. Find the envelope of a Btra.ight line which cuts off 
a constant area from two fixed atraiglit lines. 

4. PN, DM are the ordinat«B of an ellipse at the extremi- 
ties of a pair of conjugate diameters; find the envelope of PD. 
Find also the envelope of the line through the middle points of 
NP and of MD. 

5. AB and A'i^ are two given finite strsight lines, a line 
PP" cuts these liaes so that the ratio AP : PB ia equal to 
A'P' : P'B; she* that PF envelopes a parabola which touches 
the g^ven sti'aight lines. 

6. OAP, OBQ are two fixed straight lines, A, £ are fixed 
points Mid P, Q axe such that rectangle AP . BQ is constant, 
shew tjiat PQ envelopes a conic. 

7. A aeries of circles are described each touching two 
given straight lines; shew that the polars of any given point with 
respect to the circles will envelop a parabola. 

8. Two points are taken on an ellipse Eudi that the sum 
of the ordinates is constant ; shew that the envelope of the line 
joining the points is a parabola, 

9. A fixed tangent to a parabola is cut by any other tan- 
gent PT in the point T, and TQ is drawn perpendicular to 
TP; shew that TQ envelopes another parabola, 

10. Through any point /* on a given straight line a line 
PQ ia drawn parallel to the polar of P with respect to a given 
oonic; prove that the envelope of these lines is a parabola. 

II. If a leaf of a book be folded so that one comer movea 
along an opposite aide, the line of the crease will envelope a 

. parabola. 

- ■ 12. An elli(«e tnms about its centre, find the envelope of 
the chords of ioteTsection with the initial posilion. 
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13. An angle of constant magnitude moves eo that one 
side paasea through a fixed point and its summit moves along 
a fised straight linej shew that the other side envelopes » 
parabola. 

14. The middle point of a chord PQ of an ellipse is on a 
given straight line; shew tiat the chord PQ envelopes a 
parabola. 

15. is an3f point on a conic and OP, OQ are chords 
drawn parallel to two fixed straight lines; shew that P^ 
envelopes a conic. 

16. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse hn. P, Q; shew that 
PQ will envelope a similar and similarly situated ellipse. 

17. If the sum of the ^uares jof the perpendiculars from 
any number of fixed points on a stnught line be constant; 
shew that the line will envelope a oonic. 

18. The sides of a triangle, produced if necessaTy, are out 
. by a straight line in the points L, M, iT respectively; sheir 

that, i{LM : MN be constat the line wUl envelope a parabola. 

19. OA, OB are two fi^ed straight lines, and a circle 
which passes through and through another given fixed point 
cuts the lines in P, Q respectively ; shew that the line PQ en- 
velopes a parabola. 

20. The four normals to an ellipse at P, Q, R, S meet in 
a point; prove that if the chord PQ pass through a fixed point, 
the chord £S will envelope a parabola. 

21. A rectangular hyperbola is cut by a drcle of any 
radius whose centre is at a fixed point on one of the axes 
of the hyperbola ; shew that the lines joining the points of 
intersection are either parallel to an axis of the hyperbola or 
are tangents to a fixed parabola. 

22. Shew that the envelope of the polar of a pven point 
with respect to a system of ellipses whose axes are given in 
magnitude and direction and whose centres are on a given 
straight line is a parabola, 

23. Of two equal circles one is fixed and the other 
passes through a fixed point ; shew that their radical axis en. 
velopea a conic having the fixed point for focus. 
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24. If pairs of radii vectors be dra'wn from the centre of 
an ellipse making with the major axia angles whose enm is a 
right angle, the locua of the poles of the chords joining their 
extremities is a concentric hyperbola, and the envelope of the 
chords is a rectangular hyperbola. 

25. From any point on one of the eqni- conjugate dia- 
meters of a conic lines are drawn to the extremities of an axis 
and these lines cut the curve again in the points P, Q ; shew 
that the envelope of PQ is a rectangular hyperbola. 

26. PNP' is the double ordinate of an ellipse which is 
equi-distant from ihe centre C and a vertex ; shew that if 
parabolas be drawn through P, P', C, the chords joining the 
other intersections of the parabola and ellipse will touch 
a second ellipse equal in alt respects to the given one. 

27. Two given parallel straight lines are cut in the points 
P,Q hj a. line which passes through a fixed point; find the 
envelope of the circle on PQ as diameter. 

28. The envelope of the circles described on a system of 
parallel chords of a conic as diameters is another conic, 

29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve ; shew that the 
chord envelopes another parabola. 

30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P, is a parabola the length of whose fetus 
rectum \a AP. 

31. !Prove that, if the bisectors of the internal and exter- 
nal angles between two tangents to a conic be parallel to 
two given diameters of the conic, the chord of contact will 
envelope an hyperbola whose asymptotes are the conjugates of 
those diameters. 

32. The polar of a point P with respect to a given 
conic S meets two fixed straight lines AB, AG in Q, Q' ; shew 
that, if AP bisect QQ', the locus of P will be a conic ; shew 
also that the envelope of QQ" will be another conic. 

S.C.S. IS 
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33. If tTo points be taken on a conic eo that the har- 
inouic mean of their distances from one focus is constant, 
shew that the chord joining them will always touch a confocal 

34. The envelope of the chord of a parabola which sub- 
tends a right angle at the focus is the e^ipse 

(a;-3o}' + 2y" = 8a', ^~iaai = (i 
being the equation of the parabola. 

35. A chord of a conic which subtends a constant ajigle at 
a given point on the curve envelopes a conic having double con- 
tact with the ^ven conic. 

36. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quad- 
rilateral formed by joining their extremities envelope a oouic 
of which the fixed point and the centre of the circle are foci 

37. The perpendicular from a point ^ on its polar with 
i-espect to a parabola meets the axis of the parabola in C ; 
shew that chords of the pai'&bola which subtend a right angle 
at iS' all touch a conic whose centre is C. 

38. Shew that chords of a conic which subtend a right 
angle at a fixed point envelope another eonic. 

Shew also that the point is a focns of the envelope and 
that the directrix corresponding to is the polar of with 
respect to the original conic. 

Shew that the envelopes corresponding to a system of con- 
centric similar and similiu'ly situated conica are confocal, 

39. A straight line meets one of a system of confocal 
conies in P, Q, and RS is the line joining the feet of the other 
two normals drawn from the point of intersection of the 
normals at P and Q. Prove that the envelope of RS is a 
parabola touching the axes. 

40. If a Une cut two given circles so that the portions of 
the line intercepted by the circles are in a constant ratio, shew 
that it will envelope a conic, which will be a parabola if the 
ratio be one of equality. _ . 

41. Chords of a rectangular hyper'bola at right angles to 
each other, subtend right angles at a fixed point 0; shew that 
tbey intersect in the polar of 0. 
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i2. Shew that if AP, AQ be two chorda of the parabola 
j^ — iax = through the vertex A, which make aa angle 

J with one another ; the line FQ will always touch the ellipse 
-, = 1. 
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i3. Fairs of points are taken on a conic, suah that the 
lines joining them to a given point are equally inclined to a 
given straight Une; prove that the chord joining any such pair 
oi points envelopes a conic whose director-circle passes through 
the fixed point. 

44. Chorda of a conic S which subtend a right angle at a 
fixed point envelope a conic .S". Shew that, if iS pass through 
four fixed pointa, S' will touch four fixed stntight lines. 

45. A conic passes through the four fixed points A, B, C, 
D and the tangents to it at .S and C are met by GA, BA 
produced in P, Q. Shew that PQ envelopes a conic which 
touches BA, CA. 

46. If a chord cut a circle in two points A, B which are 
such that the rectangle OA . OB is constant, being a fixed 
point ; shew that the envelope of the chord is a conic of which 
O is a focus. Shew also that if OA' + OB' be constant, the 
chord will envelope a parabola. 

47. On a diameter of a circle two points A, A' are taken 
equally distant from the centre, and the lines joining any point 
P of the circle to these pointe cut the circle again in ^, .fl; 
shew that QR envelopes a conic of which the given circle is the 
auxiliary circle. 

48. A triangle is inscribed in an ellipse and two of its 
sides pass through fixed points ; shew that the envelope of the 
third side is a conic having double contact with the former. 

49. A triangle is inscribed in an ellipiie and two of 
its sides tonch a coaxial ellipse j shew that the envelope of the 
third side ia a third ellipse. 

50. Shew that the locns of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a cirda 

18—2 
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CHAPTER XIII. 
Trilinear Co-obdinates. 

244. Let any three straight lines be taken which do 
not meet in a point, and let ABC be the triangle formed 
by them. Let the perpendicular distances of any point P 
fe-om the sides BG, CA, AB\» a, /9, 7 respectively; then 
a, A 7are called the trilinear co-ordinates of the point P 
referred to the triangle ABC. We shall consider a, y3, 7 
to be positive when drawn in the same direction aa the 
perpendiculars on the sides from the opposite angular 
points of the triangle of reference. 

Two of these perpendicular distiinces are sufficient to 
determine the position of any point, there must therefore 
be some relation connecting the three. 

The relation is 

02+6/3 + 07 = 2 A, 
where A ia the area of the triangle ABC. This is 
evidently true for amr point P mthin the triangle, since 
the triangles BFC, GPA and APB are together equal to 
the triangle ABC ; and, regard being had to the signs ot 
the perpendiculars, it can be easily seen to be universally 
true, by drawii^ figures for the different cases. 

245. By means of the relation oa + 6^ + C7 = 2A any 
equation can be made homogeneous in a, ^, 7 ; and when 
we have done this we may use instead of the actual co- 
ordinates of a point, any quantities proportional to them : 
for if any values a, ;9, 7 satisfy a homc^eneous equation, 
then ka, kff, hf will also satisfy that equation. 
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246. If any origin be taken withia the triangle, the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can be written in the 
form 

— iccos^, — ysin5j+p, = 0, 

— X cos Oj — y sin ^, + p, = 0, 
-xcixi0,~y sin ^, + p, = 0, 

where cos(3j — ^j) = — coa^, .cos{6, — 0^)= — cosJJ, 
and cos (&, — B^) — — cos 0. 

[We write the equations with the constant terms posi- 
tive because the perpendiculars on tJie sides from a point 
within the triangle are all positive.] 

We therefore have [Art. 31] , 

a=p^ — X cos 0^ — If sinff^, 
j8=j»j — jBcoa^, — ysinS!,, 
and 7=pj — a;cos5j— jflin^g. 

By means of the above we can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common {or Cartesian) co-ordinates. 

247. Every eqyation of the first degree represetiis a 
straight line. 

Let the equation be 

If we substitute the values found in the preceding 
Article for a, 0, y, the equation in Cartesian co-ordinates 
so found will clearly be -of the first degree. Therefore the 
tocuB is a straight line. 

248. Every straight line can be represented by ati 
equation of the first degree. 

It will be sufficient to shew that we can always find 
values of I, m, n such that the equation la + mff + Jiy = 0, 
which we know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of the points be a', /3', y' and 
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a", /S", 7" we mast have 

la' + m^ + w/' = 0, 

ia"+>»/9"+M7" = 0, 
and values of I, m, n can always be found to Batisfy these 
two equations. 

249, To find the equation of a straight line which 
passes through two given, points. 

Let a.', ^, 7'; a", ^", 7" be the co-ordinates of the two 
points. 

The equation of any straight line is 

loL + mj9 + M7 = 0. 

The points (a', ^', 7'), (a", 0', 7"), are on the line if 

W + m^ +rv/ = 0, 

lti"+m^'+ny" = 0. 

Eliminating I, m, n from these three equations we 

have 

• >9 > 7 I = 0. 

■ &. y 

250. To find the condition that three given points may 
he on a straight line. 

h&t the co-ordinates of the given points be a', /S", 7' ; 
a", ^', 7" ; and a"', -0", 7'". 

If these are on the straight line whose equation is 

we must have la' + m.^ + 117' = 0, 

la" +m^' +n7" =0, 

and la'" + m^" + ni" = 0. 

Eliminating /, m, n we obtdiu the leqnired condition, 

viz. 

a' , ^ , 7' 1=0. 
a , r, 7" 
a'". ^". 7'" I 
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251. To find the point of intersection of two given straight 
lines. 

Let the equations of the given straight lioes be 
la. + mj9 ■+wf = 0, 
and ' Va + m'fi + n'y = 0. 

At the point which is commoD to these, we have 
/9 



nt' — n'l Im—Sm" 



••©■ 



The above equations give the ratios of the co-ordinates. 

If the actual values be required, multiply the nume- 
rators and denominators of the fractions in (i) by a, b, c 
respectively, and add; then each fraction is equal to 

ax + bd + cy _ 2A 

a{mn' —m'n) + b{nF — n'l) + c{lm' — I'm) ' 



The lines will not meet in a point at a finite distance 
from the triangle of reference, that is to say the lines will 
be parallel, if 

l> m, 
V, itC 
a, h, 

252. To find the condition that three straight lines may 
meet in a point. 

Let the equations of the straight lines be 

l^a + m^ + n,7 = 0, 

l^a. + 711^ + ^.^ = 0. 
The lines will meet in a pomt if the above equations 
are all satisfied by the same values of a, /3, 7. The elimi- 
nation of a, jS, 7 gives for the required condition 



= 0. 
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253. li Ax + By + C=0 be the equatioa of a straight 
line in Cartesian co-ordinates, the intercepta which the 

C 

line makes on the axes are — -j , —-5 respectively. If 

therefore A and S be verif small the line will he at a veiy 
great distance from the origin. The equation of the line 
will in the limit, assume the form 

O.x + 0. If + = 0. 
The equation of an infinitely distant straight line, 
generally called the line at infinity, is therefore 

When the line at infinity is to he combined with other 
expressions involving x and y it is written 0= 0. 

The equation of the line at infinity in trilinear co-ordi- 
nates is aa + 6(9 + C7 = 0. 

I'or if ia, kQ, krf he the co-ordinates of any point, the 
invariable relation gives t(aa-l-&^ + C7) = 2A, or 

If therefore k become infinitely great, we have in the limit 
the relation aa + fc^ + 07 = 0. This is a linear relation 
which is satisfied hy finite quantities which are propor- 
tional to the co-ordinates of any infinitely distant point, 
and it is not satisfied hy the co-ordinates, or by quantities 
proportional to the co-ordinates, of any point at a finite 
distance from the triangle of reference. 

254. To find the condition that two given lines may be 
parallel. 

Let the equations of the lines be 
H + m^ + «7 = 0, 
I'a + m'ff + n'y = 0. 
If the lines are parallel their point of intersection will 
be at an infinite distance from the origin and therefore its 
co-ordinates will satisfy the relation 
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Eliminating a, 0, y from the three equationa, we have 
the required condition, viz. 

t , m, n I = 0- 
/', m, n'\ 
a, b , c\ 

255. To find Ike equation of a straight line through a 
given point parallel to a given straight line. 

Let the equation of the given line be 

Ix + ny3 + nj = 0, 
The required line meets this where 
a!z + b0 + cy=-O. 
The equation is therefore of the form 

h + m0 + nrf + \{a% + bff+cy)=O. 
If / S", A he the co-ordinates of the given point, 
we must also have 

If+mg-i-nh + X {a/+ bg + ch) = 0, 

, I2+ mB + n7 -aa + 6;3 + C7 

whence -,-3 : — ■; = . , , — ; — r . 

If + iag + nh af+ bg + ch 

A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a^ven straight line. 

If ji be the angular point, its co-ordinates are /, 0, 0, 
and the equation b^mes (ma — lb)0+ (na — fc) 7 = 0. 

256. To find the condition of perpendicularity of two 
given straight lines. 

Let the equations of the lines be 
h + mfi + ny =0, 
l'a + m'0 + n'y = O. 
If these be expressed in Cartesian co-ordinates by 
means of the equations found in Art 246, they will be 
x{lcos0^+mcosd,+ ncos9^+y(l8m0,+ mBinO^+nsiD.$,) 
~ Ip^ — mp^ — np^ = 0, 
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and 

a!(l'QoB$^+m'coa0^+n'cosd^+y{rain0 +m'mi.$,+n'siii0^ 
— rp,— m'p^ — n'p^ = : 
the lines will therefore be perpendicular [Art. 29] if 
(Zeo8^^ + mcos^, + ncoa^J)(f eoa^, + m' coad^+n'cmff^ 
+ {l8md,+msiaff^+nBiad^(r8ind^+m,'B'm$^+n'amd^=0; 
that is, if 
W + mm' + nn' + {Im' + l''m) cos {0^ ~ 0) 

+ (mn' + m'n) cos (^, ~0^-i- {nC + n'l) cos {0^~ 0^) = 0. 

But cos (^, -0^) = - cos J, cos (0^ - ej = - 008 £, 

and cos (ff, - ^j) = — cos ; 

therefore the required condition is 

W + mm' + nn' — {mn' + m'n) cos ^ — (nl' + n'l) cos S 

~ (Im' + I'm) cos 0= 0. 

257. To find the perpendicular distance of a given 
point from a given straight line. 

Let the equation of the straight line be 
I2 + ny3 4- n7 = 0. 
Expressed in Cartesian co-ordinates the equation will be 
a;(icos^, + nicos5j+ncos^,)4-y(iBintf,+m8in^,+ nBin^,) 
— Zp, — mp^ — np, = 0. 
The perpendicular distance of any point from this line is 
found b; substituting the co-ordinates of the point in the 
expression on the left of the equation and dividing by the 
square root of the sum of the squares of the coefBcients 
of X and y. If this be again expressed in trilinear co- 
ordinates, we shall have, for the length of the perpen- 
dicular from / ^, A on the given line, the value 

lf+ mg + nh 
V{(?cos5,+mcos^g-t-ncos(',)'+(/ain^,-|-msin^,+nBin5J'}' ' 

The denominator is the square root of 
P H-m'-l- n' + 2imco8(^, - ^j + 2mneos {0,-0,) 

+ 2nlcos{9,-0^), 
or of P + m' + n* — Sim cos G — 2mn cos A — Znl cos B. 
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Heoce the length of the perpendicular is equal to 

If+mff + nh 

^(P + m' + n" - 2mn cos ^ - 2nl cos £ - 2tm cos 0) ' 

258. To shew that the co-ordinates of any four points 
may be expressed in the form ±f, ±g, ±h. 
Let P, Q, R, 8 be the four points. 




The intersection of the line joining two of the points 
and the line joining the other two is csUed a diagonal- 
point of the quaiSangle. There are therefore three 
diagonal-points, viz. the points A, B, G in the figure. 

Take ABC for the triangle of reference, and let the 
co-ordinates of P be /, g, h. 



The pencil AB, AS, AC, AP is harmonic [Art. 60], 

and the equations of AB, AC s.Tey = O,^=0 respectively, 

and the equation of ,4P is -= ^ ; therefore the equation 
oiA8mnhe^ = -^. [Art. 56.] 

The equation of CP is ^ = ^ . 

Therefore where AS and GP meet, i.e. at 8, we shall 
have ?_^-_TL 
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So that the co-ordinates of 8 are proportional to f, g, — h. 
Similarly the co-ordinates of il are proportional to —f,g, h. 
Similarly the co-ordinates of Q are proportional to f,—g, h. 

259, To shew that the equations of any four straight 
lines mag be expressed in the form Ix ± m0 ± 717 = 0. 

Let DEF, BKG, EKH, FGH be the four straight 
lines. 

Let ABC he the triangle formed by the diagonals 
FK, EG, and DH ai the quadrilateral, and take ABG for 
the triangle of reference. 




Let the equation oi DEFh& 

la+m^ + nrf^O. 

Then the equation of AD is mjS -1-7*7 = 0. 

Since the pencil AD, AB, AH, AC i& harmonic 
[Alt. 60], and the equations oiAD, AB, AG are m^+ivy=0, 
7 = 0, y3 = respectively ; 
therefore [Art. 56] the equation of AS is m^ — ny=0. 

Since E is the point given by /3 = 0, h-i-ny = 0; and H 
is the point given by a = 0, mjS — tiy = 0; the equation 
oiEEia h-m^ + w/=0. 
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We can shew in a similar maDuer that the equation 

of DK is - Za + 7B)3 + nv = 0, 

and that the equation of FS ia 

ia + m/9 — Ti7=0. 

EXAMPLES. 

1. The thi«e biseotore of the angles of tbe triangle of referesoe have 
Im equatiODS, ^-^=0, 7-0 = 0, and{i-^=0. 

The three straight lines from (he angnloc points of the trionsle ol 
'a the middle pointB of the apposite sides have for eqaatious 
op-ey=U, &y-aa=0, and 00-6^ = 0. 

3, If J'B'C be the middle points of the sides of the triangle of 
reference, the eqnations of S'C, OA', -i'B' Till he b^+ey~aa — Q, 
cy+aa-bp=0,aa + bp-cy=OreBpeetit6i!. 

4. The eqaation of the line joining the centres of the inscribed and 
circmnscribBd cirolea of a triangle is 

b(cosB-oosC)+P(oobC-oobJ1 + t(oobJ-oosB) = 0. 

6. Find the co-ordinates of the oeatres of the fonr circles which tonoh 

the sides of the triangle of reference. Find also the co-ordinates of the 

six middle points of the lines joining the foor oentrea, and shew that the 

co-ordinates of these six points all satisfy the equation 

apy + bya+caff=0. 

6. If AO, BO, CO meet the sides of the triangle ABC in A', B', C; 
and it B'C meet BC in P, C'A' meet CA in Q, and A'B' meet AB in R; 
shew that P, Q, ii are on a straight line. 

Shew also that BQ, CE,AA' laeei'm a point P"; CR, AP, UB' moA 
in a point ^ ; and that AP, BQ, CC meet in a point K. 

7. If through the middle points, A',B',C' of the aides of the triangle 
ABC lines JIF, B'Q, CB be drawn perpendicular to the aides and equal 
to them; shew that AP, BQ, CR will meet in a point. 

8. If p, f , r be the lengths of the perpendicolars from the angular 
points of the triangle of reference on any strai^t line ; shew that the 
equation of the line will be apa + bqp + cry = 0. 

9. If there be two triangles snch that the strai^t lines joining the 
corresponding angles meet in a point, then will the three intersections of 
corresponding sides lie on a straight line. 

[Let/, ff, ft be theco-ordinatesof the point, referred to ^BC one of the 
two triangles. Then the co-ordinates of the angular points of the other 
triangle ^'BC can be taken to be/', g, h; f, g", ft and/, p, h' respeotively. 

S'C cnts BC where o = and -^, + i-^=0. Hence the three inter- 
g-g' h-h' 

sectiMis of corresponding sides are on the line j^-p + —~p + i-^=0] 
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260. The general equation of the second degree in 
trilinear co-ordinates, yiz. 

wa* + v^* + wy' + 2w'/3y + 2ii'7a + Sw'a^ = 0, 
is the equation of a. conic section ; for, if the equation be 
expressed in Cartesian co-ordinates the equation will be of 
the second degree. 

Also, since the equation contains five independent 
constants, these can tie so determined that the curve 
represented by the equation will pass through five given 
points, and therefore will coincide with any given conic. 

261. To find the equation of the tangent at any point of 

a conic. 

Let the equation of the conic be 

^ (a, /3, y) = im' -h wj9* + «V + 2m'j97 + ^v'y:i + Iv/a^ = 0, 
and let a', iff, 7' ; a", ^', 7" be the co-ordinates of two 
points on it. 
The equation 

„(a-a')(a-a")+t;(/S-)3')CS-r) + ".(7-7'}(7-7") 
+ 2«' 03 - 0') (7 - 7") + 2w' {7 - 70 (a - a") 
+ 2«.' (a - a-) C8 - ;8") = * (a, A 7), 
is really of the first degree in a, y3, 7, and therefore it 
the equation of sona straight line. The equation 
a satisfied by the values a—a',p=^', f — 7', and also by 
the values a = a", ^ = /3", 7 = 7". Therefore it is the 
equation of the line joining the two points {a', ^, */), 
(a", /3", 7"). Let now (a", /§", 7") move up to and ulti- 
mately coincide with [a', jff, 7'), and we have the equation 
of the tangent at {a', yS', 7"), viz., 

wm' + tJ^yS' + Wii + u' (fiy' + 7j9') 

+ v' (7a' + 07') + w' (ayS" + fici) = Q. 
Using the notation of the Differential Calculus we may 
write the equation of the tangent at any point (a', ^, 7') 
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of the conic ^ (a, j9, y) — in either of the forme 
= 0, 






'di 



i--3'5 



'--ft. 



'dff 

262. To find the eqvation of the polar of a given 
point. 

It may be shewn, exactly as in Art, 76, 100, or 118, 
that the equation of the polar of a point with respect to 
a conic is of the eavie jbrm as the equation we have 
found for the tangent in Art. 261. 

263. To find the condition that a given straight line 
may touch a conic 

Let the equation of the ^ven stra^ht line be 

h+m^ + ny = (i). 

The equation of the tangent at [a', 0', 7') is 
a (mi' + ii/ff + v'y) + j9 (ui'a' + vk' + u'y) 

+ ');(«'a' + «'y9' + wy') = 0...(ii). 
If (i) and (ii) represent the same straight line, we have 
uq' + v/ff' + tfy' wV + V0' + u'y ' _ v'a' + u'^ + zey' 
I m n ' 

Puttii^ each of theae fractions equal to — X, we have 
MI +v/ff' + v'y'-i-\l =0, 
v/a' + v0' +u'y' + 'Km = 0, 
v'a + Wr'/S' + wy' + \n =0. 
Also, since (a', ff, y") is on the line (I, m, n), 

la' + m^ + ny' =0. 
Ehminating a*, yS', >/, X from these four equations we 
obtain the required condition 



I 



■■0.. 



..(in). 
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or J* . {w! — m") + to' (tow — u") + n' {uv — lo") 

+ 2mn [v'w' — mw') + 2ni (wV — W) + 2?m {u'v — ww') = 0, 

VT +Vm*+ Wn^ + Wmn + ^Vnl +2Wlm = 0...{v), 
where U, V, W, W, V, W are the minors of m, v, w, 
u', v', w' in the determinant 

\u, w'. if' 1 = 0. 



264. To find the co-ordtTiates of the centre of a conic. 
Since the polar of the centre of a conic is altogether at 

an infinite distance, its equation is 

o2 + 6/3 + C7 = (i). 

But [Art. 262], the equation of the polar of the centre 
will be 

where a^ /9„, 7^, are the co-ordinates of the centre. 
Hence the equations for finding the centre are 
d<f> d^ dij> 
ddf _ rfft _ %(, 
a ~ b ^ c ' 

265. To find the condition that the curve represented 
by the general equation of the second degree may be a 
parabola. 

The co-ordinates of the centre of the curve are given 
by the equations 

va^+w'0„ + v'y^ _ w\ + v0 „ + m'7, _ i/a^ + u'^ , + viy, 

a h ~ c ' 

Put each of these equal to — X, and we have 

uOu + w'^, + v'% + Xa = 0, 

wj'jo + ^A +w'7„ + X6 = 0, 

i/a, + «';S, + W7, + Xc = 0. 
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Also since the centre of a parabola ifi at infinity, we 



The eliminatioD of a^, 
conditioa 

v/, 



?«• 7oi ^ pves for the required 



We see from the above that the parabola touches the 
line at infinity. [Art. 263.] 

266. To find the condition that the conic represented hy 
the. general equation 'of the second degree may he two straight 
lines. 

The required condition may be found as in Art. 37. 
The condition is 

uvw + 2i/v'w' — mm'* — OT)'' — low" ™ 0, 
or, as a determinant, 

■ ■ "0. 



267. To find the asymptotes of a conic. 

The equations of the curve and of its asymptotes only 
differ by a constant. 

Hence if the equation of the curve be 

u^+ v^ + wy'+ 2u'^ + 2u'73; + 2w'a$ = 0, 
the equation of the asymptotes will be 
wc^ + UjS" + «y + 2w'/97 + 2v'yfz + 2w'a0 

+ X(<ia + 6y9 + C7)'=0 0). 

The value of \ is to be determined from the condition 
for straight lines, viz. 

Iu +Xa'', w'+\ah, u'+Xac I = 0. 
w'+'\ab, V +Xi>*, m'+X6c 
i/ 4 Xac, «' + Xbc, w+\c* \ 
s. c. s. 19 
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The term independent of X is 
u , v/ , v' 
w' , V , 1/ 
tf , u' , w 

The coefiSdent of X. is . 
\a^ , ah, ac 



which is equal Xa 



^ , 



The coefficients of X' and of X' are both zero. 
Hence there is a ample equation for X, and therefore 
from (i) we have for the equation of the asymptotes 



*(«,A7) 



u , h 



+(aa+bfi+cyy I 



268. To find the condition thai Hie conic may he a 
rectangular hyperbola. 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola if the sum of the coefficients of 
ar" and y* is zero. 

The condition becomes 
M + v + w — 2m'co3^ — Sw'cosS — 2ki'co3 C— 0. 

269. To find the equation of the circle circumscribing 
the triangle of reference. 

If from any point P, on the circle circumscribing 
a triangle ABC, the three perpendiculars PL, PM, PN 1» 
drawn to the sides of the tnangle and meet the sides 
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BG, CA, AB in the points i, Jtf, ^respectively; then it 
is known that these tbree points L, M, N are in a straight. 
line. 

Let the triangle be taken for the triangle of reference 
and let a, /3, 7 be the co-ordinates of P. 

The areas of the triangles MPN, NFL, and LPM 
are i/37 sin A, ^ 70: sin B, and Jo/S sin C respectively. 
Since Z, M, iV are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

ffy^uA + 72 sin B + oyS sin C = 0, 
or a^ + 572 + c:r^ = 0, 

which is the equation required. 

£1. The perpendiculars from od the sutea of a triangle meet tbe 
ei3es in D, E. F. Shevi that, if the area of the trituiglu DEF is constant, 
the locDs of O is a circle concentric with the circtmiBcribiiig circle. 

270. Since the terms of the second degree are the 
same in the equations of all circles, if S = be the 
equation of any one circle, the equation of any other 
circle can be written in the form 

or, in the homogeneous form, 

S+ (la + m^ + ny) (ax + bff + cy) = 0. 

271. From the form of the general equation of a 
circle in Art. 270 it is evident that the line at infinity cuts 
all circles in the same two (imaginary) points. 

The two points at infinity through which all circles 
pass are called the circular points at infinity. 

Since, in Cartesian co-ordinates, the lines ic" -t- y* => 
are parallel to the asymptotes of any circle, the imaginary 
lines aT' + i/' = go through the circular points at infinity. 
Hence, from Art. 193, the four points of intersection of 
the tangents drawn to a conic from tbe circular points at 
infinity are the four foci of the curve. 

272. To find the conditions that the curve represented 
6y the general equation of the second degree maybe acir(^. 

19—2 
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Tlie equation of the circle circnmscribiiig the triangle 
of reference is [Art. 269] 

Therefore [Art. 270] the equation of any other circle 
is of the form 

If this is the same curve as that represented by 
ua' + v^ + tuy' + 2m'/37 + 2/70 + 2«/aj3 = 0, 
we must have, for some value of X, 

Xu = la, Xv = mi, Xw — nc, 
2Xw' = a + cwi + bn,2\v' = i + an + cl,and 2Xtv' = c-i-bl +am. 
Hence 
21>cu' — <?v — h*w = 2cav' — a'w — c*« = 2a&v/ — 6*« — a*v, 

for each of these quantities is equal to —- , 

273. To find the condition that the conic represented ht/ 
the general eqzuOion of the second degree may be an ellipse, 
parabola, or hyperbola. 

The equation of the lines from the angular point C to 
the points atinfioity on the conic will be found by elimi- 
nating 7 from the equation of the curve and the equation 
a-i. + h^ + cy = Q. Hence the equation of the lines through 
C parallel to the asymptotes of the conic will be 

wcV + i;c'^' + w (aa + 6/9)' - 2m'c^ {ai + b$\ 

- 2u'ca {a% + h^) + 2w'cVjS = 0. 
The conic is an ellipse, parabola, or hyperbola, accord- 
ing as these lines are imaginary, coincident, or real ; and 
the lines are imaginaty, coincident, or real according as 
{wab — u'ac — v'hc + w'<^)* — (i/c* + via? — 211' ac) 

(vc' + wb' - 2u'bc) 
is negative, zero, or positive ; that is, according as 
Ua'+ Vh'+ Wc*+2U'bc + 2rca + 2W'ah 
is positive, zero, or negative. 

274. The equation of a, pair of tangents drawn to the 
conic from any point can be found by the method of 
Art. 188. 
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The equation of the director circle of the conic can be 
found by the method of Art. 189. 

The equation giving the /od can be found by the 
method of Art. 193. 

The equations for the foci will be found to be 

- 4 (aV + *■« - aotM.-) (a, A 7) - (« ^t - 1 ^*)' ■ 

The elimination of <f> (a, fi, 7) wiil give the equation of 
the axes of the conic 

275. To find the equation of a conic circumscribinij the 
tritmgle of reference. 

The general equation of a conic is 

wa' + r^ + wy + 2tt'/9v + ZuV + 2w'a^ = 0. 
The co-ordinates of the angular points of the triangle 
are 

c 

If these points are on the curve, we must have m = 0, 1; = 0, 
and w = 0, as is at once seen by substitution. 

Hence the equation of a conic circumscribing the tri- 
angle of reference is 

u'ffy + v'yx + w'ajS = 0. 

276. The condition that a given straight line may 
touch the conic may be found as in Art. 263, or as follows. 

The eqriation of tlie lines joining A to the points 
common to the conic and the straight line {I, m, n), found 
by eliminating a between the equations of the conic and 
of the straight line, is 

lu'dy - {v'y + w'ff) (m^ + 717) = 0, 
or mw'^ + nvy + {mv + nvj' - lu) ^y=^. 

The lines are coincident if {I, m, n) is a tangent; the 
condition for this is 

ifmnv'w' = {nil/ + nw — i«')', 
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which is equivalent to " 

Jlu' ± Jmv' + Jnw = 0. 

277. To find the equation of a conic touching the sides 
of the triangle of reference. 

The geDeral equation of a conic ia 

«a* + i-^' + WNy' + 2m' ^7 + 2f'7:t + 2w'c:y9 = 0. 
Where the conic cuts a = 0, we have 
t.-/9*+«V + 2w'^7 = 0. 
Hence, if the conic cut a = in coincident points we 
have 

vw = «"*, or tt' = Jvw. 
Similarly, if the conic touch the other sides of the 
" triangle, we have ' _ 

v = Jwu, and w = Juv. 
Putting X', fi', v' instead of u, v, w respectively, wo have 
for the equation, 

X'a' -t- fj.''^ + v'y' + 2fj.v^y + 2p\yx + 2X/i3^ = 0. 
In this equation either one or three of the ambignous 
signs must he negative ; for otherwise the left side of the 
equation would be a perfect square, in which case the 
conic would be two coincident straight line-*. 
The equation can be written in the form 

278. To find the condition that the line la + mff+ny = 
mag touch the conic JX^ + Jn^ + -/vy = 0, 

The condition of tangency can be found as in Art. 27G, 
the result is 

I m n 

279. To find the equations oftlie circles tehtck touch tJie 
sides of the triangle of reference. 

.If D be the point where the inscribed circle touches 
BC, we know that 

/)C- 8-c. and DB = e-h. 
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Therefore the equation oi AD will be 

§. 1 /n 

(a-c)eiaC (s-6)sia5 ^^' 

Now the equation of any inscribed conic is 

J\i + J]i,0 + Jii^ = O (ii). 

The equation of the line j oining A to the point of contact 
of the conic with BO will be given by 

.\t*^ = vy (iii). 

Hence, if (ii) is the inscribed circle, we have from (i) and 

(iii) 

ft _ V 

6(s^6)~c(s-c)* 
Similarly, by considering the point of contact with OA, 
we have 

c(« — c) a{a~a)' ■ ■ 

' Hence the equation of the inscribed circle is 
. Ja{s-a)a + Jb{s~b)^ + Jcis-c)y = 0. 
The equations of the escribed circles can be found in a 
similar manner, 

Ex. 1. Shew that the conic nhosa equation it 
,Jaa+ ^+ ^cy=0, 
touches tbe rides of the tMangle of reference at their middle points. 

Bx. 2. If a oouio be inscribed in b tri&ngle, the lines joijiin^; the 
angnlar points of the triangle to the points of contact vith tlie opposite 
eidea mil meet in a point. 

280. To Jlnd the eguation of a conic which passes 
through /our given points. 

If the diagonal-points of the quadrangle be the angular 
points of the triangle of reference, tbe co-ordinates of the 
lour points are given by ±f, ±g, ±h [Art. 258]. 

If the four points are on the conic whose equation is 
UQ? + 1)(8* + W7* + 2u'^-y + ^v'fi + ^w'o^ = 0, 
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wfl have the equations 

vp + ti/ + wJ' ± 2w>A ± 2it'A/ ± 2m;^ = ; 
.'. w' = v' = «i' = 0. 
Hence the equation of the conic is «a* + tpj9* + vi^ = 0, 
with the condition «^ + v^ + wA' = 0. 

El. 1. SiaA ih* Imm ({f tht etntra of all eoiOct tehich pau throagh 
four given poinlt. 

Let the four pointe be cb/, J:g, ^ A. 
The equation of any conio will be 

«nlli die eondiUon 

u/' + ejl' + itft'=0 (i). 

The oo-ordinales of the centre of the oonio are given by 

. ^ ^-fX 
« b e * 
Bubrtitnl* IM «, v, w in p), and ve have the eqnation of the locni, viz. 

"■^ + ^' + £^'=0. [SeeAri.309.] 
» /S T "■ 

Ex. 2. The polars of % given point with te«peot to a s^patem o[ 
oonicB paaaing tlizoDgli tonx given points will pasB throagh a fixed point. 

281. To find the equation of a conic touching four 
given straight lines. 

Let the triangle formed hy the diagonals of the quadri- 
lateral be taken for the triangle of reference, then [Art 259] 
the equations of the four lines will be of the form 
la ± mfi ±ny = 0. 
The conic ■whose equation is 
tK^ + v0'+ii>'/ + 2 w'/37 + 2 v'tk + 2 w'a;8 = . . . (i) 
will touch the line {I, m, n) if 

Ul* 4- Vm' +Wn* + 2 JTmn + 27*11^ + 2 Wlm = 0. 

If therefore the conic touch all four of the lines, we 

must have t/' « V = If' - 0, 

that a v'w' — uu' = 0, 

«/'«' — va' = 0, 

«V - wv/ = ; 

.*. ti' a v' =» «/ s= 0, 
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or else (i) is a perfect square, and the conic a pair 
of coincident straight lines. 

Hence we must have u' =v' ^ w =0, and the condition 
■ of tangency is PtJw + m*wTu + n'«u = 0. 

Hence every conic touching the four straight lines is. 
included in the equation 

with the condition 

? + i' + 5-'.„. 
u r u> 
Ex. I. Kni tA« lociu of the centrei o/ the ctmUt vhich touch four 

given ttraigkt linei. 

Any conio is given by 

with (lie oondition 

The eo-ordiiutM of the centre of the conic are e^ven bj 



therefoTB the equation of the loons of the oentrea is the etrai^t line 

Thia straight line goes through the middle pointa oE the three diagonals 
of the qnadrilftteral, [3eo Art. 217.] 

Ex. 3. The locns of the pole of a giTen line irith respect to a ejetem 
of conicB inscribed in the same qaadrilateral is a etraight line. 

Ex. S. Shew that, i[ the oonio va'+vp' + iey'^O be a parabola, it 
will toncb Ute four lines given b;aa±i;9 it CY=0. 

282. When the equation of a conic is of the form 
W3'+13|S' + K>y' = 0, each angular point of the triangle of 
reference is the pole of the opposite side. Thia is at once 
seen if the co-onlinates of an angular point of the triangle 
be substituted in the equation of the polar of (a', ff, 7'), 
viz. Ki'a + v^$ + wy'y = 0, 

Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form «a' + rjS* 4- uV = 0. 

For, the equation of the polar of A [— j 0, 0] , with respect 
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. to tte conic given by the general equation, ia 
U2 + ie'0 + e'7 = 0. 

Hence, if BG be the polar of A, we have «''=«' = 0. 

Similarly, if OA be the polar of B, we have w/ = «' = 0. 
. Hence u', v', to' are all zero. 

283. If two conies intersect in four real points, and 
we take the dif^onal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conies will [Art, 280J be of the form 

wa*+tJ/S'+W7* = 0, and iiV + r'^' + wiV=0. 
So that, as we have seen in Art. 213, any tw6 conies 
which intersect in four real points have a common self-polar 
triangle. 

When two of the points of intersection of two conies 
are real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection of two conies are imM^inary, 
they will have a real self-polar triangle. [See Ferrers' 
Trilinears, or Salmon's Conic Sections, Art. 282,] 

284. If two tangents and their chord of contact be 
the sides of the triai^le of reference, the equation of the 
conic wiU be of the form 

a' = 2Kfiy , (i), 

for (i) is a conic which has double contact with the conic 
^7 = 0, the chord of contact being a = 0. [See Art. 187-] 

285. To find the equation of the circle with respect to 
which the triangle of reference ia self-polar. 

The equations of all conies with respect to which the 
triai^le of reference is self-polar are of the form 

The equation of any circle can be written in the form 
a/37 + ^1^ + ca^jS -I- (\a -I- /iy9 -F 1*7) (aa -t- fcj9 + C7) = 0, 
If these equations represent the same curve, we have 

M = XlJ, V = fti, to = I'd 

■a + fic + vh='0,i + va + \c=0,mdc + 'Sh + fia = Q. 
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Whence X = — cos^,/t = — cob-B, and i' = — cos C 
Tte required equation is therefore 

a cos ^ . a* + 6 cos j5 , yS* + c cos C . 7* =s 0. 

286. To find the equation of the nine-point circle. 
Let the equation of the circle he 

a^y ■+ by:i + c J/9 - (Xa + /x/9 + V7) (aa +hff + cy) = 0. 
This circle cuts a = Tvhere b^ = cy; 
.•.abc~2(fie + vh)bc = Q, 

b c 2abc ' 

Similarly _ 4. _ = ___ 

■' c a Zabc 

and - + f = ITT ■ 

a 2abc 

Hence 2X = cos A, 2/4 = cos B, and 2v = cos C ; 
therefore the equation of the circle is 
2affy + 2byz + 2c70 

- (acosA + ^coaB + ycos C) (m + b0 + cy) = 0, 
or a0y+by2 + cs0 — a'acosA — ^h cos B — y^c coi 0=0. 
The form of this equation shews that the nine-point 
circle, the circumscribed circle, and the self-conjugate 
circle have a common radical axis, the equation of the 
radical axis heing 

a cus .4 +y9 cos B + 7 COS C = 0. 
Ex. 1. The centre of the self-conjngate circle of a, trianglo i9 its 
orthocentre. 

Ex. 2. The locus of the centres of all rectangalar hyperbolas de- 
scribed about B given triatagle is the niue-point circle. 

287. PaacaVs Theorem. Jf a hexaff(m he inscribed in 

' a conic, the. three points of intersection of the three pairs of 
opposite sides will be on a straight line. 

Let the angiilar points of the hexagon be A,F,B,D,C,E. 
Take ABO for the triangle of reference, and let the points 
J>, E, F be (a', ^', 7'), (a", /3", 7"), and (a'", /S'", y"). 
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300 Pascal's theobeh. 

Let the equation of the conic be 



1 



« /S'7 
The equations of BB and AE will be - 



•■©■ 

-, , and 



£ 
r 



Similarly CD, AF meet in the point (^ . 1, "^J . 

And CE, Bf^ meet in the point [l, -n , 
The three points *« 



3 on a straight line if 



i, K. 1 


= 0, orif 


1 1 Jl^ 


= (u). 


7 7 




7" 7" 7'" 




"' 1 7"' 




1 1 1 






!>• r- r 




1 £ il 




111 




• a'" a'" 




a' ' a" ' a'" 




But. since the three points Z», E. F&ie 


on the conic (i). 




3+V 


^^,-0, 





and 



^> + i 



r+- 



By the elimination of X, /t, !> we see that the condition 
(ii) is satisfied, which proves the proposition. [See also 
Art. 319, Ex. 3.] 

Since six points can be taken in order in sixty different 
ways, there are sixty hex^ons corresponding to six points 
on a .conic; and, since Pascal's Theorem is trno for every 
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one of these hexagons, there are sixty Pascal linea corre- 
BpondiDg to six points on a conic. 

2S8. If a hexagon circumscribe a conic, the points of 
contact of its sides will he the angular points of a lies^oa 
ioscribed in the Conic. Each angular point of the circum- 
scribed hexagon will be the pole of the corresponding side 
of the inscribed hexf^n ; therefore a diagonal of the cir- 
cumscribing bexagoo, that is a line joining a pair of 
its opposite angular points, wilt be the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a, straight 
line by Pascal's Theorem ; hence their three polars, that is 
the three di£(gonals of the circumscribing hexagon, will 
meet in a point. This proves Brianchon's Theorem : — if 
a hexagon he described ahoMi a conic, the three diagonals will 
meet in a pomt. 

289. If we are given five tangenta to a conic we can 
find their points of contact by Brianchon's Theorem. For, 
let A, B, G, D, E be the angular points of a pentagon 
formed by the five given tangenta; then, if K be the point 
of contact of AB, A, K, B, (J, D, E are the angular points 
of a circumscribing hexagon, two sides of which are co- 
incident. By Brianchons Theorem, JDK passes through 
the point of intersection ai AC and BE; hence K is 
found. The other points of contact can be found in a 
similar manner. 

Similarly, by means of Pascal's Theorem, we can find 
the tangents to a conic at five given points. For, let A, 
B, C, D, Ehe the five given points, and let i^be the point 
on the conic indefinitely near to A ; then, by Pascal's 
Theorem, the three points of intersection of AB and DE; 
of BC and EF; and of CD and FA lie on a straight line. 
Hence, if the line joining the point of intersection of AB 
and BE to the point of intersection of BG and EA meet 
CD in H, AH will be the tangent at A. The other 
tangents can be found in a similar manner. 
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AREAL CO-ORDINATES. 



20O. The position of any point Pis <letermined if the 
ratios of the triangles PBC, PCA, PAB to the triangle of 
reference ABC be given. These ratios are denoted by x, y, z 
respectively, and are called the areal co-ordinates of the 
point P. 

The areal co-ordinates of any point are connected by 
the relation x+y +z = \. 

Since a: = =-r , y = sr < ^''^^ ^ = Sa > ^° *' °^'^ ^^"^ 
the equation in areal co-ordinates which corresponds to any 
given homogeneous equation in trilinear co-ordinates, by 

substituting in the given equation -, r. - for a, 0, f 

respectively ; for example the equation of the line at in- 
finity is a: + y + z = 0. We will however find the areal 
equation of the circumscribing circle independently. 

291. To find the equation in areal co-ordinates of the 
circle which circumscribes the triangle of reference. 

If P be any point on the circle circumscribing the tri- 
angle ABG, tbea by Ptolemy's Theorem (Euclid, VL D.) 



PA.BO + PB.CA+PO,AB=Q. 



But since the angles BPG and BA C are equal, we have 
. P ' J /T = "'■ aiid similarly for y and z; hence, paying 
regard to the signs of x, y, z, we have from (i) 
a P-A-PB.PC , ^ PA.PB.PC _ PA.PB.PG 

hex ' cay ' abz ~ ' 

^ y z ■ 
which is the equation required. 
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292, If the coDic represented by the general equation 
of the second degree in trilinear co-ordinates, viz. 

ua.*-hvff + w^+ 2u'ffy + Zv'ja + 2w'afi = 0, 
be the same as that represented In areal co-ordinates hy 
the equation 

Xic* -1- ju.y* +v^ + 2X'y2 + 2fi'zx + 2v'xy = ; 

= — , we have 

U V _w u^ v' _ w' 
\a' fib* iv* \'bc n'ca v'ab' 
Hence we can obtain the relation between the coefficients 
in the areal equation vhich corresponds to any given 
relation between the coefficients in the trilinear equation. 
For example, the condition that wa* + «^' + w^/ = 
maybe a rectfuigular hyperbola is w-|-« + u) = 0; hence the 
condition that \a? + /ny" + c«* = may be a rectangular 
hyperbola is Xa*+/i6'-l-w;* = 0. 

TASOEKTIAI. CO-OKDINATES. 

293. If I, m, n be the three constants in the tri- 
linear or areal equation of any straight line, the position 
of the line will be determined when /, m and n are given ; 
and by changing the values of I, m, and n the equation 
may be made to represent any straight line whatever. 

The quantities I, m, and n which thus define the position 
of a straight line are called the co-ordinates of the line. 

If the equation of a straight line in areal co-ordinates 
be ic -J- my + n^ = 0, 

the lengths of the perpendiculars on the line from the 
ai^lar points of the triangle of reference will be pro- 
portional to I, m, n. This follows at once from Art. 257; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points A, B, V of the triangle of reference he p, q, r 
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respectively. Let the Une cut BC ia the point K, and let 
the co-ordinates of ^ he 0, y', z'. 

Then q : r :: BK : GK ::-a' : y. 

But, since f is on the line, m^ -^nz' = 0; therefore 
^ : r :: m : n. 

294. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-orainates of the line. If any two of 
these perpendiculars he drawn in different directions they 
must be considered to have difiereut signs. 

From the preceding Article we see that the equation of 
a line whose co-ordinates are p, q,r\spx + qy + TZ=(i. 

When the lengths of two of the perpendiculars on 
a straight line are given, there are two and only two 
positions of the line ; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular, 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and that 
relation must be of the second degree. 

295. To find tlie identical relation which exists between 
the co-ordinates of any line. 

Let 6 be the angle the line makes with BA, then we 
have 2— j) = csin^, and q — r = asijt{6+B). The elimi- 
nation of 9 gives the required relation, viz. 

a^ (q—pY — 2accoB B {q—p){q — r) + 0* (j — r)' = 4A*, 
or 
a*{p-q)(,p-r) + b*(c[-r)(q-p) + c'{r-'p}(r~q) = 4:A\ 

296. If the line px+qy+rz=-0 pass through a fixed 
point i/.g, h), then 

P/+q9 + rk = _. .{i). 

So that the co-ordinates of all the lines which pass 
through the point whose area! co-ordinates are /, g, A 
satisfy the relation (i). 
■ Hence the equation of a point is of the first degree. 
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297. If the Go-ordiDatea of a straight Una ure con- 
nected by any relation the line will envelope a curve, and 
the equation which expresses that relation is called the 
tangentiaX equaMon of the curve. 

We have seen th^t the tangential equation of a conic is 
of the second degree, and that every curve whose equation 
ia of the secon4 degree is a, conic. If -^ (^, tti, n) = be 
the tangential equation of the conic whose areal equation 
is ^ {x, y, z) = 0, and if the coeEGcienta in the equation 
^ = be u, V, w, u', «', u' ; the corresponding coefficients in 
the equation -f = will be U, Y, W, U', V, W, the minors 
of u, V, u», u', v', vf respectively in the deterq^in^t 
v/, 
vf, V, 



Since u, v, f, u^, v', w' are proportional to the 
U, V, W, V, 7', W iu the determinant 

TT, W, V'\ 

W. V, tT' ; {See Art. 239] 

r, v, w\ 

it follows t^t if ^ {7, m, n) = be the tangential equa^ 
tion of the conic whose areal equation is ^ {x, y, z) = 0, 
then ^ (f, ?», n) = will be the tangential equation of the 
conic whose areal equation is -^ (x, y, z)=(i, 

298. W@ can find t^e equation of the point of contact 
of any tang^t by an investigation similar to that in 
Art 261. 

The equation i$ 



''5>^«a^ 






where (p, q, r) is the equation of the .conic, and p', 5', r' 
are the consrdinates of the tangent. 
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If (p', a', r*) be not a taogenb to the curve, "the above 
equation mil be the equation of the pole of {p', d, r"). 

The centre is the pole of the line at iu&uty whose 
co-ordinatea are 1, 1, 1 ; hence the equation of the centre 



of the curve ia 



d^ A^ d<f> __ 



299. We shall conclude this chapter by the solution 
of some examples. 

(1) If tht Hia of two trUengltt toaek a given tonic, their ifx angalaf 
pointt tcjtl lie on tmother eoaic.- 

Take one of the bianglu for tbe triangle of retereuce. 

list the equation of the given oonia be 

Let tbe eqnations of the udes of the eeoond triangle be 
i,a + mj/J+ 11,7=0, l^+ni^+n,7=0, 
and I,a-f-iR^ + niT=0. 

Then 
X(ijO+m^+n,7)(V+'V+''»7)+^('»"+'V+"iT)(V+'M+''i">') 

+ iV ((,a+«;^+n,7) (i^ + m^+tt,7) = 
nill be the general eqoation of a oonia eirQumBciribing the triangle formed 
bj these straight linee. 

Tbia oonio irill pass throngh the angular pointB of the triangle of 
leferenoe it the ooefftcienta of a*, ^ and y are all zero. That is, if 

Xffijnij + 3f m,mj + Vnijin, = 0, 
and i7yi,+Sfn,nj + ifiijti5=0. 

Eliminating L, M, N, we Bee that the condition to be eafiiBed i» 

IV, , 1,1, , 1,1, 1 = 

oyn,. BV»i- '^"■i h' ^ ' ^ 



» the three lines tonoh the given oonic, ire have 

t^ X, /I,*, we Ma that the repaired condition is satisfied. 

[See also Art. 623, Ex. 2.] 
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(3) Tfone triangle can bt irueribtd in otu conic tBitk it* iide$ toueHnf 
anothtr iwiic, then an xTifinlU number oftriangla eon he lo deicribed. 

Iiet ABC be the trituiglQ whose angular pointB ore on the oonic S, and 
nhose «des touch Uie oonic S. 

Let any othei tangent, to S be dnwn outlicg Z in the points B', C, 
uii let the other tangents to S through B', C meet at A'. Ibea A'ffC 
and ABC are tm> trianglea irhosa aides toneh S. Therefore bj the pre- 
ceding qnestion the lix points A, B, C, £f, O, J' are on a oonio. But 
five of the points, viz. A, S, C. ff, C, ara on the oonio Z, and only one 
oonic will paas through five points, therefore ff also is on Z. 

(S) Four cireUi are deecribedeo that eaeh of the four triangUi, fomed 
bg each three of/otir jfiven ttraight liiui, i$ $elf -polar aith retpeet to ont of 
the eireUt; froee that thiie four circlet atid the circle ciTCJuntcribing 
tlie triangle formed by the dtagonalt of the quadrilateral Amie a eomnton 
radical axit. 

Take the tiiaogle formed by the diagonals for the triangle of reference, 
tbea the eqoationa of the foar straight lines will be Iaiim^±n7=0. 
All conioB with respect to which the lines 

Ia + in^ + «Y=0, Is-i»^ + n7=0,andla+mj9-»72i0 
form a eelf-polar triangle are incloded in the equation 

L{la+mp+ny)^ + M{lii-Mp + ny)''-i-N{ln+m^~ny)*=0 (i). ■ 

If this conic ba a circle its equation can be pat in the form 

a^ + frr«+caP + (Xo+/ij9+>T)(aa+6^+C7)=0 (li), 

and M+fip+ry—O is the radical axis of (ii) and of the circnmBcribing 
circle- Compuing coefScienta of a', j9* and y* in (i) and (ii) we obtain, &a 
the equation of the radical axis 

Thb is clearly the same for all four drdes. 

(4) A line cat* ttso given coni'ca tn P, P, and Q, Q", to that the range 
■Pi Ot-P'. C " harmonic; find the envelope of the line. 

Befer the conioa to their common self-conjugate triangle and let their 
equatioDH be 

Va'+vP' + viy'=0, t('o'+t'^+ii>''y»=0. 

Let the equation of the line be 

Then the lines AP, AF" are giyen by the equation 
« (nij9 +(17)' + pEji* + ^117== 0, 
oi: f {HHi' + vP) + 2«innjJ> + (ioi'+li?P)T'=0. 

20-2 



,11 :«l by Google 



308 EXAMPLES. 

Aitd similarly AQ, A(f are given hj 

If Uierefore A {P<iF(i'] ia Imrmonio, we mnrt have [Art. 68] 

(ui7i»+ rF| (u'n" + «-"?) + (un' + wP) («'«'+ o'F) = 2im'Tn'n' ; 
wliicli redaces to 

<i>w'+WB')P + {iett' + uwTm' + (ui''+p«V*=0. 
Thig condition Bhena that the line alwa^ touches the oonie 

It is eagj to shew that the envelope touches the eight tangents to tha 
given oonicB at their fonc points of inteiaection. 

(6) The diTector-eirclei of all conici wkieh are imerihed in the fame 
qtiadrilateral have a common radical axil. 

Let the triangle formed by the diagonala of the quadrilateral be taken 
for the triangle of reterence. 

Then the eqtiationB of the four lines irill be Ia±Bij9±n7=0. [Ait. 
269.] 

The equation ol any ana of the conies idll be ua' + v^.i-viy'=0. 
[Art. 281.] 

The equation of the two tangents from the point {a'p'Y) is 
{ua»+»(P+tijy)(tio'« + «fl^+iiV»)-(uii'a + »(3'(9+wV7)'=0, 

The condition that these lines may be perpendionlar is [Art. 368] 

+ Sumya' DOS fi + 2uva'^ eoB C = 0. 

Hence the equation of the diTectOT.aii«le of the oonie «a*+ (^ 4- V7'= 
'<riUb« 
fi + y*+2^coBA T' + g' + gracoa.g a* + p> + 2 afi txia C _f^ ,. 

Bn^ since the cc 



Comparing (i] and (ii) we see that all the direetor-ciicIeB pass through 
the points given by 

p'-¥t' + 2pycOBA _ -^^a'+2yaei}BB a' + ^ + 2afi eoa C 
P " m' " n' ' 

[See also Ait. 243, Ex. (2), and Art. 807.] 
(6) To find the tangential equation of tA« circle icilA rttpeet to wAicA 
ike trianffte o/referenee it tel/^polar. 
The trilineai equation of the circle is 

a'acoB^ -I- ^boos£ + 7*eoos C=a 
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EXAMPLES ON CHAPTEE XIII. 
The line la l-n^ + aV-O will touch the circle, if 



If p, 3, r be the perpendicnlan on tbo line &om the anguLu pointi of 
the triangle 



^ = l = l[Axt. 3B7]. 



Bence from the condition of tangene; 

J)' tan J -t- 3* tan S + ri tan (7=0, 
vhicli ia the tequiied tangential equation. 



Examples oh Chapter XIII. 



1. Shew that the minor axis of an ellipse inBCribed ia a 
given triangle canuotr exCeed the diameter of the inscribed 
circle. 

2. Find the area of a triangle in terma of the trilinear or 
areal co-ordinates of its angular points. 

3. If four conica have a coiomon self«onjiigate triangle, 
the four poiutB of intersection of any two and the four points 
of intersection of the other two lie on a conic. 

i. Shew that the eight points of contact of two conies 
with their common tangents lie on a conic. 

5. Shew that the eight tangents to two conies at th^r 
common points touch a conic. 

6. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically are on a conic. 

7. Find the equation of the nine-point circle by confddering 
it as the circle circumscribing the triangle formed by the lines 

aa-6j8-cy = 0, J^-cy-oa = 0, and <7-oa-6^ = 0. 

8. Shew that the equation of the circle concentric with 
<jy5y -•■ bya + cafi = aud of radius r is 

I' — H' 
apy + bya + ca^ j — (ao 4- 6j8 -t- cy)' = 0, 

where H is the radius of the circle circumscribing the triangle 
of reference. 
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9. The equation of the circumscribing conic, whose 
diameters parallel to the udes of the triangle of reference are 
r, , r„ r, is 

j-,'a r,'0 r^'y 

10. J BG is a triat^le inscribed is a conic, and the tangents 
to the conic at A, B, C are B'C, CA', A'B respectively ; shew 
that AA', BS, and CC meet in a point. Shew also that, if D 
be the point of intersection of BG, EG' ; E the point of inter- 
section of CA, CA\ and P the point of intersection of AB, 
A'S; D, S, i^ wUI be a straight line. 

11. Lin^B are drawn from the angular points A, B, C oi & 
triangle through a point P to meet the opposite sides in 
A', E, C. BV meets BG in K, G'A' meets GA in L, and ME 
meets AB in M. 9hew that K, L, M are on a straight line. 
Shew also (i) that if P moves on a fixed straight line then 
KLM will touch a conic inscribed in the triangle ABC; (ii) 
that if P moves on a fixed conio circumscribing the triangle 
ABO, then KLM will pass through a fixed point ; (iii) that if 
P moves on a fixed conio touching two sides of the triangle 
where they are met by the third, KLM-w]]\ envelope a conic 

12. Lines drawn through the angular points A, B, C o£ a, 
triangle and through a point O meet the opposite sides in 
A', S, C ; and those drawn through a point C meet the 
opposite sides in A", E', G". If i* be the point of intersection 
oi EC and E'G", Q be the point of intersection of CA', 0"A", 
and R be the point of intersection of A'E, A"E' ; shew that 
AP, BQ, GR will meet in some point 2. Shew also that, if 
0, 0' be any two points on a fixed conic through A, B, C, the 
point Z will be fisied. 

13. The locus of the pole of a given straight line with 
respect to a system of conica through four given points ia a 
conic which passes through the diagonal-points of the quad- 
rangle formed by the given points. 

1 i. The envelope of the polar of a given point with respect 
to a system of conies touching four given straight lines is a 
conic which touches the diagonals of the quadrilateral formed 
by the given lines. 



,11 :«l by Google 



EXAMPLES ON CHAPTER XUI: 311 

15. Shew that the locus of the points of cdnteict of 
tangents, dmwn parallel to a fixed line, to the conios iii- 
Bcribed In a given quadrilateral, is a cabic; and notice any 
remarkable points, connected vith the quadrilateral, through 
vhich the cubic passes, 

16. An ellipse is inscribed within a triangle and has ita 
centre at the centre of the circumscribing circle. Shew that 
its msgor sjid minor axes are R + d and J? — d respectively, Jt 
being the radius of the circvmscribiug cirole and ti the distance 
between the centre and th^ orthocentre, 

17. Frova that a, conic circumscribing a triangle ABC 
will be an ellipse if the centre lie within the triangle JiEF or 
within the angles vertically opposite to the angles of the 
triangle BEF, where D, £, F are the middle points of the 
sides of the triangle ABC, 

18. Shew that the locus of the foci of parabolas to 'which 
the triangle of reference is self-polar is the nine-point circle. 

19. Shew that the locus of the foci of all conies touching 
the four lines la.^mff^ny = is the cubic 

- = 0, 



la + mp + ny la — m^ — ny — la-*-m0-~ny —la—fi^+ny 
where P'=P + m' + n'-2m7i cos^-2nZ cos 5 - 2^i» «w C, 
and i*,', P,', F' have similar values. 

20. If a conic be inscribed in a given triangle, and its 
nuyor axis pass through the fixed point (/, g, A), the locus of 
its focus is the cubic 

21. If the centre of a conic inscribed in a triangle move 
along a fixed straight line, the foci will lie on a cubic circum- 
scribing the triangle. 

23. The locus of the centres of the rectangular hyperbolas 
with respect to which the tidangle of reference is self-conjngate 
is.tiie circumsoribing circle. 

23. The locns of the centres of all rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate 
circle. 
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24. Shew that the iime-point drcle of a triangle touches 
the inscribed circle and each of the escribed circles. 

25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles fonn a 
quadrilateral, each diagonal of which passes through an angular 
point of tha triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals aie all parallel to the radical axis of 
the nine-ptnnt cintle and the circumscribing circle, 

26. The polais of the points A, B, with respect to a 
conic are SO', CA', A'B (^pfectively; she* that AA', BS, CC 
meet in a point. 

27. If an. equilateral hyperbola pass through the middle 
points of the sides of a triangle ABC and cuts the sides BC, CA, 
AB again in a, jS, y respectively, then Aa., B^, Cy meet in a 
point on the circumscribed circle of the triangle ABC. 

28. Shew that the locus of the intersection of the polars of 
all points in: a given straight I&fe 'frith respect to two given 
conies is a conic circiunscribing their common self-conjugate 
triangle. 

29. Two conies have double contact; shew that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which haa double contact with both at their 



30. Two triangles are inscribed in a conic j shew that their 
six aides touch another conic. 

31. Two triangles are self-polar 'frith respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 

32. If one triangle can be described self-polar to a given 
conic and with its angular points on another given conic, an 
infinite niunber of triangles can be so described. 

33. A system of similar conies have a common self-conju- 
gate triangle ; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points. 
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34. If A, B, C, A', S',Ch&iax pointa Buch that AA', Bff, 
CC meet in a point, then will the six straight lines AB", AC, 
£C, BA', CA' and CB^ touch a. conic 

35. A conic is inscribed in a triangle and is auch that 
the normals at the points of contact meet in a point ; prove 
that the point of eoncurrence describes a cubic curve whose 
as^ptotes are perpendicnlar to the sides of the triangle. 

36. If p^i p,, p,, Pf be the lengths of the perpendiculars 
drawn from the vertices A, B, C, i) of a quadrilateral circum- 
scribed about a conic on any other tangent to the conic, sliew 
that the ratio ofp^p^ ^PtPt '^'^ ^^ constant. 

37. The polars with respect to any conio of the ai^^ular 
pointa A, £, oi b. triangle meet the opposite sides in A', B", 
C ; shew that the circles on AA', BB", CC aa diameters have 



38. A parabola touches one side of a triangle in its middle 
point, and the other two aides produced ; prove that the per- 
pendiculars drawn from the angular points of the triangle 
upon any tangent to the parabola ere in harmonical pro- 
gression. 

39. Shew that the tangential equation of the circum- 
scribing circle iaa ijp*b Jq + eJr-0. Hence shew that the 
tangential equation of the nine-point circle is 

'^J{q + r) + h^{r-\-p) + cJ{p + q). 

40. The locos of the centre of a contc inscribed in a given 
triangle, and having the sum of the squares of its axis constant, 
is a circle. 

41. The director circled of all conies inscribed in the same 
triangle are cut orthogonally by the circle to which the triangle 
of reference is self-polar. 

42. The circles described on the di^onals of a complete 
quadrilateral are cut orthogonally b^ the circle round the 
triangle formed by the diagonals^ 

43. If three conica circumscribe the name quadiilateral, 
phew that a common tangent to any two is cut harmonically 
by the third. 
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41. If three conica are inscribed in the same quadrilateral 
tfie tangents to two of them at a common point and the tea- 
gents to the third from that point form a hannouio pendl. 

45. The loooa of a point the pairs of tangents from which 
to two given conio form a haimonic p«icil is a conio on which 
lie the eight points in which the given fionicg touch their com- 
mon tangents, 

46. The locos of a point from which the tangents drawn 
to two equal circles fonq a harmonic pencil is a conic, which is 
an ellipse if the circles cut at an angle less than a right angle, 
and two parallel ertraight Unas if they cut at right angles. 

47. A triangle is ciroumsoribed about one conio and two 
of its angular points are oi^ a second conic j find thetocusof the 
third angular point 

48. A. triangle is inscribed in one conic and two of its 
ddcB touch a second conic ; find the envelope of the third dde. 

49. The tegular points of a triangle are on Ihe ^ides of a 
given triangle, and two of its Bidee pasff through fixed points; 
shew thac the third side will envelope a conio. 

59. From the aqgulav points cf the fundamental triangle 
pairs of tangents are drawn to (vrnwvfv'af^x^)' = 0, am] e«Mjh 
pair determine with the opposite Eadea a pair of points. Find 
the equation to the conic on which these dx points lie, and 
shew that the conic 

Jx (»V - «w') + Jy (w'm' -y vv) + fjs (uV ^ una') = 
and the above two conies have a conjn^on inscribed qnadri- 
fateral. 
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CHAPTER XIT. 

REaPROCAL POLAES. PROJECTIONS. 

300. If we have any figure consisting of any num'ber 
of points and straight iinea in a plane, and we take the 
polars of those points and the poles of the hnes, with 
respect to a fixed conic C, we obtain another figure which 
is ^led the polar reciprocal of the former with respect to 
the auxiliary conic C. 

When a point in one figure and a line ia the reciprocal 

figure are pole and polar with respect to the auxiliary 

conic C, we shall say that they correspond to one another. 

If in one figure we ha-ve a curve S the lines which corre- 

rnd to the different points of 8 will all touch some curve 
Let the lines corresponding to the two points -P, Q oi 8 
meet in T; then T is the pole of the line PQ with respect 
to C, that ia the line PQ corresponds to the point T. Now, 
if the point Q move up to and ultimately coincide with P, 
the two correapondii)g tangents to 8' will also ultimately 
coincide with one another, and their point of intersection 
T will ultimately he on the curve S', So that ^ tangent to 
the cur\-e 8 corresponds to a point on the curve S", just as 
a tangent to S' corresponds to a point on jS. Jlence wo 
see that 8 is generated from 8' exactly as fT is fropi S. 

301. If any line L cut the curve 8 in any number of 
points P, Q, R.-.-ne shall have tangents to ff corresponding 
to the points P, Q, It..., and these tangents will all pass 
through a point, viz. through the pole of X with respect to 
the auxiliary conic Hence as many tangents to 8' can be 
drawn through a point as there are points on 8 lying on ^ 
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straiglit liDe. That ie to say the class [Art. 240] of ly is 
equal to the degree of 8. Reciprocally the degree of S' is 
equal to the class of S. 

In particular, if fT be a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 

302. To find (A« polar reciprocal of one conic with 
respect to arwiher. 

Let the equation of the auxiliaiy coaic be 

o^ + y3y'+1^0 (i); 

and let the equation of the conic whose reciprocal is 
required be 

aj^ + b^ + c + ^fy + igx + 2tuci/ = 0...{n). 
The line lx + my + n = will touch (ii) if 
AP + £m*+Cn'' + 2Fhin + 2Gnl + 2Slm,''0 (iii). 
And, if the pole of it + my + n = with respect to (i) be 
(«', y"), its equation is the same as aa/x + fiy'y + 1 = 0. 

Therefore — ; = tw = i- • 

W£ ^y 1 

Substitute, in (iii), and we have 
^a'a;-" + .ByS'y + C + 2^3/ + 2GW + 2 J7ay3'a!'y' = 0. 
Hence the locus of the poles with respect to (i) of 
tangents to (ii) is the conic whose equation is 

Aa*a? + B^f + C + tFfiy + 2Gax + %Ha^xy = 0. 

303. The method of Reciprocal Polars enables us to 
obtain from any given theorem concerning the positions of 
points and lines, another theorem in which straight lines 
take the place of points and points of straight lines. Before 
proceeding to give examples of such reciprocal theorems we 
will give some simple cases of correspondence. 

Points in one figure correspond to straight lines in the 
reciprocal figure. 

The line joining two points in one figiire corresponds 
to the point of intersection of the corresponding lines in 
the other. 
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The tangent to any cdrre in one fifftire corresponds to a 
point on the corresponding curve in the reciprocal figure. 

The point of contact of a tangent correaponds to the 
tangent at the corresponding point. 

If two curves touch, that is have two coincident points 
common, the reciprocal curves will have two coincident 
tangents common, and will therefore also touch. 

The chord joining two points corresponds to the point of 
intersection of the corresponding tangents. 

The chord of contact of two tangents corresponds to the 
point of intersection of tangents at the corresponding 
points. 

Since the pole of any line through the centre of the 
auxiliary conic is at infinity, we see that the points at 
infinity on the reciprocal curve correspond to the tangents 
to the original curve from the centre of the auxiliary conic. 
Hence the reciprocal of a conic is an hyperbola, parabola, 
or ellipse, according as the tangents to it from the centre 
of the auxiliary conic are real, coincident, or imj^inary ; 
that is according as the centre of the auxiliary conic is 
outside, upon, or within the curve. 

The following are examples of reciprocal theorems. 
If the ■Dgolar pointg of tvro If the rides of two trian^ei 

tiianglea are on » oonie, their eix touch a oonie, their aiz angiiUr 



■ides Kill touoh anothBr c 

The three interseotione of oppo- 
ute sidea of a hexagon inBoiibed in 
a eonic lie on a straight lino. 

(Piucart Theorem). 

If the three sides of a triangle 
toneh a cooie, and two of its angu- 
lar points lie on a second oonio, the 
locus of the third angular point is 

If the sides of a triangle tonch 
a conic, the three lines joining an 
angnlar point to the point of oon- 
tiwt of the opposite side meet in a 
point. 



points are on another oonie. 

The three lines joining opposite 
angular points of a hexagon de- 
scribed about a eonio meet in a, 
point. (Brianehon't Tfteorttit). 

If the three angnlar paints of a 
triangle Ue on a conio, and two of 
it« ddes tonch a second conic, the 
envelope of the third side is a 

If the angolar points of a tri- 
angle Ue on a conic, the three points 
of intetseetion of a side and the 
tangent at the opposite angnlar 
point lis on a line. 
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Th« polan of B given point with Tha poles of a eireu etrught 

respect to n By stem of conies throogh line with leapect to ■ Bfitem of 
foni giTen points oil psea tbiongh a conica tooohing lour giren strai^t 
fixed point. linea all lie on a fixed sttaight line. 

The locns of the pole of a given The envdope of the polar of * 

Ijne with respect to a BTstem of given point with respeot to a STstem 
oonioa through four fixed points is a of oonios touching tonz fixed lines 
conic. is ■ eonio. 

304. We now proceed to consider the resulfa which 
can be obt^ned by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is peipendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polara of these points with respect to a circle 
is equal to tho angle that PQ subtends at the centre of 
the circle. Reciprocally the an^e between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to thab 
circle, are inversely proportional to one another. 

If we reciprocate with respect to a circle it is clear that 
a change in the radius of the ausiliaiy circle will make no 
change in the shape of the reciprocal curve, but only in 
its size. Hence, if we are not concerned with the absolute 
magnitudes of the lines in -the reciprocal figure, we only 
require to know the centre of the auxiliary circle. We 
may therefore speak of reciprocating with respect to a 
point 0, instead of with respect to a circle having for 
centre. 

305. If any conic be reciprocated with respect to a 
point 0, the points on the reciprocal curve which corre- 
spond to the tangents through to the original curve 
must be at an infinite distance. 

The directions of the lines to the poiuta at infinity on 
the reciprocal curve are perpendicular to the tangents 
from to the original curve ; and hence the angle between 
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the aaymptotes of the reciprocal curve is supplementaiy 
to the angle betweeo the tangents {rom- to the original 
curve. 

In particular, if the tangents from to the original 
curve be at right angles, the reciprocal conic will oe a 
rectangular hyperbola. 

The aaxs of the recira^>cal conic bisect tbe angles 
between its aspaptotes. The axes are therefore parallel 
to tbe bisectors of tiie angles between the tangents from 
to the original conic. 

Corresponding to the points at infinity on the original 
conic we nave the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
(oigin to tbe reciprocal conic are perpendicular to the 
dircctions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
tbe original conic is supplementary to the angle between 
the tangents front the origin to the reciprocal conic. 

In particular, if a rectangular hyperbola be recipro- 
cated with respect to any point 0, the tangents from to 
tbe reciprocal conic will be at right angles tp one another; 
in other words is a point on. the director-circle of the 
reciprocal conic. 

306. Tbe reciprocal of tbe origin is the line at ilifinity, 
and therefore the reciprocal of the polar of the origin is 
the pole of the line at infinity. That is to say, the polar 
of the (rriffin reciprocates into the centre of the reciprocal 

307. As uu eicample of reciprocation take the known 
theorem — "If two of the conies which pass through four 
given points are rectangular hyperbolas, they will all be 
rectangular hyperbolas." If this be reciprocated with 
respect to any point we obtain the fijlbiving, " If the 
director-circles of two of the conies which touch four given 
straight lines pass, through a point 0, the director-circles 
of all the cornea will pass through 0." "Whence we have 
" The director-circles of all conies which touch four given 
strught lines have a given radical axis." 
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308. To Jlnd the polar reciprocal of one circle with 
respect to atuOher. 




Let C be the centre and a be the radius of the circle 
to be reciprocated, the centre and k the radiuB of the 
auxiliary circle, and let c be the distance between the 
centres of the two circles. 

Let PN be any tang^it to the tarcle O, and let P' be 
its pole with respect to the auxiliary circle. Let OP" 
meet the tangent in the point JV, and draw CM perpen- 
dicular to ON, 

Then OP.ON^=li?; 

•'■ -^' = ON=OM + MN = ccosOOU+a. 
Hence the etjuatiop of the locus of P' ia 

r a 

This is the equation of « conic having for foais, 
— for semi-latus rectam, and - for eccentricity. The direc- 
trix of the conic is the line whose equation is 



Hence the directrix of the reciprocal curve is the polar 
of the centre of the original circle. 
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It ia clear from the value found above for the eccen- 
tricity, that tVie reciprocal curve is an eliipse if the point 
be vnthin the circle C, an hyperbola if be outside that 
circle, and a parabola if be upon the circumference of 
the circle. 

Ex. 1. TangtnU to a conic tubtend equal angltt at a/ocu*. 

Bedprooate with respect to tha focua : — then conesponding to the 
two tsngente to the come, there ore two points on a oircle ; tha point of 
intersection of the tangents to the conio corresponds to the Hne joiniDg 
the two points on the oixola ; and the points of contact of the tangmts 
to the conio correspond to the tangents at the points on the oiide. Also 
the angle snbteuded at the focus of the conio bj any two points is equal 
to the angle between the lines corresponding to those two points. Eenee 
the reoiproeal theorem is — The line joining two points on a drole makes 
equal angles with the tangents at those points. 

Ei. 2, The enveiape of the chord of a eonic vhieh lubtetUli aright 
angle at afixedpoivt iia conic having O for a foev*, and the polar of 0, 
wOk Ttipeet to the or£f;iTuil conic, for the correepondit^ directrix. 

Beoiprocate with respect to 0, and the proposition becomes — The 
loans of the point of intersection of tangents to a conio which are at right 
angles to one another is a concentric circle. 

Bt. 8. If taocanic$ have a common foaa, two of their common chmdt 
irilljiaM through the interieetion of their direetricei. 

Beciprocate with respect to the common foens, and the piopotution 
beoomea — Two of the points of intersection of the common tangents to 
two circles are on the line joining the centres of the circles. 

Ez. 1. The orthoeenirt of a triangle eirevmieribing a paraiiola it on 
the directrix. 

Beciprocating with respect to the orthoeentre we obtain— A conic 
dreomscrihiug a triangle and passing through the orthoeentre is a rect- 
angnlar hyperbola. 

Many of the examples on Chapter Ym. are easily prored by reciproca- 
tion ; for example, the reciprocal of 23 with respect to the common focns 
is — cirolea are deecribed with equal radii, and with their centres on a 
Bcoond dide ; prove that they all touch two fixed drcles, whose radii are 
the smn and difterence respectiTely of the radii of the moving circle and 
of the second circle, and which are concentric with the second circle. 

B.as. 21 
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309. If we have a system of circlea with the same 
radical axis we can reciprocate them into a system of 
confocal conies. 

If we reciprocate with respect to any point we 
obtain a system of conies having for one focus, and 
[Art. 306] the centre of any conic is the reciprocal of the 
polar of with respect to the corresponding circle. Now 
either of the two 'limiting points' of the system ia such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals will have the same centre ; and if 
they have a common centre and one common focus they 
^vill he confocal. Since the radical axis is parallel to and 
niidway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conies, and is twice as far from the focus as the 
centre ; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 
conica. 

The following theorems are reciprocal : 

The tangentB at a common The points of contact of a com- 



point of two confocal conicH are at mon tangent to two cirotes subtend 

right angles. a right angle at one of the limit- 
ing points. 

The locne of the point of inter- The envelope of the line joining 

section of two linea, each of which two points, each of which ia on one 

tenches one of two confocal conica, of two circles, axA which subtend 

and which are at right angles to a right angle at a limiting point, 

one auothei, is a circle, is a conie one of whose foci is at 
the limiting point. 

If from anj point two pairs of If any straight line cnt two 

tangents P, f" end Q, ^ be drawn circlea in the points P. P" and 

to two confocal eonioB; the angle Q, Q'; the angles subtended at a 

between P and Q is equal to that limiting point by pq and P'Q' are 

between P' and Q', equal. 
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Fiom txkj point four tftngenta Aoy line onts two drcloa in P, 

f , F" and Q, ^ are drawn to two F" and Q, Q' leipectiTel; ; and Qie 

Eonfocal conioi, and tbe point of tangent at P outs the tangents at 

contact ot P is joined to the pointa Q, Q' in q, q' ; shew that Pq, Pj* 

of contact of Q, Q' ; shen that Qicbq eabteud equal (or Enpplemenlaiy) 

lines make equal angles irith the angles at a Hmit.lng point, 
tangent P. [Art. 229.] 

Pbojection. 

310. If any point P be joined to a fixed point V, and 
VP be cut by any fixed plane in P", the point P" is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projection, and the cutting plane 
18 called the plane of projection, 

311. The projection of any straight line is a straight 
line. 

For the straight lines joining F to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 

312. Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of pointa A, B, C, D..., the projection of the 
line will meet the projection of the curve where YA, FB. 
VC, YD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

In particular, ihe projection of a conic is a conic. 

This proposition includes the geometrical theorem that 
every plane section of a right circular cone is a conic. 

313. A tangent to a Gurve projects into a tangent to 
the projected curve. 

For, if a straight line meet a curve in two points A, S, 
the projection of that line will meet the projected curve 
in two points a, b where YA, YB meet the pane of pro- 
jection. Now if A and B coincide, so also will a and o. 
21—2 
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314. The relation of pole and polar with, respect to a 
conic are unaltered by projection. 

This follows from the two preceding Articles. 

It is also clear that two conjugate pointa, or two con- 
jugate lines, with respect to a conic, project into conjugate 
points, or lines, with respect to the projected conic 

315. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K'L'. Then, since the plane VK'L and the plane of 
projection are parallel, their line of intersection, which is 
the projection o? K'L', is at an infinite distance. 

Hence to project any particular straight line ifi' to 
an infinite distance, take anj point V for vertex and 
a plane parallel to the plane VK'L' for the plane of pro- 
jection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity. 

316. A system of parallel lines on the original plane 
will be projected into linea which meet in a point. 

For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
since VP is in the plane through V and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 

For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the hne of intersection of 
the plMie of projection and a plane through the vertex 
parallel to the onginal plane. 

Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel Imea, are on a straight line. 

317. Let KL he the line of intersection of the ori^nal 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection, and let 
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it cut the ori^nal plane in the line ^X'. Let the two 
straight lioea AOA', BOS' meet the lines KL, K'L' in 
the points A, £ and A', R respectively; and let VO meet 
the plane of projection in O. Then A(y and BO' are the 
projections of AOA' and BOB. 

Since the plaaies YA'ff, AO'B are parallel, and parallel 
planes are c\it by the same plane in parallel lines, the lines 
VA', VB are parallel respectively to AO', Bff. The angle 
A VB is therefore equal to the angle AO'B, that is, A' VB 
is equal to the angle into which AOB is projected. 




Similarly, if the straight lines CD, ED, meet K'L' in 
C D' respectively, the angle C VD' will be equal to the 
angle into which ODE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projectiona, viz., 

Any straight line can he prelected to infinity, and at the 
same time any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in tie points 
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A',B'&ad 0\lf; draw any plane through -d'^C^i/, and in 
that plane draw segments of circles through A',B and (7, 
S respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
s^ments of circles may be taken for the centre of pro- 
jection, and the plane of projection must be taken parallel 
to the plane we nave drawn through A'B'C'I/. 

If the segments do not meet, the centre of projection is 
imaginaiT. 

Ex. I. To thew that any quadTilateral can bt prqjecUd into a iqaare. 

Let ABCD be the qnadrilateral ; and let P, Q [see flgnre to Art. 60] 
be the points of interBeotiou of a pair of opposite sidCB, and let Qie diago- 
luJs BD, AC meet the line PQ in the points S, B. Then, if we project 
PQ to infinitj and at the same time the angles PDQ and ROS into right 
angles, the projection mnet be a aqnare. For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection irill be parallel, that 
ia to naj, the projection is a parallelogram ; also one of the angles of the 
parallelogram is a right angle, and the angle between the diagonals is 
a right angle ; hence the projection is a square. 

Ex. 2. To iJiew that the triangle formed by the diagonaU of a quad- 
riUtteral is aelf-poUiT aith reipect to any conic which iouchei the tide* of 
the qaadrilateral. 

Project the quadrilateral into a, square; then, the circle circnmscribing 
the square is the direotoi- circle of the conic, therefore the intersection of 
the diagonals of the square is the centre of the conic. 

Now the polar of the centre is the line Bt icfiiiitrf ; hence die polar of 
the point of inteisection of two of the diagonals is the third diagonal. 

Ei, B. If a conic ht imcribed in a quadrilateral the line joining tao 
of tlie point* of contact ieiU pass through one of the anjptlaT points of the 
triangle formed l/y the diagonals of tie qvadHlateTal. 

Ei. 4. If ABC be a triangle cinmiracribing a parabola, and the 
parallelogranis ABA'O, BCB'A, and CAC B be completed ; then the chords 
of contact will pan retpectivelij through A', B", C. 

This is a particnlai case of Ei. 3, one side of the qnadrilateral being 
the line at infinity. 

Ex. 5. If the three lines joining the angular points of tteo triangles 
meet in a point, the three points of ititerseetion of corresponding side* trill 
lie on a straight line. 
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Project two of the points of inteneotion of coTrespondins aides to 

inflnit;, tbea (wo pairs of oorrespoiidiiig sides vill be puallel, and it is 
easy to shew that the thiid pair will alao be parallel. 

Ei. 6. Any two conici can bt projicted into corKtntric amict. [See 
Art. 283.] 

318. Any conic can be projected into a circle having 
the projection of any given point for centre. 




Let be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of 0, and let OQ be 
the polar of P; then OP and OQ are conjugate lines. 

Take OP', OQ another pair of conjugate lines. 

Then project the polar of to infinity, and the angles 
FOQ, P'OQ' into right angles. We shall then have a 
conic whose centre is the projection of 0, and since two 
pairs of conjugate diameters are at right angles, the conic 
IS a circle, 

319. A system of conies inscribed in a quadrilateral 
can be projected into confocal conies. 

Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point B. Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity ; then, 
A, B are projected into the circular points at infinity, and 
since the tangents from the circular pointB at infinity to 
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all the conies of tlie syetem are the same, the conies must 
be confocal 

Ei. 1. Coaiei through four given point! can be projeeted into coaxial 

VoT, projeot the line joininti two of Oie pointa to infinity, and one of 
the ooniM into a circle ; then all the conies will be projected into cirdee, 
lor they all go throogh the oiroalar pointi at infinity. 

Ex. 3. Caniea which have doiihle contact viith one another can he 
projected into concentric circlei. 

Ex. S. The three pointi of ini^ieeiion of oppoiite eidei 0/ a hexagon 
iiucribed in a conic lie on a straight line. [Pascal's Theorem.] 

Project the conic into a circle, and the line joining the points of intei- 
Beotion of tvo pairs of opposite sides to infinity ; then we have to prove 
that if two pain of opposite sides of a hexagon insoribed in a circle ara 
parallel, the third pair are also parallel. 

Ei, i. Shew that tUl conia through four Jixed pointa can be pro- 
jected into reetaTigular hyperboltu. 

There are three pairs of lines throngh the (onr points, and it two of 
the angles between these paiii of lines be projected into rii^t angles, all 
the conies will be projected into reotangnlar hyperbolas. [Art. 187, Ex. I.] 

Ex. 5. Any three ehordt of a conic can be prtgeoted into equal chordt 
of a circle. 

Let AA', BB', CC be the chords ; let AB', A'B meet in K, and AC, 
A'C in L. Project the conio into a circle, KL being pcojeoted to infinity- 
Ex. 6, If tteo trianglei are lelf polar with respect to a conic, their lix 
angular point! are on a conic, and their six lidei touch a conic. 

Let the triangles bo ABC, A'B'C. Projeot BC to infinity, and the 
eonia into a circle ; then A is projected into the centre of the circle, and 
AB, AC are at right angles, since ABC is self polar; also, since A'B'ff is 
self polar with respect to the circle, J is the orthocentie of the triangle 
A'ffe. 

Now a reotangolar hyperbola through A', B', C will pass throngh A, 
and a teotangnlar hyperbola through B will go through C. Hence, sinos 
a rectangular hyperbola can be drawn through any four points, the six 
points A, B, C, a; £', C are on a conic. 

Also a parabola can be drawn to touch the fonr straight lines VC, 
an, A'B", AB. And J is on the directrix of the paraboU [Art. 107 (3)] ; 
&erefore AC le a tangent. Hence a conic touches the six sides of the 
two triangles. . 
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320. Properties of a figure ■which are true for any pro- 
jection of that figure are called projective properties. In 
general audi properties do not involve roagnitudes. There 
are however some projective properties in which the m&g- 
nitudes of lines and angles are involved : the most impor- 
tant of these is the following : — 

Tlie cross ratios of pencils and ranges are unaltered 
hy prctjection. 

Let A, B, C, D he four points in a straight Hne, and 
A', If, C, jy he their projections. Then, if F be the 
centre of projection. VAA', VBB, VCC, YDI)' are straight 
lines; and we have [Art. 55] 

\ABCT)\ = y{ABCD\ = {A'BG-]y\. 
If we have any pencil of four straight lines meeting in 
0, and these be cut by any transversal in A, B, G,D; then 
{ABCD} = {ABOD} = VIABGD] = \A'B-GD'} 

= 0" [A'BCI)']. 
From the above together with Article 62 it follows that 
if any number of points be in involution, their projections 
will be in involution. 

%!. I. Any ehord of a conic through a given point U dtvided 
hanTtonically by the cvrve and the polar of 0. 

Project the polar of to infinitf, then O is the centre of the projec- 
tion, the chord therefore is bisected in 0, and {POQai } is hs.rmoma when 
POt^OQ. 

El. 3. Conic* through four fixed poinlt are cut by any itralght line 
in pairt ofpointt in involution. [Desaigae's Theorem]. 

Project two of the points into the circalsr points at infisitj, then the 
conies &re projected into co-oiiitl circles, and the proposition is obvious. 

321. The cross ratio of the pencil formed by four 
intersecting straight lines is equal to that of the range 
formed by their poles with respect to any conic. 

Since the cross ratios of pencils and ranges are 
unaltered by projection, we may project the conic into a 
circle. Now in a circle any straight line is perpendicular 
to the line joining the centre of rtie circle to its pole with. 
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respect to the circle. Hence the cross ratio of the pencil 
formed by four intersecting straight lines is equal to that 
of the pencil subtended at the centre of the circle by their 
poles, aad therel'ore equal to the cross ratio of the range 
formed by their poles, 

322. The cross ratio of the pencil formed hy joining 
any point on a conic to four fixed points is constant, and 
is equal to that of the range in which the tangents at those 
points are cut by any tangent. 

Since the cross ratios of pencils and ranges are un- 
altered hy projection, we need only prove the proposition 
for a circle. 




Let A, S, G, D he four fixed points on a circle ; let P 
be any other point on the circle, and let the tangent at P 
meet the tangents &i A,B,C,Diii the points A', S, C, J)'. 

Then, if be the centre of the circle, OA' is perpen- 
dicular to PA, OR to PB, OC to PG, and OU to PD. 

Hence 

[A'FCiy] = \A'B'Ciy\ =P{ABGD\. 

But the angles APB, BPC, GPD are constant, since 
A, B, C, D are fixed points. 
Therefore {A'F CD'] = P [ABCD] = const. 

If Q be any point Tyhieh is not on the circle, Q [ABGB] 
cannot be equal to P {ABCl>} ; this is seen at once if we 
take P such that APQ is a straight Hne, and consider the 
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raoges made on BC by tbe two pencils. Hence we have 
the following converse proposition. 

If a point P nuyve so that the cross ratio of the pencil 
fonned hy joining it to four fixed points A, B, C, D, is con- 
stant ; P toill desert a conic passing through A, B, C, D. 

Ex. 1, TJu/otir txlremitia of tvro conjugate chorda of a conic $ubtend 
a lutTTHOmc ptncii at any point on iht carve. 

het the chorda be AC, BD; let E be the pole of BD, and let F be the 
point of iuterseotiou of AC, BD. The four points anbtend, at all points 
on the cnrve, panciln of equal cross ratio. Take a point indeftnitaly near 
to J>; then the pencil ii D{ABCb:). Bat the ranse A, B, C, E is 
harmomc, which proves the propositioiL 

Ex. 2. If tv!0 triangiei ciTcmmoribe a conic, their lix angular poiTiti 
are en another conic. 

Let ABC, A'ffC be tha two triangles. Let B'C cat AB, AC in E', I/, 
and let BC cnt A'ff, A'C in E, D. Then the ranges made on the fooi 
tangents AB, AC, A'S, A'C by the two tangents BC, BC are eqnaL 

Bence \BCEli\ = {B'D'B'O ; 

.-. A'iBCEDi^AiE'D'B'C-}, 
or A'{BCB'Cl = A{BCB'Ci. 
which proTes the proposition. 

The propoHition may also be proved by projecting B, C into the 
mronlar points at infinity; the conic is thns projected into a parabola, of 
which A is the focus; and it is tnown that the circle circnmscribing 
A'B'C vill pass throngh A. 

323. Def. Banges and pencils are said to be homo- 
graphic when every four constituents of the one, and the 
corresponding four constituents of the other, have equal 
cross ratios. 

Another definition of homographic ranges or pencils is 
the following: — two ranges or pencils are said to be homo- 
graphic which are so connected that to each point or line 
of the one system corresponds one, and only one, point of 
the other. 

To show that this definition of homii^raphic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
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syBtems he x, y; ,thea we must have aa equation of the 
form 

ay + b 

cy+d 
The propoaition follows from the fact that the cross 
ratio of every four points of the one system, namely 

(^, -^.){:r. -:..)• 

is not altered if we substitute ^ — ^ for cc,, and similar 

cy, -1- d 
expressions for ib,, ar, and x^. 

Ei, 1. The poinU of iitteneetion of coTreiponditig linn of (mo ftonm- 
graphii: pencilt deecribe a ctmic. 

Let P, Q, B, S bo four of the points of interBection, and O, 0' the 
vertices of the pencils. 

Then 0{PQRSi = 0'{PQRSi; therefore [Art. S22] O, 0'. P. Q, R, S 
aie on a conio. But five points are enfficient to detennine a oanic ; hence 
the conio throngh O, Cf and any tliree of the intereectionB will pass throngh 
every other intereeotion, 

Ei. 2. The lines joiiang corrapondii^ points of two homographie 
rangei tnvelope a eonic. 

Let a, 6, c, d be any four of the points ot one system, and a', V, c', S 
be the ootresponding points of the other eystem. Then oa', Vb\ cc', dS 
are out by the fixed lines in ranges of eqaal cross ratio. Hence a conio 
will touch the fixed lines, and also aa', hh', cc', dd'. Bat five tangents are 
Btlfficient to determine a eonic ; hence the ooaio which touches the fixed 
lines, and three of the lines joining corresponding pointa of the ranges, will 
touch bU the others. 

Ex. 3. TiBO angUi FAQ, PBQ of comtant magnitude move aboat 
fixed point! A, S, and the point P deecriie$ a itraight line; ihew that Q 
describee a eonic through A, B, [Newton.] 

Corresponding to one position of AQ, there is one, and only one, 
position of SQ. Hence, horn Ex. 1, the locus of Q is a conio. 

Et. 4. The three sidei of a triangle pott through fixed points, and the 
extremities of its base lit oa ttco fixed straight lines; shea that its vertex 
describe* a eonic, [Hadaarin.] 
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liSt A, B,Che the three fixed polntt, uid let Oa, Oa' be the two fixed 
Btnight lines. Snppose triangleg drawn »i in the figure. 




Then the rangea {abed...) and {a'l/e'd!...) a 
fore the penoilBfldticiI...) andC {aVe'd^...} c 



homographio. 



Ex. 6. If all theiida of a polygon past through fixed polnti, and all 
tht angular pointi but one move on fixed itraight Itnet; the remtitUng 
angular point vnll deteribe a eonie. 

Ex. 6. A, A' are fixed poinU oa a conic, and from A and A' pain of 
tangent! are draum to any canfocal come, which meet the original eonie in 
C, D and C, D'; iliew that the iociM of the point of intersection of CD 
and CD" i> a eonie. 

The tangents from J to a confocal are eqnallj inclined to the tangent 
at A [Art. 22B, Cor. 3], therefore the chord CD cats the tangent at J in 
some fixed point O [Ait. 195, Ex. 2]. So also C'D' passeB throngh a 
fixed point O. Now If we draw an; line OCD through 0, one oonfocal, 
and only one, will tonch the lines AC, AD; and the tangents from A' to 
this confocal will determine C' and Lf, BO that oorresponding to any 
position ol OCD there is one, and only one, position of ffCD'. The 
loons of the inteisection 19 therefore a conio bom Ex. 1. 

Ex.7. IfAOA',BOD',COC,DOIf... be chord* of a eonie, and P ax^ 
point on the cume, then Kill the penciU P{ABCD...\ aitdF{A'B'a'B'...i 
be homographie. 

Project the conio into a urole hanng for oentre, 
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Ex. 8. If [A«r« arB tun <|fit«mi of jMlnti on a tome vhich tubUtid 
homogr^hic pmeiU at any pomt on the curve, the Una jotntnj eorre- 
tponditig points of thf ttto lyitemt tniU envelope a conic having double 
conlaet with the original conic. 

Let A, B, C, D... , and A', B\ C, D' ... be the two ^steniB oT points. 
Project AA', BB', CC into eqnal ohords of a circle [Art. 319, Es. 6]; let 
F, P' beany pair of oorreaponding pointe, and Oanj point on thedrole; 
then we have {ABCP} = 0{A'B'CP'\. Heaoe PP' u eqaal to AA', and 
therefore the envelope of PP' is a conoentria (dicle. 

Ex. 9. If a polygon be imeribed in a eonie, and all iii tide> but one 
pan through fixed pointi, the envelope of that tide Kill he a conic. 
Thia follows from Ei. 7 and Ex. 8. 

324, Any two lines at right angles to one another, and 
the lines through their intersection and the circular points at 
infinity, form a harmonic pencil. 

Let the two lines at right angles to one another be 
xy = Q, then the lines to the circular points at infinity will 
be given by a^ + ^* = 0. By Art. 58 these two pairs of 
lines are harmonimly conjugate. 

We may also shew that two lines which are inclined at 
any constaot angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 

Ex. The locus of the point of intersection of two tan- 
gents to a conic which divide a given line AB harmonically 
is a conic through A, B, and the envelope of the chord of 
contact is a conic which touches the tangents to the ordinal 
conic from A, B. 

Project A, B into the circular points at infinity and 
the proposition becomes : the locus of the point of inter- 
section of two tangents to a conic which are at right angles 
to one another is a circle ; and the envelope of the chord of 
contact is a confocal conic. 

325. The following are additional examples of the 
methods of reciprocation and projection. 
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EXAMPLES. 335 

Ex. 1. If the iide» of a triangle toaeh a eonie, and if iico of lite dagular 
pointimove on fixed amfoeal eonie*, the third ajigulJir point loiU deieribe a 
confoeal eonie. 

Let ABC, A!EC be two indeflnitelj near positions of the triangle, 
and let iA\ BB', CC produced form the triangle PQR. The six point* 
A, S, C, A', B'.C are on a conia [Art. 822, Ei. 2], and this conio will 
nltimaCely touch the stdea of PQR in the points A, B, C. HenoePi, QB, 
RC will roMt in a point [Art. 166, Ei. 8] ; and it ia easily seen that the 
VettcaUAiQCP^], B{RAQC\,C{PBBA\ are hannonio. Now, if .< more 
on a. conic cont(Mal to that which AB, AC touch, the taugent at A, that 
is the line QR, will make equal angles with AB, AC. Hence, since 
A{QCPB] ia harmonic, PA is perpendicular to QR. Similarly, if B 
move on a confocal, QB is petpendionlar to BP. Hence RC must he 
perpendicular to PQ, and therefore CA, CB make eqaal angles with PQ; 
whence it followa that C movea on a eonfocal conic. 

[The propomtion can easily be extended. For, let ABCD be a quadri- 
lateral circamsciibing a conic, and let A. B. C move ou confocala. Let 
DA, CB meet in E, and^B, DC in F. Then, by considering the triangles 
ABE, BCF, we aee that E and F move on oonfocals. Hence, by con- 
sidering the triangle CED, we see that D will move on a confocal.] 

7 a focus we obtain the following 

If the anffular poinu of a tTiangU are on a HtcU of a co-axial lyitem, 
and two of tht sidet toueh circlei of the lyitem, the third tide jcill touch 
another circle of the tyitem, [Poncelet's theorem.] 

Ex. 2. The <i2 linei joining the angular points of a triangle to the 
point) where the oppoiite aide! are cut bg a coiiic, viill toueh artother 

The reciprocal theorem is : — 

The lia pointt of inleriectionof the lides of a triangle with the tangenti 
to a conic dravn from the opposite angular pointi, will He on another 

Project two of the pointa into the cinmlar points at Infinity, then the 
opposite angular point of the triangle will be projected into a focos, and 
we have the obvious theorem : — 

Tko linei through a focua of a eonie are cut bg pain of tangeHt$ 
parallel to them in four pointi on a eirele. 
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836 EXAMPLES. 

Ei. S, The following theoreniB aie dedneible fiom one uothei'. 

(i) Ttea Una at right angltt to one another are tangcnU on« to each 
0/ tao eon/ocal conititj thea that the loctu of their inteneetion U a eirele, 
and that the envtlope of the line joining thtirpointt of contact if another 

(ii) Tieo jxrinci, one on each of tao eo-axial eireUt, mblnul a right 
angle at a limiting point; ihea that the envelope of the line joining them 
ii a conic tuitk one focut at the limitJRp point, and thta the locui of the in- 
tenection of the tangent! at the point* it a eo-axial fireb. 

(iii) Tko liwt uAi'cA are tangent* om to each of tvto eonie; ent a 
diagonal of thtif eircwatcTilriTig qrtadrilaterai hanaonieaily ; ihe\B thai 
the loeut of the intertection of the iirui ii a conic through the extremitiei 
of that diagonal, and that the envelope of the line joining the pointi of 
contact ii a conic inecribed tn the lame qtiadrilaleral. 

(iv) AOB, COD are common chord! of tao conice, and P, Q are poijiti, 
one on each conic, luch tkatO{APBQ) it harmonic; thete that the envelope 
(if the line PQ ie a conic touching AM, CD, and that the tangenU atP.Q 
meet on a conic through A, B, C, D. 

(t1 If tv>o poivtt be token, one on each of two circlei, equidietant from 
their radical asrU, the envelope of the line joining themii a parabola which 
toachet the radical axit, and the locm of the intertection of the tangentt at 
the pointi it a circle through their common point*. 



EXA1IPI.ES ON Chapteb XTV. 

1. Shew that an hyperbola ia its own reciprocal iritli 
I'espect to the conjugate hyperbola. 

2. Shew that a system of conies through four fixed points 
can be reciprocated into concentric conies. 

3. Shew that four conies can be described hariog a common 
focus and passing through three given points, and that the 
latus rectum of one of these is equal to the sum of the latera 
recta of the other three. Shew also that their directrices meet 
two and two on the sides of the triangle. 

i. If each of two conies be reciprocated with respect to 
the other ; shew that the two eonica and the two reciprocals 
have a common self-conjugate tri&Dgle. 
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BXAUFLES. 337 

5. Two conies L and L^ are reciprocals ■with respect to a 
conic U. If J/", be tBe reciprocal of i, with respect to L^ and 
Jfj be the reciprocal o( L, 1*1111 respect to Zj ; shew that M^ 
and Jf, are reciprocals with, respect to U. 

6. If two pairs of conjagate rajs of a pencil in involution 
be at right angles, every pair will be at right anglea. 

7. If two pairs of points in an involution have the same 
point of bisection, every pair will have the same point of bisec- 
tion. Where is the ccntoe of the involution } 

8. The pairs of taugentu from any point to a system of 
conies which touch four fixed strai^t lines form a pencil in 
involution. Hence shew that the director circles of the system 
have a common radical axis. 

9. Two circles and their <!6ntres of similitude subtend a 
pencil in involution at any point. 

10. If two finite lines be divided into the same number of 
parts, the lines joining corresponding points will envelope a 
parabola. 

11. If P, -P' bo corresponding points of two homographio 
ranges on the lines OA, OA', and ttie parallelogram FOP Q be 
completed j shew that the locus of Q is a conic. 

13. Three conies have two points common ; shew that the 
three lines joining their other intersections two and two meet 
in a. point, and that ajiy line through that point is cut by the 
conies in six pointa in involution. 

13. Shew that, if the three points of intersection of corre* 
sponi^ng sides of two triangles lie on a straight line, the two 
triangles can both be projected into eijuilateral triangles. 

14. Shew that any three anglea may be projected into 
right angles. 

16. A, B, C are three fixed points on a conic; find 
geometrically a point on the curve at which AB, BO subtend 
equal angles. 

16. Through a fixed point any line is drawn cutting 
the sides of a given triangle in A', B, C respectively, and P is. 
the point on the line such that {A'BO'F} is harmonic; shew 
that the locus of /* is a conic. 

S. C. S. 22 
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17. When four conica pass tbrongh four given poiat^ ibe 
pencil, formed hy the polan of anf point with respect to them, 
is of constant cross ratio. 

18. If two angles, each of constant magnitude, turn about 
their veiidceB, in such a manner that the point of intersection 
of two of their sides is on a conic through the vertices, the 
other two sides will intersect on a second conic through their 

vertices. 

19. If all the angular points of a polygon move on fixed 
straight lines, and all the sides but one turn about fixed points, 
the free side of the polygon will envelope a conic. 

20. If a polygon be circumscribed to a conic, and all its 
wigular points but one lie on fixed straight lines, the locus of 
that tuigular point will be a conic. 
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ANSWERS &c. TO THE EXAMPLES. 

CHAPTEB n. 
3. Ana. Jo (*-a)»- ft (a- a)»-'{p-6)+iJ, («-«)•-• fe-S)'--.. - 
+ ( - Ij'^.dr- b)* = 0. 4. The lines make eqoal angles with one 
another, o. Take OA, OB tor aiea, and let 0^ OB, OF, OQ be a, fi, 
h,k reepeotively. Siuae AP=e.BQ, wo have ft-aae(ft-t). It {x.y)' 
Iw middle point ot PQ, %c=h, 2y — k; wlienoe required Imde is 
2x-a = c{1y-b). 7. Take the fixed lines for azee and let P be (z, y) and 
Q be (x', y^. Then ^^x + yeosja, y'=i/+xciaia. Find x and y in 
terms of x* and y', and substitote in tbe equation ot the Ioqob of P. 
8. Use polar oo-ordinatea with for pole. 10. The equations of AB, 
AD, BC. CD axe 6-0, B-a, TBbi(a-.a) + aBbia=-0, and rsintf^dsina; 
where a, fi are the lengths ot AB and AD, and a Is t^e angle BAJ>. 
The equation of AC is #=tan-i — ^^f_ _ ^j ^f ^j) jg r^eintf 
~ab«na + t>rsin(a-«)=>0. 14. ±ns. 7v-3x-19=0, Ti;+Sy-'Sa=Q, 
7y- 3i+ 10=0, and 7i+%-4=0, IE. If the base be taken as mis 
of z, the mm of the positive angles the sides make with it is constant. 

16. Ih. .t-Mi^ of lh« loom ].» >'';_y-'' - '''^'';_'^''^'° .. 
The points are on the axis of x and a,b, e, d are their distances from the 
origin. 18.Theeqaationof(heloeaBiE(a-a')xy-t-I(x-(i)[x~a')=0,where 
AB is axis ot x, the other given line the axis ot y, and OA — a, OB=a', 
and t the intercept on axis of y. 21. Tbe bisectors of the angles between 
the two pairs of straight lines coincide [Art. SS], 32. Ans. (oi'-o'bp 
=4(fta'- Ka) (k'b-M^. 23. This isredncedlo the preceding by means 
□f question S. £6. The resnlt easily follows from the polar form of the 
equation, viz. mtiin80+l=O. 29. If the strughC lines be y = m^, 

,=1^., and y=^: we have f^ (l>-"i')'ft;-"y ^(l^z^'.. Bnt 
J ~r- » -r-. (l+m,')(l-i-m,')tl+iiH*) 

22—2 
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o^ + 6j>a + «p3?+dii?so(y-m,i){y-Bija:)(^-jn^), and (l+mi'lCl + nij') 
(1 + m,') = 1 + (in, + ?iia + raj)' - 3 {iitiTn, + nijJn, + in,iBj + (ntim, + m^, 
+ m5ini)'-2?nifnjTO,(Wi+Tn,+m3) + rai'm,%,'=l+^~ 2- + -j-3-j + -^; 
whence tbe result. 30. The equation of any pair of perpendicular lines 
in !c'' +\xy - y'=0. Hence giTen equation must beeqoiTalent to (Ex+Fy) 
(x'' + >jqi-if) = 0, BO that E=A, F^ -O, F+X£=3B, and \F-E=SC. 
33. The lines are ax' + 2hxy + by'y^{ar^+2h'Ts + Vy'i=0 [Art. 38]. 

84. Let J,B, CbeK. Si). K Ij) and (oj, 6J; ana.i', B", Cbe(a„Pi). 
('(i'|Sa)>('<3>^- Theeqoatioiis orthe three perpeadicolars from .I'lf, Con 
the Slides of JBC are r(iij-aJ + j(6a-6,)-ai(a,-a,) -ft (6,-ia)=0(l), 
«!(aj-o,) + y(6a-i,)-<hK-aJ-ft(6,-6i)-0 (2), and i (a, - oj 
+ y(6,-6,)-ii,(fli-aJ-^s(6,-&j) = 0(3). If (1), (3), (8} meet in a point 
the sum of the conatants is zero, and this sum can be written in 
the symmetrical form a[ii, - OjOj + OjOj — a^, + a/t^ — 0)0) + kjfi^ — 6^ 

CHAPTER IV. 

4. The looDs ia (l-n»)(i'+i/'+a')-2a(l+n')a;=0, where (a, 0), 
(-a, 0) are the two points A, B. The common radical axis is ;?— 0. 
6. Ans.ii" + v*+3^+aey+/(Jai + Sy)=0. 7. Ans.2a!'+ V + 2i^+8y+l=f- 
e. See Art. 88, 9 and ID. Sabstitnte - for r in the polar equation of the 

line or of the cirola 12. If a common tangent, FQ, of two of the oirclea 
out the radical axis in O, the tangents from O to all the other circles of 
the Bystem, vncluding Ihe livdHng circlei, will be equal to OP; therefore 
the limiting points are on a circle on P^ as diameter. IS. If one circle 
is within the other, (1) the radical aiis must out in imaginary points, 
therefore b ia positiTe; (2) the centres must he on the same aide of the 
radical axis, therefore a and a' have the same sign. 15. See Art. 86. 
19. We may take 

a:coio + yBino-a=0, 1008^0+ — 1+y an (aH j -o=0, iSe. 

tot the eqnatioiis of the udesi The snm of the squares of the peipan- 
dionlarsfrom {x, y) is Bom of squares of left sides; aod in this siun the 

ooeffiolents of ^ and v' are equal, siDoeaqa3B+cos2| ii + — ]+...,>sO; 
also tbe coefGcient of z^ is zero, since un2B + dn2 ( o-l- — ) + ....=0. 
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ANSWERS TO THE EXAMPLES. S41 

20. - + -^3, {h, k) being the point thiongh vhioh PQ pwMB. 31. UP 

beanj^intoaihe<aidle,BiiiA,Biii6eaiBot&^»isiet6i,PA*+PB'-AS'i 
expreBS this in polar co-ordinstes. 33. Elimiaate 9. Condition for 



iji9j. = 2ocoB'^orf = -2ffiBin'^. 28. a: = g, j = - j. 34. Two 

ciiclea. 35. The wbole lengtbBof the lines, from the pinntB of contact to 
their intersection, are equal to one another. 26. The given lines 
must intersaot on the cadioal axii of the oiroles. 27. If given 
pointi lie (*a, 0), and tangents are parallel to]/ = a tan 9, tbeeqQati<»t 
of the locus is v*-l-2«ycot9-ii'-(-a*=0. 39. Fm Btraigbt lines, 
A + B + C = 0. SI. Any circle through (±a, 0) ia 2' + j|'-3At(~a>-0, 
The orthogonal ciroIesBrei' + y'-3<^+o' = 0, 83, Tak6x'+y'-2asc=:0, 
X* + jf' - Qbt/ — for the e^natlona of the circles. 36. The equa- 
tion of the looua is (*>+«') (i» + y'+«'J -4atca = {i» + j'-o')». The 
bisectors touch the circles ^ + {yJ:a.)*=i{bi:c)'. 30. The centre 
of the TeqTzired cirole muat be the ladical centre of the three escribed 
circles. The equation of circle touching BC, and AB, AC produced is 
a*-i-jf*+2zi;ooB^-'2a(z+y) + ><=0(i),J£, .1(7 being axes. The radical 
centre of the escribed circle is given by + ?=i. ■- + — i=i. '*a co- 
ordinates are therefore ^^-^—^ and 1— ■ The ndina required is equal 

to the tangent to one of the circles from the radical centra, and this is 
foond by substituting the co-ordinates in (i). 37. Let the centres of 
thedrolesbe {)f, y), (x", y"), the fixed pmnts (:ta, D), and the point of 
oontaot (x, y). Then we hafe (i) {:i-a)'+_y''=c', (ii) (a!" + o)'-hy^=e', 
(iii) {e'-j!")> + (^-^')« = *C- Also 2x=x'+^; and 2y = y' + y''. From 
(i) and (iiKx- - r-T (J' -H a:") - 2a (a^ -f- ^0 -Ky- - y") (V' + V7= 0, i.e. >! (>/ - y) 
-2ax+y(y'-y")=Q. This with (iii) giyea na (y'-j/") and (/-!B^, Then, 
taking (iii) from twice the sum of [i) and (ii), we have (i'+a^'+(s'+v")' 
-1-4a'-4a(af -a^)=0; whence the required locas. 



CHAPTEB V. 

4. The parabola is y'=- — ax, where 1 : n is the given ratio. 
5. (i) a Btraigbt line through the vertex, (ii) the onrve y^=ctu^ + 2at. 
6 y*=:fi + 6ait+a*. 10. The chord of contact of tangents from (-4a, i) 
is yk=2a(x-ia). The equationof the lines joining vertex to pointa 
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11. r.Y= 'f ~*°^ 7-,andrJlt'=y^+4a';wlieifl(x',t')far. 12. Let 
the axis of z be midway between the axei of the patftbolas, thea their 
equatioiiB will be (y-6)*=4(iz, (a + &)'=4ai. If y=ij cnt the onrveBin 
{x,, ifland [x^, If) respeotiTely, we haTB t^ + i^=2»lxi + x^. Hence, 
if (C, 1^ be the middle poiot of intercept, ^ + b*=4a{. 16. The ohord 
wliOB» middle point is (x*, y*) k parallel to the polar of (x', y'); ita 
aqnation therefore is (y-y')y' = 2a(z-x'). If the chord pass throogb the 
fised point (fc, i). we have (*-!/')y' = 2o(.ft-i'). Hence the reqaired 

loon* ifl the parabola y{y-i)=2a(x-h). 25. Let y=m,a+— ...(i). 
y=ii4j;-(- — ..^ii), y=m^H — .,.(i£), and y=Bi^i + — ,,.(iT),bo theeqna- 
tions of the foni tangents. The oidinate of the point of intersection of 
(i) andfii) iaa( — + — V andHieordmsteof the point of intersection of 
(iii) and (iv) is a I — + — I ; hence the ordinate of the middle point oi 

these interaeotiona is ^1 — H — + — + — !■ The symmetry of this 
result shews that the ordinate is the same for the middle point of the 
other tico diagonals. 27. If the fixed line and the two tangents 

make angles a, B,, e, with the axis, we have 2a=fi + 0f And if 
t^, /) be tbe point of intersection of the tangents, tan 9, and tand, 

are the ro(*a of y'=nir'+- , We therefore hoTC tan 2a = -7 — ; which 
shews that the utterseotiou of the tangents is on a fixed straight line; 
therefore, £0. 3S. At paints commoa to y*—4ax=0 and any circle 

I/* »> 

x' + y^-i-2gx + yy + c=0, wa have t^ + v' + Bj |- 4- 2/1/ + e = 0. The CO- 

effident of v" is »ero, hence J/i + y, + y, + y* = 0, If therefore the normals 
at y„ y„ y, meet in a point, y, is zero; for we know that yi + y,+y.=0 
IArt.100]. 38. Theaonaalat Ky')is2o(y-y') + y'(i-z') = 0. If 
this pass through (h, k), wa have 2at+y'(A-a'-2a) = 0, whence 4a'i' 
= 4ar'(ft-i'-2o)'. This givesacabioeqnation for x" from which wehave 
«'+a" + 2'"=2h-4a,or{«'+a) + (i" + fl) + (a;"' + a) + a = 2fl; therefore, Ac. 
41. Tatie tor axes the tuigent parallel to the giieu lines and the diameter 
through its point of contact. 43. Thelineisx = .2a + e. 44. The 
ordinates of the notmalB which meet in (ft, k) arc given by 2a (y - i) -t- 
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ANSWERS TO THE EXAMPLES. 343 

plx-h) = 0. U(A, t)beoiitheoiirve, webftTeaa(!f-l) + ^^-J^ = 0. 

Hence the oidinatea diffesent from fc are given by j/{y + lc) + 8a*^0; so 
that ^^,=80*, TheeqiutioD of the chord i» y (ji+yj-4oir-yiyi=0, 

heuoe this cats the axi« where x=-'\'^'=- 3a. 47. Let y,, y,, y^, y^ 

be the ordliuiteB of the pobis A, B, C, D; buA let ^B, BC, CA, AD 
make aiiglee0i,0,,9„0«vitb the axis. TIieii[ATt.l03],y, + ^,=4aootP,, 
und so tor the rest. Eenoe oot9i + oot#j = cotff, + ootej; which shews 
that if Ihrefr of the Angles are oanstant, the fourth also is eonstant. 
GO. Let P, Q,B, She {z„ y,) Jot. The egnatiDit of the tarde on PQ as 
diameteriB{y-jfJ{y-y,} + (z-ii)(a;- ii^^O. Where this moetj y' = 4a«, 
we haTe(y-yi)(y-y,)+j^,(y'-y,»){y»-y,^=0. Haaoey,, y^ we the 
rootsof 16a> + (y+y,}(j, + yJ=0.Bo that ytf,=jiy, + I6a>. BntPCBS 
OQt the axis at points whose abscissae are -^ and -- ~^, hence 
the difference of theae abBcissie is 4a. 



CHAPTEB VL 

i. The equation of a line throoglL the middle point of a chord per- 
pendicohir to the chord can be written down bj assnming Art. 114 (iii). 

IB. The ellipse U^ + ^ = ^^^y. IB. Dsey=B(z + V{Q»i«*+i»). 
SO. Use eooentiio angles. 21. The line y=nt(x~ii«) cuts the ellipse 
where ^ + "''*'y"*' -l. Puix=i(^e+-\-p, and ahew that the 
prodnot of the roots of the qoadratia in p is independent of m. 27. If 
Pbe(i',yO, the point of intersection of QH and BS is {-''•'-i^rjri) ■ 
80. The semi-Bies of the locns of P are the semi-Bnin and semi- 
diSerence of the radii of the circles. S6. The chord which has (e*, y") 
for middle point is parallel to the polar of (x', y'), its equation is therefore 
(i-yj— ^ + {y-y^^=0. Hence, if the chord pass through a fixed point 

(&,&),thenuddlepointisontheeUipse(A-z)-,4-(t-y)^=0. 37. Let 
P be (x*, y\ and let the chord make an angle $ with the major azis of the 
ellipse. The 00-ordinatea of the point on the chord at a distance r from 
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P are x' + r c09 9, and y' + reinB; snbBtitnte these co-oidinates in the 
eqnstioii of the ellipw for Pft and in the equation -f + ^=0 for -P-B ; 
then see Art. 111. 38. The eqoatioa ol tbeloena u(-^ + ^-i\ 

40. Let B, fS, T> > 1» Ulb ocMurdiiiatee of the angnlu points A, S, C, D 
of the qnadrilateral; then, onaeAS, BC, CD are paraUel to three fixed 
BtMiight lines, we hATe (a + fi), (fi-t-y) and (y+S) aonstant; therefore 
(a+3j ia oonatant. 4S. Let the eo-oidinatea of Q be acaaS utd bapB, 
then qoadiilateral OPCQ=3.iriua^0CQ=hbmiS-haisoa«=A, sap- 
poae. Tberefoie^^-aiii«-rCOi0(l). Bat (A, i) is on the tangent 
at Q; therefcfre -coBfl+^ Biii#=l (2). From (1) and (2) we hare 

-■^j = -j + p - 1, The area of Oie triaagle PCQ can be readily deduoed 
from that of the quadrilateral. 60. Ans. Hi:^^ + a^ifl)»-{a'-fy 

(o'a" - 6V)'- B3> If ♦ be the eooontrio angle of P, the co-ordinates 
of e are (a + 6)oos^ and (a + 6)sin0, or (a-6Jooa^ (6-o)Bin^, ao- 
cording as FQ ia measured along the normal oatwards oi inwards. 
S5. Let T tie {^, y"). In the qnadratio equation glTing the absciaaae of 

points where -Y + 5^ ill cota the eUdpse, aabstitnte for a; [Art. 110]; 

theprodootof the roots offtee^natioa in r will b« eqoal to SF .SQ, 

CHAPTEB TO. 

S. An bjpeilMla. 4. An hyperbola. 0. A rectAngolor hyperbola. 
.19. 2j+8e+4=0. 20. 0!-2=O,!(-3=O,a9-3a-2!( + ia=0. 26. The 
linea joining (a^j^ to the two flied points ( ± a, 0) are (jx'-i/)'= a^(y - y^'. 
Thew are parallel to y'(3!''-a»)-2ii!'/iQ)+y^=0, the Mseotors of 
=0, Binoe tbese UseotoTS are fixed linet, we. 
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ANSWEBS TO THE EXAMPLES. 345 

CHAPTEB VnL 

4. If a, ^, 7 be the vectorial angles of A, B, C lespeetively, 
SA=— — ,fuidS^'= 1 — — ,&c. 5. As in Art. 16fi (6), tlie 

perpendicnlai on the tangent at a nutkeg with the axis an angle 
tan-' "°° . Therefore, 4o. 7. See Art. 166 (8). 10. Htheoonios 
aie-=l + «0OBtf, uld- = l•^e' COB (0- a), the eonuDon chords Bxe--ecosS 
= ±j--«'cofl(fl-o){. 18. If the oonics are~=l+eco9e, and-' 
=l+a'coa(0-a}, the oonuntm ohords are E3eooB0±e'ooB(ff-(i). 

Iheae toooh reepeotiTel; the conies =1±'Oob0. 16. II d be the 

distanoeof thefocns from the directriz, the ooniaa vill be —^l + taosS, 
kdA — -=l-t-e'00B(9-a). If the oonicB tonah one another at soms point 
ft theec[nationB— = i!ooBB+ooa{fl-p),and— ^e-ooBtP-aj + coBtS-^) 
will reptegeot the Bune Btiaight line. Write the eqootionB in the 
formB ^=ooB0(l+52^V8in(l^, and ^=ooBe(ooB«+^^) 
+ Bin0(eina + — fi\ ; equate the eoeffldenta of ooc 0, and of sEn 9, and 
eliminate /9. 17. Let the equation of tlieairdeber=aoos(0-a), and 
the egoation of (he oonio ~=\-veoo<iB. Eliminate 0, and we obtain a 
biqnodiatia for r. 

CHAPTEB DC. 

7. Ana.A = l. ft Ana. 10K»+2Ia:ff+V-^l«-89y + *=0. ». Ans. 
Sa:'-aa^-5j' + 7ai-9y + 3=0, and 8B'-3xy-6y' + 7!E- fly + 20 = 0. 
10. An«. 6j?-7zy-8!/'-ax-8y-4=0, and 6i'-7ay-8i/'-ar-8y-2 
=0. 14. Take for origin, and the oiia of k through the centre of 

theeircle. The eqoation of the oimle wiUhe r^dooBB (1); theeqaation 
of the conio ni» + 2/iti/ + 6i/>+2jj + 2;V + e— 0, or in polars ar»oo^fl 
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+ 3lit*OMgtiiie+ir'aa*e + 2gr<siag + 2fraii8 + e=0 (2). Eliminate S 
Imm (1) and (2), then we obtain an eqaetion in. r the prodnct of the four 

Tooto o( which will ba, — . ,, ■■■ , ■?■,■ Sinee the origin to fixed, c to 

oonBtant; and (a-ft)*+4i*iio(instant bomEz. 11. 

CHAPTBBX. 

3. To find the fixed point in Ex. 1, take OP, OQ parollei to the axes; 
then P(i to a diameter, and CO, PQ make eqnol angles with the axis. 
Eenoa the oo-^irdinates ol the point can be fonnd refeired to the centre 
and axefi of the conic. The fixed point in Ex. 2 is. the point where the 
tangent at O to met by the tangent at the other extiemity of the normal 
tbion^ 0> OS is seen by takiog OP, OQ indefinitely near to the normal. 
For lo«n« see Art. 1S8 (4). 7. Ta^ O for origin and the chorda for 

axes. We have to ptOTe that to independent of the direction of the 

axes. 13. In the parabola y'y" is constant. 20. Take for origin, 
the ahord and its conjugate for axes ; then the equation of the carve will be 
(m'+6j» + 2/h + i; = 0. Tangents from (i", y') are given by ^ (z, s)*(i', y") 
.. {ax3! + by^+f(i/ + y')-^e\* — 0; in thto pnt ^ = 0; then the coefflcieiit of 
«wiUbezeroif jy + e = 0, that la if (x*, y') be on the polar of 0. Or, 
let the tangents at P, Q meet in E; then KL, the polar of O, is parallel 
to AB; and if QOP meet the polar of in L, {QOPI-! to harmonic. 
Hence {TOS IS} to harmonic, and therefore TO -OS. 22. (i) a conic; 
(ii) a straight line. 36. A cnrve of the fonrth degree. 28. Corre- 
sponding to any point T on the tangent at P there to one point Z" sQoh 
that T, T' are eqaidietont from the oentre, and there is one iatei- 
section of the tangents at T, J'; hence erery tangent to the ellipse 
cnts the Iocqb in one and only one point: Qm loons b therefore a 
tlraight line. TIT, T' are on the director eirole, the tangents from T, T 
are pataUel; therefore the direction of the point at infinity on the 
locos to perpendicnlor to the tangent at P; also when T, I" are both 
at infinity, the tangents fiom. T^ I* are parallel to the tangent at P, 
and therefore intersect at the extremity of the diameter throng P, 
vhich proves the pnqposition. 87. The centre of the conio to 

given. Hence, it P be the given point, P, the other extremity of the 
diameter through P, to on all the conica. The locna is snch that SP . SP' 
is constant) thto cnrre is called a lemmscate. 40. I<et S, S' be 
the fod, S being given, C the centre, P the given point, and O the 
middle point of SP. Then CD'^SP . S'P=-iSO . DC. Thto ptovaathat 
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ANSWERS TO THE EXAMPLES. 347 

Ibe loom ot J) it e, parabola, einoe CD and OC are dmwn in fixed 
direetioiiH, Mid SO U fixed. 43. Let the variable ellipee tODOb at P, 
and let the tangents at B, P meet in T. CT bisectB SP in V, and is 
theratbre parallel to ST, bo that CT and SP make eqaal angles with the 
tangent at P; henoe VT = VP=rS; tberefora STP is a right angle, 
and CT is the radina of the direotor-citcla or the variable ellipse. 
Henoe, ainceCT=i {Si'+5'P)= constant, the qoeetion is reduced to ST. 
a. This fbllowa from Ei. 23, Chapter vu. 47. {POOO'i ia harmonie, 
and OCO' ia » li^t angle ; tbererore CP and CO loake eqoal angles with 
CO. Then see solution of 2, S3. Ana. e = ±ab. 54. Let the 
Mwucwliiah goes Oiroo^ -i, B, C, D, B cot the- circle A£E in G\ then, 
AB and CD ma^ eqnal angles with the axes, and so also do AB and 
EO; henoe EQ la puaM to CD, so that G and F aie ooinddent. The 
dirvefion of the axes is known, we have therefore only to find the centre. 
If F, F^' are the middle pointa of CD and EF respectively, W is a 
diameter. Draw a drole tbroogb D, C, E: U this out the conic in a 
fourth point H, EH and CD make equal angles with the axes of the 
oonic ; theiefbre EH is parallel to AB ; hence the line through the 
middle points of AB and EH is another diameter. Thus the centre 
ia found. 65. The six points are always on a eonie, and the conic 
is (a«'i/'+Vs"-l) ((w' + 6!["-l)-(<«a!'+%'-l) (cimr + 6jj"- I)=0 
[■ee Ex. 3, Art. 167]. TheoonditJonafcwaoirolearBx'*"- ^"5^=-- j(l), 

BnaaJy"+a^y=0(2). Sqnareaiidadd,then(a!^+y'*)(!c"'+y'^=(r--) . 
that is CP.CP'=CS', where C is the centre and ;9 is a focas; also bom 
(2) GP and CP" make equal angles with the axis of x ; and (I) and 
(2) shew that f, J' are on difTerent aides of the transverse, axis. When 
the onrve is a parabola P, P" are on a line throogh the focus, and equi- 
distant bom the tocos. l&. The chord of ox'-t'&s'^ 1=0 which has 
{li, yO for middle point is parallel to the polar of {z', y^ and its equation is 
{a:-ir^ax' + (y-i/')&B'~0, The line through (a", y") perpendicular to the 
chord must pass through (/, g) i bance we have t^ = ?^ , bo that 
(x', yO is on B reetangnlar hyperbola. 59. Any conic of the system is 
givai by *E»+V-l-^U»'-»)'+(S-jS)'-'!^=Ot where fo, /S) is the 
point 0. Find the centre, and eliminate \. G3. If the normal 

W ' 



Mai' + iy'-l-OatP (I'.y') pass throagh O (/, j) me have - 
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t xy'+y^-2jfi/'=0, will go throogh the Bame point if (»',vO ^ ""V 
at of the foaz pcunts of int«T»eatioii of (1) and ths oonic. Tha point 

I ^ = - ^ « r-^ . 73. A oomo. 75. The fooi points are 

&e., where {^y") &<). are th« feat of the normals. How, if 

-6». 



&■?) 



(?'^)'- 



Q the straight hne/x-0y=a>.'e>, and so also ai 



olbec three paints. S3. If y=m(z-iw) be the chord, the carole is 
a;a_a» + ir' + 2nKwy-m'6»=0,or^-f^-l-^,(a«y-mW)»=0. 96. K 
agm^ be the «qiiatioii of the h^erbola, and (£,, yj &o. be the fonr 
points, and (a, p) be Pj then P-i.Pa= 



-ffl(y,-g}<y,-^(S.-|9) 



+ !'iV>S'8!/4 



CHAPTEB XI. 



3. Let the eg.iiation of the conic whiohpaBsea throngbObeai^-(-2bx]/ 
+ by' + 2fy = 0, the tangeat and normal at being axes. If a'x' + 2A'iy 
+ b'y' + 2g'x + 2fy ^-(f=Ohe the eqnation of another conio, all the conies 
through fipir common points are iuolnded in a3:'-i-2Axy + by' + ^fj/ 

+ \{a'x* + 2h'i:y + 1/y'-t-2g'x-t-2/y+<rj = 0. Put y=0, then- + — 

c= - -^ , and therefore ia independent of X. 6. The axes of the para- 
bolas are alwajs parallel to conjngate diameters [Art. 207]. Now in a 
given elljpHe the aoate angle between two oonjogate diometere is least when 
tbey are the eq^ni-conjngatea ; and In different ellipses tha angle between 
the eqai-conjngates is greatest in that which has the least eccentricity. 
Hence if a pair of conjngate diametera are known, the conic has the 
least ecoentridt; when they are the eqni.oonJDgateB. 6. If TQ, TQ" he 
the tangents, and Fbe the middle ptunt of QQ*, rr and QQ' are parallel to 
ooDJngate diameters. See tolntiou to 5. Ifl. Dse tha leenlt of Ex. 2, 

Art. 219. 21. A oirolfl. 24. tan* s = - ^ , where * U the angle between 
the tongentH. 26. The resnlt follows from Art 339 and Art. 186, Gov. 
1. 28. Art. 227. 8o. If TO' be llie other bisector of tbe angle QTP, 
titea TlQOPO'i ie harmonic, and therefore TO' is the polar of O. Let 
BOR cnt TO' in K, then T {ROB'K} is humonic, and OTS is a right 
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ANSWERS TO THE EXAMPLES. 349 

angle; hence RT, RT make equal angles vith OT. 37. and SB. Um 
'If a oirtsle eut a parabola in four points the mtm of the distances of thoae 
pointa bom the axis of the parabola is zero.' 43. Shew that the conio, 
with respect to which the triangle formed bj 1 = 0, j;=0, andlx+my + l 
= is self-polar, ia ax^-{-2lmxy + by' + ilx + 2my + 1-0. 60. Let the 
hyperbola be 83:^ = 1;, and the first circle ;^ + y'-i-2gx-i-2fy=0. Let 
(Zj, ^1) t^c. be the font poiate. The equation of the second circle is 
3^-i y' + 2xx^ + 2yy^=0. The point of intersectioQ of the tangents at S, O 
is (2-^^, — ^l; this is on the second circle if i^lx, + x,+x^ 
+ ix^^tix^ + x^^+x^K^ = li{l). Now the equation giving the abBoisBie 
of A, B, C, D is 4!x* + Bg^+ifcx + e'=0. Hanoe Arji^^.^c", and 
Zi(zj-f Zg4-a!i) + x^+a^+9!^=0; and these shew that (1) is trae. 

CHAPTER Xn. 

1. A parabola. 3. An hyperbola, 4. (1) A similar ellipse. (2) 

An dlipse. 12. A common chord, which is not a diameter, subtends a 

ri^t angle at the centre. The envelope is a circle. 16. If the 

conio is aa?+hti^=l, and c the radius of the circle, the envelope is 

a3?+by^= v. The envelope is the original conio if c'=- + J- ; that is, 

if the oirole is the director-circle of the conic. 30. See Art. 197. 25. 
The equation of the envriope is xy= ±4ai. 26. It the original conic 
is ^-H^=l, the envelope is ^ + |!.^2-=0. 27. Take the fiied 

point for origin, and let the lines be (x- a) (z -0^=0) then the envelope 
is {a-a')*y'-iaa'{x-a){x~a'). 81. Take the given diameters for 
axes, and let tha conio be a^ + 2hxy+by'-l=0; then the envelope is 
i[ax + hy)(hx-i-by) = -~--. 86. Let the equation of the conic be 
ax' + by'^l, and let O be (a, p). Transfer the origin to 0, and let 
l)e + my + i=0 he the equation of PQ, one of the chords. Write down 
the equation of OF, OQ [Art. 3S] ; then the conditiou of perpendicularity 
gives the tangential equation, viz, {i' + m'){aa' + hp'-l)-iaid-2b^ 

+o-l-J=0. One focus is (0, 0), the centre is / - -^ , ^,1, and 

\ 0-1-4 a + hj 

the other focus is f r, ^1. If a : 6 ia constant, the envelopes 

areconfocal. U the given conic is a rectangular hyperbola a-t-i=:0, and 
the envelope is a parabola. 



,11 :«l by Google 



350 APPENDIX, 

H£. The followinB are important Epeeial forms of the tangential 
equation (I, m)=0. 

(i) It c— 0, the oonio is a parabola. 

(ii) It a-fi = 0, the conic touches the axes. 

(iii) If a=fi, and h — 2aooafi) tha origin is a focna. 



CHAPTER Xm. 

I »'", r< i" I ' 

3. The foui points ot intersection of any two of the oonics are of tha 
form ±/, i^g, ±A. The oonioua* + t>^ + iiV=''^'i^ P^^ throagb the 
points <±/, ±0, rkfi), and (*/'. ^9\ iA") if u/'+fff' + ii'A'=0, and 
H^ + Jig's + loft's =0, g_ Let the lines be ia±7nj9±n7 = 0; then the 

two points on the diagonal a=0 are given bjm'(5' + 2X^4-nV=0,a=0. 
The other pairs are nV + 2/iyo+Pa' = 0, 3=0; aDdPo'+2»ii3+m»^=0, 
y=0. These are all on the conic P«Hiii'|8'+ftV+2\3y+a;i7a+2ni/S=0. 

1. The perpendicolar distances of (a, 3, 7) &om the three sides are 

- (as - bp- cy), dtc. Hence the equation required is 

fl» i» «" „ 



bfi + ey-aa cy + aa-bp aa + bp-cy~ 
8. The eqaation of the drole is ot the form afiy + bya + cafi + X (aa + bfi 
+ iry)'=0. If this cutBCinP, P*^ tbenSP. BP'=T*-Ji». 9. The 
point which is at a -distance p bom (og, p„, y^), on a line parallel 
toBCia (o^(J|,+/iHaC, 7,-^BinB). It this point be on the conio, wa 



ftP3 = 



^isii 



Hence we haye 

i m n 

[If the conio were ^ven hy the general equation we should have 

. „ ^ »f°w ft). 7i>) 

"'^ DBin'C + wsin>ii-au'siuaHin<7' 

Hence we And at once the conditions for a drole, viz. vi^+ab' 

= gimilar ezpreamons. ] 
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ANSWEHS TO THE EXAMPLES. -Wi- 

ll. If Pbe(/, ff, }i), i:,i, JIfare ontheline ^ +^ + |=0. HP be on 
fa+m|S+ti7=0 KIM toachea Ju+ ,^^+^n7=0 Ac. 12. If be 
(f, g, h) and 0' be (/', g'. ft') then Z b given by j^.-^jCy*) 
■^ ^ ■■ = ■ ■ ■ ■ . X — ^ . U 0, O* ue on the fixed conic 



= PP' {hf - h'f) - hKiJg/-i'i>, ■ 

X^+;iya + rafi=0, Z Ib the fixed point (X, ^ »). 

(Examples 11 and 13 are token tiom on interSBting paper by Mr A. 
Martin pablisbed in the MeuengerofMathtmatiet, Tol. IT.) 
18. If iui* + D^+iC7<=0, bea parabola it will tonoh the line at infinity, 
and therefore all the four lines given by oaJ^i^diry— 0. 20. If 

(«', jT, i') be. one fooas, the olher will be ( - . « < -; ) ; '"t* down the con- 
dition that the fixed point (/, g, h) m&j be on the line joining these two 
points. S4. Let {f, g,h)he^iB point of interseotion of AA', BB, CC, 
then^'iat/'.ff, ft), B" is (/, j". ft), and CT ia (/, ff, ft/). BC.CB'b 
in.J'where^ = £ = p. Hence the equation of .i' .i" 1 



It is dear that A' A", and also the other two diagonals B' B", C C", of 
the hexagon formed by the six lines, pass through the point (/+/', g ■¥§'. 
ft + A'). Henea by Briancbon's Theorem the hexagon oironmsciibeB a 
conic. 40. Consider any two of the conies, and draw their fonrth 
couunon tangent. Then, the radical axis of their director-circles is the 
direotrix of the parabola tonching the four lines [Art. 299 (S)]; theradical 
axis thereibie [Art. 308, Ex. 4] passes throngh the ortbooentre of the 
original triangle. Then, eince the direotor-ciroIeB are equal, it follows 
that the centres of any too of the conies, and (herefbre the centres of all 
the ooniCB, are equidistant from the orthocentre of the triangle. 41. The 
centre of the oirole with respect to which the triangle is self-polar is the 
orthocentre. Hence, from 40, the theorein will be tnte for all oonios 
whose direotor-oircles are eqnal, if it ba tme for any one of them. Let 
ABC be the -triangle, and O the orthooentre, and let OA oat BO in A'. 
Then, if P be any point on BC, the line AP is a limiting form of an in- 
twribed conic, and the oirola on AF as diameter is its direator-oircle ; also 
OA . OA' is eqnal to the sqnare of the tangent to this circle from 0, and 
OA . OA' is eqnal to the square of the radius of the aelf-polar cirole, hence 
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352 APPENDIX. . 

the self-polar oirele eats the director dnle at ogbt angles. This proves 
the propoaition, since P is any point on £C. 60. The eqnatioiiB of 
the tangents from the Emgclar points of the fnndamentol triangle are 
Vz'-t-Wfi'-2TJ'yz~0, ka. Hence the sii points are on the conic 

FtFi>+ WUy'+ UVi'~2VV'si - 2Vrzx-2WWxy=0, 
This intersects 

ir*3*+rY+wz'>-irwsi-2wvtx-2u'riy=a 

in the same fonr points as 

{VW-U'')ii'+ +2{V'W-nV)yi* =0. 

Bnt this latter conic is the original oonia, since FIT- {r>=uA, Ac. 
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CLASSICS. 



ELEMENTARY CLASSICS 

iSino, Ei^teenpencc eadi. 

This Series falls into two Classes — 

(1) Fiist Reading Books for Beginners, proTided not 
only with Introductions and Notes, but with 
Vocabularies, and in some cases with Exercises 

based upon the Text. 

(3) Stepping-stones to the study of particular authors, 
intended foe more advanced students who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, Horace, Virgil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to pro- 
vide the more strictly Elementary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of middle-class schools where the 
cost of books is a setiotis ctwisidemtioD, advocate the 
Vocabnlaiy system on grounds of ecoaomy. It is hoped 
that the two parts of the Series, fitting isto one anotho*, 
may together fiilfil all the requireioeats of Stementaiy and 
Preparatory Schools, and the Lover Eono* of Public 
SchooU. 

k I 
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4 MACMILLAN-S EDUCATIONAL CATALOGUE. 

The following Elementary Books, with Introductions, 
Notes, and vocabularies, and in some cases with 
Exercises, are either ready or in preparation: — 

Aeschylus.— PROMETHEUS VINCTUS. Edited by Rev. H. 
M. Stephenson, M.A. [Raidy, 

C£CSar._THE GALLIC WAR. BOOK I. Edited by A. S. 
Walpolk, M.A. [Staify. 

THE INVASION OF BRITAIN. Being SelectioDs from Booki 
IV. and V. of the " De TJello GaUico." Adapted for the use of 
Beginners. Wilh Notes, Vocabulary, and Exercises, by W. 
Welch, M.A., and C. G. Duffikld, M.A. [Ratify. 

THE GALLIC WAR. BOOKS IL and IIL Edited by the 
Rev. W, G. KuTHERFORD, M.A., LL.D., Head-Master of West- 
minster SchooL [Stady. 

THE GALLIC WAR. SCENES FROM BOOKS V. and VL 

Edited by C Colgbck, M.A., Astistant- Master at Harrow ; 

fonnerly Fellow of Trinity College, Cainbrid£e. [Ready. 

Cicero.— DE SENECTUTE. Edited by E. S. Shuckburoh, 

M,A., late Fellow of Emmanuel Collt^ Cambridge. 

[In ihefras. 

DE AMICITIA. By the same Editor. [Ready. 

STORIES OF ROMAN HISTORY. Adapted for the Use of 
Beginuers. With Notes, Vocabulary, and Exercises, by tlie Rev. 
G. £. Jeans, M.A., Fellow of Hertford College, Oxford, and 
A. V. Jones, M.A., Assistant -Masters at Haileybnry College. 

[Rtady. 

Eutropius,— Adapted for the Use of B<«inners. Wilh Notes, 

Vocabulary, and Exercises, by William Welch, M.A., and C. 

G. DUFFiiXD, M.A., Assistant-Masters at Surrey County School, 

Cranleigh. [Readf. 

Homer. — ILIAD, BOOK I. Edited by Rev. John Bond, M.A., 

and A. S, Walpole, M.A. [Ready. 

ILIAD. BOOK XVIII. THE ARMS OF ACHILLES. Edited 

by S. R. Jaues, M.A., Assistant-Master at Eton Collie. [Ready. 

ODYSSEY. BOOK L Edited by Rev. JoHM Bond. M.A. and 

A. S. Walfole, M.A, [Ready. 

Horace. — odes, books I. --IV. EdittlbyT.E.PAGB,M.A., 
late Fellow of St. John's College, Cambridge ; Assistant-Master 
at the Charterliotue. Each u. 6d. [Ready. 
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Liivy. — BOOK I. Edited by H. M. Stbphknsok. M.A., Head 

Master of St. Peter's School, Yort, {StoA-. 

THE HANNIBALIAN WAR. Being part of the XXJ. and 
XXII. BOOKS OF LIVV, adapted for the use of beginners, 
by G. C. Macaulay, M,A., AssLsiant-Masiec at Rugby ; iormerly 
Fellow of Trinity College, Cambridge. [ftiady. 

THE SIEGE OF SYRACUSE. Adapted for the Use of Begiimers. 
With Notes, Vocabnlory, and Exercises, by Georgk Richards, 
M.A., and A. S. WALroLB, M.A. [/« iktprm. 

Lucian.— SELECTIONS. Edited by Rev. John Bond, M.A., 
and A. S. Walpolk, M.A. \1h priparaliott, 

Ovid.— SELECTIONS. Edited by E. S. Shuckbubgh, M.A., 

late Fellow and Assistant-Tutor of Emmannet College, Cambridge. 

l^Rtady. 

Pheedrus. — select fables. Adapted for the Use of Be- 
ginners. With Notes, Exercises, and Vocabularies, by A. S. 
Walpolk, M.A. {Rtady, 

Thucydides.— THE rise of the Athenian empire. 

BOOK I, CC LXXXIX. — CXVIL and CXXVIII. _ 
CXXXVIII. Edited with Notes, Vocabulary and Exercises, by 
F. H, CoLSON, M.A., Senior Classical Master at Bradford 
Grammar School ; Fellow of St. John's College, Cambridge. 

\Ready, 

VirgiL— iENEID. BOOK I. Edited by A. S. Wai-polb, M.A. 

\.Riady. 

.«NEID. BOOK V. Edited by Rev. A. Calvbbt, M.A., Ute 

Fellow of St. John's College, Cambridge. \Readji. 

SELECTIONS. Edited by E. S. SHUCKBnKGH, M.A. 

[Rtadj. 

Xenophon.— ANABASIS. BOOK L Edited by A. S- 

Walpole, M.A. {Ready. 

THE STORY OF CYRUS, Selected from the Cyropadia, and 

Edited, with Exerdses, by A. H. Cookb, Fellow of King's 

College, Cambridge. [Nearly rtai/y. 

The following more advanced Books, with Introductions 

and Notes, but no Vocabulary, are either ready, or in 

preparation : — 

Cicero. — SELE<!t letters. Edited by Rot. G. E. Jbaks, 

M.A., Fellow of Hertford College, Oxford, and Assistant- Master 

at Haileybury Collie. {Jimdy. 

Euripides. — HECUBA. Edited by Rev. John Bond, M.A. 

and A. S. Walfolb, M.A. iSeady, 
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Herodotus. — SELECTIONS FROM BOOKS VII. and VIII- 
THE EXHEDITION OF XERXES. Edited by A. H. Cooke, 
M.A., FeUow and Lecturer of King's CoU^e, Cambridge. 

{Xeady. 

Horace. — SELECTIONS from the satires AND 
EPISTLES. Ediled by Rev. W. J. V. B/.keb, M.A., FeUow of 
St. John's Colleee, Cambridge ; Assistant- Master in Marlborough 
College. [Ready. 

SELKCT EPODES AND ARS POETICA. Edited by H. A. 
Dalton, M. a., formerly Senior Stndent of Chrutchorch ; A.°sistuit' 
Maitcr in Winchester Coll^:e. [Study. 

Livy.— THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LIVY. Selected and Ediled 
byF. H. Rawlins, M.A., Fellow of King's CoU^e, Cimbridge; 
and Assistant -Master at Eton CoU^e. [/n preparation. 

Plato. — EUTHYPHRO AND MENEXENUS. Edited by C. E. 
Gravks, M.A., Classical Lecturer and late FeUow of St. John's 
College, Cambridge. \Ready. 

Terence. — scenes from the andria. Edited by f. w. 

Cornish, M.A., Assistant-Master at Eton Ccdlcge. \Rrady. 

The Greek Elegiac Poets. — FROM CALLlNUS to 
CALLIMACHUS. Selected and Edited l^ Rev. Hekbekt 
KynAstOn, D.D., Principal of Chelteoham Collie, and formerly 
Fellow of St. John's College, Cambridge. [Xeady, 

Thucydidcs. — book iv. chs. l— xli. the capture 

OF SPHACTERIA, Ediled by C. E, Graves, M.A. [SeaJy. 

Virgil.— GEORGICS. BOOKIL Editedby Rev. J. H. Skrike. 

M.A., late Fellow of Merton College, Oiford ; Assistant-Master 

at Uppingham. [/feady. 

*,* OlAa- Volume! ti> fallim. 



CLASSICAL SERIES 
fOR COLLEGES AND SCHOOLS. 

Fcap. Byo. 
Being select portions of Greek and I:alin authors, edited 
with Introductions and Notes, for the use of Middle and 
Upper forms of Schools, or of candidates for Public 
Examinations at the Universities and elsewhere. 
.^SChineS. — in CTESIPHONTEM. Edited by Rev. T. 
GwATKiN, M.A., late Fellow of St. ToWs CoHege, Cambtidge. 
[/« Otttrest, 
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CLASSICAL SERIES. 7 

^SChyluSi — PERS^. Edited by A. O. Prickard, M.A., 
Fellow and Tulor of New College, Oxford. With Map. 31. 6d. 

AndocidcB.— DE MYSTERIIS. Edited by W, J. Hickie, M.A., 
formerly Assistant Master in Denslone College. 2j. dd, 

Caesar — the Gallic war. Edited by Rev. John Bond, 
M.A., and A, S. Walpole, M.A. [Ih preparation. 

Catullus.— SELECT POEMS. Edited by F. P. Simpson, B.A., 
lale Scholar of Balliol College, Oiford. New and Revised 
Edition. 51. The Text of this Edition is carefully adapted to 
School use. 

Cicero. — the CATILINE orations. From the German 
of Karl Halm. Edited, with Addilions, by A. S. Wilkins, 
M.A., LL.D.. Professor of Latin at the Owens College, Manchester. 
Examiner of Classics to (he University of London. New Edition, 
V- ^- 
PRO LEGE MANILIA. Edited after Halm by Professor A. S. 

Wilkins, M.A., LLD. 21. 6d. 
THE SECOND PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Additions, 
^if John E. B. Mayor, Professor of Latin in the University of 
Cambridge, and Fellow of St John's College. New Ediliin, 
revised, y. 
PRO ROSCIO AMERIND. Edited, after Halm, by E. H. Don- 
kin, M.A., late Scholar of Lincoln College, Oxford; Assistant- 
Master at Sherborne School. 41. 6d. 
PRO P. SESTIO. Edited by Rev. H. A. HoldbNj M.A., LL.D., 
late Fellow of Trinity College, Cambridge; and late Classical 
Examiner to the Ujiiversily of I-ondon. y. 

Demosthenes. — DE corona. Edited by B. Drake, M.A., 
lale PeUon of Kill's College, Cambrii^. New and revised 
Edition. 41. 6^. 
ADVERSUS LEPTINEM. Edited by Rev. J. R. King, M.A., 

Fellow and Totot of Oriel College, Oxford. 4J. 6d. 

THE FIRST PHILIPPIC. Edited, after C. Rehdanti, by Rev. 

T. GwATKiN, M.A., late Fellow of St. John's College, Cambridge, 

at. td. 

IN MIDIAM. Edited by Prof. A. S. Wilkins, LLD., and 

Herman Hager, Ph.D., of the Oweos College, Manchester, 

[In preparation, 

Euripides. — HIPPOLYTUS. Edited by J. P. Mahaffy, M. a., 
Fellow »nd Professor of Ancient History in Triniiy College, Dub 
tin, Mid J. B. Bury, Scholar of Trinity CoUeg?, Dublin, 31. &i. 
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uripidCS.- MEDEA. Edited by A. W. Vbrrail, M.A., 

Fellow and Lecluret of Trinity College, Cambridge. Jt. 6d. 



Herodotus.— BOOKS V. and VI. Edil«d by Rev. A. H. 
Cooke, M.A., Fellow of King's College, Cambridge. 

\Ia fnfaratioH. 
Homer.— ILIAD. BOOKSL, IX.. XL, XVL— XXIV. THE 

STORY OF ACHILLES. Edited by the kte J. H. Pratt, 
M.A., and Waltbk Leaf, M.A., Fellows of Trinily College, 
Cambridge. 6s. 

ODYSSEY. BOOK IX. Edited by ProE John E. B. Mayor. 

ODYSSEY. BOOKS XXL— XXIV. THE TRIUMPH OF 
ODYSSEUS. Edited by S. G. Hamiltom, B,A., Fellow of 
Hertford College, Oxford. 31. 6d. 

Horace. — THE ODES. Edited by T. E. Page, M.A., formeriy 
Fellow of St. John's College, Cambridge ; Assistant-Master at 
Charterhouse. 6v. (BOOKS I., IL, III., and IV. separately, 
aj. each.) 
THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin; Professor of Latin in the Univeisity of 
Dublin. 61. 

THE EPISTLES and ARS POETICA. Edited by A S. 
WiiKiNS, M.A., LL.D., Professor of Latin in Owens College, 

Isaeos.— THE ORATIONS. Edited by William Ridgkway, 

M.A., Fellow of Caius College, Cambridge; and Professor of 
Greek in the University of Cork. [In preparation. 

Juvenal. THIRTEEN SATIRES. Edited, for tbe Use of 

Schools, by E. G. Hardy, M.A., Head-Master of Grantham 
Grammar School ; lale Fellow of Je^us College, Oiford. is. 
The Tent of this Edition is carefully adapted to School nse. 
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CLASSICAL SERIES. 9 

Livy. — BOOKS II. AMD IIL Edited by Rev. H. M. StEPHaNSoN, 
M.A., Head-Master of St. Peter's School, York. 5/. 

BOOKS XXL AND XXIL Edited 
M.A., Reader in Ancient History ai 

BOOKS XXIH AND XXIV. Edited by G. C. Macaulay, M.A., 
Assistant-Master at Rugby. With Maps. 51. 

Lucretius, books I.— hi. Edited by J. H. Warburton 
Lek, M.A., late Scholar of Corpus Chcisti College, Oxford, and 
Assistant- Master at Rossall. 41. 61/. 

Lysias. — select orations. Edited by E. S. Shuckburgh, 
M.A., late Assistant-Master at Eton College, formerly Fellow and 
Assistant-Talor of Emmanuel Collie, Cambridge. New Edition, 
revised. 61. 

Martial. — SELECT epigrams. Edited by Rev. H. M. 
Stephenson, M.A. 6j. 

Ovid.— FASTI. Edited by 0. H. Hailam, M.A., Fellow of St. 

John's College, Cambridge, and Assistant -Master at Harrow. 

With Maps. $'■ 
HEROIDUM EPISTUL^ XIIL Edited by E. S. Skuckbuugh, 

M.A. 4J. 6d. 
METAMORPHOSES. -BOOKS XIII. and XIV. Edited by 

C. SiHuoNS, M.A. [/« Ihtprisi. 

Plato.— MENO. Edited by E. S. Thompson, M.A., Fellow of 
Christ's College, Cambridge. \In preparation. 

APOLOGY AND CRITO. Edited by F. J. H. Jenkinson, 
M.A., Fellow of Trinity Collie, Cambridge. \Ia preparation. 

THE REPUBLIC. BOOKS I.— V. Edited by T. H. Warrhn, 
M.A., Fellow of Magdalen College, Oxford, (/n thipms. 



Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Kendall, M.A. p. 

Plutarch. — LIFE OF THEMISTOKLES. Edited by Rev. 
H. A. HoLDEN, M.A., LL.D. 5j. 

Polybius. — HISTORY OF THE ACH-*:AN league. Bring 
Farts of Books II., HI., and IV. Edited by W. W. Capes, 
M, A. [/» fr-.-paralion. 



,,l:al by Google 



lo MACMILLAN'S EDUCATIONAL CATALOGUE. 

Propertius.— SELECT POEMS. Edited by Professor J. P. 
PosTOATE, M. A. , Fellow of Trinity Collie, Cunhridge. Second 
Edition, revised. 6.r. 

Saliust. — CATILINA AND JUGURTHA. Edited by C. Meri- 
VALB, D.D., Dean of Ely. New Edition, carefully revised and 
enlarged, 41. W. Or separately, at. 6d. each. 



Sophocles.— ANTIGONE. Edited by Rev. JoHM Bond, M.A., 
and A. 5. Walpole, M.A. {In frtfaratiim. 

Tacitus. — AGRICOLA AND GERMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A., Translaton of 

Tacitus. New Edition, 31. dd. Or separately, 2r. each. 
THE ANNALS. BOOK VI, By Ihs saine Editors. 2s. 6d. 
THEHISTORY. BOOKS I. and IL Editedby A. D.Godi.by, 

M.A. [In frt^ratian. Bosk V. mikcprai. 

THE ANNALS. BOOKS L and II. Edited by J. S. Reid, 

ML., LlTT.D. \In prtparatiott. 

Terence.— HAUTON TIMORUMENOS. Edited by E. S. 
SHUCKBURfiH, M.A. 3j. With Translation, 41. td. 
PHORMIO. Edited by Rev. John Bond, M,A., and A. S. 
Walpole, B.A. 4J-. 6rf. 

Thucydides. BOOK IV. Edited by C. E. G.aves, M.A., 

Classical Leclurer, and late Fellow of St. JkIu,'.-, College, 

Cambridge. Si. 
BOOKS 1. II. III. AND V. By the same Editor." To be published 

separately. \In preparation. (Booh V. in the priss.) 

BOOKS VI. AND VIL THE SICILIAN EXPEDITION. Edited 

by tbe Rev. Percival Feost, M. A., late Fellow of St. John's 

College, Cambridge. New Edition, revised and enlai^ed, with 

Map. Si. 

Virgil.— .SNEID. BOOKS IL akd IIL THE NARRATIVE 



Xenophon. — HELLENICA, BOOKS L and IL Edited by 
H. Hailstone, B.A., late Scholar of Peterhouse, Cambridee. 
With Map. V- ^■ 
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Xenophon.— CVKOP^DIA. B00K.1 VII. AND VIII. Edited 
by Alfhkd Goodwin, M.A., Professor of Greek in University 
College, London. 5^. 



THE ANABASIS. BOOKS I.— IV. Edited by Professors W. W. 

Goodwin and I, W. White. Adapted to Goodwin's Greek 
Gramiaar. With a Map. 51. 

HIERO. Edited by Rev. H. A. Holde.v, M.A. LL.D. 31, 6d. 

OECONOMICUS. Bj; the same Editor, With Introduction, 
Explanatory Notes, Critical Appendix, and Leiicon, 6t, 

•«.* OtAir Volitmtt iniUfollmo. 



CLASSICAL LIBRARY. 

(1) Texts, Edited with Ihtroductions and Notes, 
for the use of Advanced Students. (1) Commentaries 
and Translations. 

^Bchylus.— THE EUMENIDES. The Greek Text, «ith 
Introduction, Er^lifih Notes, and Verse Translation. By Bernakd 
Drake, M.A., late Fellow of King's College, Cambridjie. 
8vo. 5^- 
AGAMEMNON, CHOEPHORCE, AND EUMENIDES. Edited, 
with Introduction and Notes, hy A. O. PhICKARD, M.A., F "" 
and Tutor of New College, Oxford. 8vo. \[n prepare 

AGAMEMNO. Emendavit David S. Margoliooth, Coll. No*. 
Oion. Soc Demy 8vo. is. 6d. 

SEPTEM CONTRA THEBAS. Edited with Introduction and 
Notes by A. W. Veseali, M.A., Fellow of Trinity Collie, 
Cambridge. 8vo. [JHpnfar " 

Antoninus, Marcus Aurelius. — BOOK IV. OF THE 
MEDITATIONS. The Text Revised, with Translation and 
Notes, by Hastings Ckosslky, M.A., Professor of Greek in 
Queen's CoUckc, Bd&st 8*0. 6t. 
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Aristotle.— THE METAPHYSICS. BOOK I. Translatea by 

a Cambridge Graduate. 8vo. $'■ [Boai I/. Ih finfaralioH. 

THE POLITICS. Edited, after Susemihl, by R. D. Hicks, 

M.A., Fellow of Trinity College, Camlwidge. Svo. [/» thtpras. 
THE POLITICS. Translated by Rev. T. E. C. Welldon. M.A., 

Fellow of King's Collie, Cambridge, and Head-Master of 

Harrow School. Crown Svo. lor. dd. 
THE RHETORIC. By tbe same Translator. [In tktfras. 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 

With Analysts Notes, and Appendices. By E. M. COPB, Fellow 

and Tnlor of Trinity College, Carobridge. Svo. i\s. 
THE SOPHISTICI ELENCHI. With Translation and Notes 

byE. PoBTE,M.A., Fellow of Oriel College, Oxford. Svo. 8f. &/. 

Aristophanes. — the birds. Translated into English VeTSe, 
with Introduction, Notes, and Appendices, by B. H. Kehkedv, 
D.D., Regius Professor of Greek in the University of Cambridge. 
Crown Svo. 6t. Help Notes to tbe same, for the use of 
Students, ii. 6d. 

Attic Orators.— FROM antiphon to isaeos. By 

R. C. JEBB, M.A., LL.D., Professor of Greek in the University 
of Gla^ow. 2 vols. Svo. x^i. 
selections from antiphon. ANDOKIDES, LYSIAS, 
ISOKRATES, AND IS^EOS. Edited, with Notes, by Pro- 
fessor Jbbb. Being a companion volume to the preceding work. 
Svo. 12J. dd. 

BabriuS. — Edited, with Introdactory Dissertations, Critical Notes, 



Cicero.— THE ACADEMICA. The Text revised and explained 
by J. S. Reid, M.L., Fellow of Caius College, Cambridge. 
Svo. 15/, 
THE ACADEMICS. Translated by J. S. Reid, M.L." Svo. S*. 6d. 

SELECT LETTERS. After the Edition of Albert Watson, 
M.A. Translated by G. E. Jeans, M.A., Fellow of Hertford 
College, Oifoid, and Assistant-Master at Haile^ury. Svo. 
loj, 6d. 

(See also Classical Saia.) 
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£uripides. — MEDEA. Edited, with Introduction and Nolo, by 
A. W. Vekrall, M.A., Fellow md Lecturer of Trinity Collie, 
Cambridge. 8vo. 71. W. 
INTKODUCTION TO THE STUDY OF EURIPIDES. By 
Professor J. P, Mahaffy. Fcap. 8vo. it. 6d. {Classical iVriitri 
Series.) 

(See also Clanical Stti/s.) 

Herodotos.^ — books l— iiL the ancient empires 

OF the east. Edited, with Notes, Introductions, and Ap- 
pendices, by A. H. Sayce, Deputy -Professor of Comparative 
Philology, Oiford; Honorary LL.D., Dublin. Demy 8vo. 16/. 

BOOKS IV.— IX. Edited by Reginald W. Macan, M.A., 

Lecturer in Ancient History it Brasenose College, Oxford. 8vo, 

[/n firifiara/iojt. 

Homer.— THE ILIAD. Edited, with Introduction and Notes, 

by Walter Leaf, M.A., Fellow of Trinity Collie, Cambridge, 

and the late J, H.Pratt, M. A. Svo. [BaoksI.—XII.intlupras. 

THE ILIAD. Translated into English Prose. By AHDKEff 
I.AKG, M.A., Walter Leap, M.A., and Ernest Myers, M.A. 
Crown Svo. \it. bd. 

THE ODYSSEY. Done into English by S. H. Butcher, M.A.. 
Professor of Greek in the University of Edinbu^h, and Andrew 
Lang, M.A., late Fellow of Meiton College, Oxford. Fifth 
Edition, revised and corrected. Crown Svo. los. (xi. 

INTRODUCTION TO THE STUDY OF HOMER. By the 
Right Hon. W. E. Gladstone, M.P. iSmo. it. (IMeraturt 
Frimtn.) 

HOMERIC DICTIONARY. For Use in Schools and Colleges. 
Translated from the German of Dr. G, Autenrieth, with Addi- 
tions and Corrections, by R. P. Keep, Ph.D. With numerous 
Illustrations, Crown 8vo. ds. 

(See also Classical Serut.) 

Horace. — the WORKS OF HORACE rendered INTO 
ENGLISH PROSE, With Introductions, Running Analysis, 
Notes, &c. By J. LoNSDALE, M.A., and S. Lbb, M.A. {GIM 
EdUum.) 31. 6J. 
STUDIES, LITERARY AND HISTORICAL, IN THE ODES 
OF HORACE. By A, W. Verrali, Fellow of Trinity College, 
Cambridge. Demy Svo. &i. 6d. 

{See ako CUisital Scrits.) 
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Juvenal.— THIRTEEN SATIRES OF JUVENAL. WilJi a 
Commentary, ByJoHt^E. B, Mayok, M.A., Professor of Latin 
in the Upiversily of Cambridge, Second EditioD, enlarged. 
Crown Bvo. Vol. I. 71. 6J. Vol, II. nw. 6d. 
THIRTEEN SATIRES. Translated into English after the Teit 
of J. E. B. Mayor by Hbrbbrt Strono, M.A., Professor of 
Latin, and Alexander Lkepkh, M.A., Warden of Trinity 
CoU^e, in the University of Melboiime. Crown 8vo. 3/. W. 
(See aba) Classicai Sfritt.) 

Livy. BOOKS XXI.— XXV. Translated by Aifkeo John 
Chorch, M.A., of Lincoln College, Oiford, Professor of Latin, 
Untveraty Coltej^, London, and William Jacicson Brodbibb, 
M.A., late Fellow of SL John's College, Cambiidge. Ci. Svo, 
7». 6rf, 
INTRODUCTION TO THE STUDY OF UVY. By Re». 
W, W. Capes, Reader in Ancient History at Oiford. Fcap, 8vo. 
IJ. 6d. {Classital IVrittn Stria.) 

(See also Clasiical SfHa.) 

Martial.— BOOKS I. and II. of the epigrams. Edited, 
with Introduction and Notes, by Professor J. E, B, MAYOR, M.A. 
8to. [A thtpras. 

[See alio Clatskal Seritt.) 

Pausanias.— DESCRIPTION OF Greece. Translated by 
J. G. FRA2KR, M.A., Fellow of Tiioity College, Cambridge. 

[In prtparatifn. 

PhrynichuS, — the new PHRYNICHUS ; being a Revised 
Text of the Edoga of tb« Graouiiarian Phrynicbus, With Intro- 
dactioD and Comraentaty by Rev, W. Gumion Rdthbrford, 
M.A., LL.D., Head Master of Westminster School. Svo. iSs. 

Pindar. — THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., late Fellow of Wadham Collie, Oilbnt Second 
Edition. Crown 8vo. y. 
THE OLYMPIAN AND PYTHIAN ODES. Edited, with an 
Introductory Essay, Notes, and Indexes, by Basil Gilderslebte, 
Professor of Greek in the Johns Hopkins Univeisity, Baltimore 
Crown Svo. Jt. 6d. 

Plato. — PH^DO. Edited, with Introdoctioo. Notes, and Appen- 
dices, by R. D. Archek-Hind, M.A., Fellow of Trinity College. 
Cambridge. 8vc. 9s. 6d. 
PH^DO. Edited, with Introduction and Notes, by W. D. Gbddes, 
LL.D., Professor of Gr«ek in the University of Abeidaen. Second 
Edition. Demy flvo. fe. W. 
FHILEBUS. Edited, with Introdiutiaii and Notw, bjr Ubmbt 
Jackson, M.A., Fellow of Trinitj Collie, Cn'nliri k'e. Svo. 
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CLASSICAL PUBLICATIONS. ij 

Plato THE REPUBLIC— Edited, with Introduction and Notes, 

by H. C. GoODHART, M.A., Fellow of Trinity College, Cam- 
bridEe. Svo [In tnfiaralion. 

THE REPUBLIC OF PLATO. Translated into English, with an 
AnalysisandNotes,byJ. Ll. Davibs, M.A., and D. .1. Vaughan, 
M.A. iSmo. 41. 6r^. 
EUTHYPHRO, APOLOGY, CRITO, AND PHjEDO. Trans- 
lated by F. J. Church. Ccown 8vo. 41. 6d. 
(See also Classiatl Seriti.) 
Plautus. — THE MOSTELLARIA OF PLAUTUS. With Notes, 
Prolegomena, and Eicnrsus. By WiLLIAM Ramsay, M.A., 
formerly Professor of Hanianity in the Univetsity of Gla^ow, 
Edited by Professor Gborcb G. Ramsav, M.A., of the University 
of Glasgow. 8vo, 141. 

(See also ClmH-ral Series.) 
Polybius.— THE HISTORIES. Translated, with IntrodnctioQ 
and Notes, by E. S. Skuckbuegh, M.A. Sto. [InpnparalioH. 
SalluSt. — CATILINE and JUGURTHA. Translated, with 
Introduclory Essays, by A. W. Pollard, B.A. Crown Kvo. fir. 
(See aln ClauUal Stries. ) 
Studia Scenica. — Pait I., Section I, Introdnctoiy Study on 
the Text of the Greek Dramas. The Teit of SOPHOCLES' 
TRACHINIAE, 1-300. By David S. Margoliouth, Fellow 
of New C<dlege, Oxford. Demy Svo. w. 6d. 
Tacitus. — THE ANNALS. Edited, with Introductions and 
Notes, by G. 0. IIolbeookk, M.A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. Svo. t6s. 
THE ANNALS. Translated by A. J. Chdrch, M.A., and W.J. 
B&ODRiBB, M.A. With Notes and Maps. New Edition. Cr. Svo. 
Js.6d. 
THE HISTORIES. Edited, with Introduction and Notes, by 
Rev. W. A. Spoonee, M.A., Fellow of New College, and 
H. M. Sfoombr, M.A., fbime-ly Fellow of Magdalen Ct^ege, 
Oxford. 8vo. \ln prtparoHott. 

THE HISTORY. Translated by A. J. CHURCH, M.A., and W. 
J. Beodeibb, M.A. With Notes and a Map. Crown Svo. 61. 
THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 
ON ORATORY. Translated by A. J, Church, M.A., and 
W. J. Brodbibb, M.A. With Notes and Maps. New and 
Revised Edition. Crown Svo. 41. 6rf. 
INTRODUCTION TO THE STUDY OF TACITUS. By 
A. J. Church, M.A. and W. J. Brodribb, M.A. Foap. 8*0. 
l8mo. tJ. 6rf. {Claisita! Writers Stria.) 

Theocritus, Bion, and Moschus. Rendered into English 
Prose with Introduclory Es'^ay by A. Lano, U.A. Crown Svo. fii. 
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TheophraStUS.— THE CHARACTERS. Edited with Transla- 
lion upd Notes by R. C. Jkbb, M.A., LL.D., Professor of Greek 
in the University of Glasgow. New Edition, Svo. \Inthipriss, 

Virgil THE WORKS OF VIRGIL RENDERED INTO 

ENGLISH PROSE, with Notes, Inlroductiona, Running Analysis, 
and an Index, by jAMES LoNSDALE, M.A., and Sahubl Lbb, 
M.A. New Edition. Globe Svo. 31.61;. 
THE ^NEID. Translaled by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crown Svo. 71. W. 



GRAMMAR, COMPOSITION, & PHILOLOGY. 

Belcher. — SHORT EXERCISES IN LATIN PROSE COM- 
POSITION AND EXAMINATION PAPERS IN LATIN 
GRAMMAR, to which is prefixed a Chapter on Analysis of 
Sentences. By the Rev. H. Bblcher, M.A., Assislant-Master In 
Kin^s College School, London. New Edition. iSmo. is. 6d. 
KEY TO THE ABOVE (for Teachers only). 3^. 6d. 
SHORT EXERCISES IN LATIN PROSE COMPOSITION, 
Part IL, On the Syntax of Sentences, wjtli an Appendix, incLod- 
ing EXERCISES IN LATIN IDIOMS, &c i8mo. ai. 
KEV TO THE ABOVE (for Teachers only). 31. 
Blackie. — greek AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By John Stuart Blackie, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. Svo. 21. 6d. 
Bryans.-~LATIN PROSE EXERCISES BASED UPON 
CAESAR'S GALLIC WAR, With a Classification of Ctesar's 
Chief Phrases and Grammatical Notes in Ctesar's Usages. By 
Clement Bryans, M.A., Assistant- Master in Dulwich Collie, 
late Scholar in King's College, Cambridge, and Bell University 
Scholar. Extra fcap. Svo. ii. 6d. 
GREEK PROSE EXERCISES based upon Thutydides. By the 
saine Author. Extra fcap. 8vo. [In firefaraiioH, 

Coison. — A FIRST GREEK READER. By V. H, COLSON, 
M.A., Fellow of St. John's Collie, Cambridge, and Senior 
Classical Master at Bradford Grammar School. Globe Svo. 

[In frtparaliim, 
Eicke. — FIRST LESSONS IN LATIN. By K. M, EiCKK, B. A., 

Assistant- Master in Oundle School. Globe Svo. zi. 
Ellis.— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. F.LLIS, B.A., F.R.S. Extra 
(cap, Svo, 41. (>d. 
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England. — exercises on latin syntax and idiom, 

AKKANGED WITH REFERENCE TO ROBV'S SCHOOL 
LATIN GRAMMAR. By E. B. England, M.A., Assistant 
Lecturer at the Owens CoHege, Manchester. Crown Svo. 2i. 6d, 
Key for Teachers only, is. W. 

Goodwin. — Works by W. W, Goodwin, LL.D., Professor of 
Greelt in Harvard University, U.S.A. ■ 
SYNTAX OF THE MOODS AND TENSES OF THE GREEK 

VERB. New Edition, revised. Crown Svo. 61. 6rf. 
A GREEK GRAMMAR. New Edition, revised. Crown Svo. &. 
"It is tba but Greek Grammar of in uie ia tho EqgUali knguage/'— 

A GREEK GRAMMAR FOR SCHOOLS. Crowii Svo. 31. 6d. 

Greenwood.— THE elements OF GREEK GRAMMAR, 

including Accidence, Irr^aJar Verbs, and Principles of Deriva- 
tion and Composition ; adapted to the System of Crude Eonni. 
By ]. G. Greenwood; Principal of Owens College, Manchester. 
New Edition. Crown Svo. 51. 6d. 

Hadley and Allen.— a GREEK GRAMMAR FOR 
SCHOOLS AND COLLEGES. By James Hadlev, lata 
Professor in Yaie College. Revised and in part Rewritten by 
Fbedkric: db Forsst Aixen, Professor in Harvard College. 
Crown Svo. 61. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. HODGSON, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. y. 

Jackson. — first steps to GREEK PROSE COMPOSI- 
TION. By Blomfield Jackson, M.A., Assistant-Master in 
King's College School, London. New Edilion, revised and 
enlarged. iSmo. u. 6/. 
KEY TO FIRST STEPS (for Teachers only), iSmo. 31. &/. 
SECOND STEPS TO GREEK PROSE COMPOSITION, with 
Miscellaneous Idioms, Aids to Accentuation, and ExaminatioD 
Tapers in Greek Scholarship. iSmo. as. 6d. 
KEY TO SECOND STEPS (for Teachers only). iSmo. y. 6d. 

Kynaston.— EXERCISES IN the COMPOSITION OF 
GREEK IAMBIC VERSE by Translatioas from Enghsh Dra- 
matists. By Rev. H. Kynaston, D.D., Principal of Chelteidiani 
College. With Introduction, Vocabulary, &c. New Edition, 
revised and enlarged. Entra fcap. Svo. 5'. 
KEY TO THE SAME (for Teachers onlyj. Eitra fcap. Svo. 41.6^. 
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l8 MACMILLAPI'S EDUCATIOSAL CATALOGUE. 

IrfUptOD,— AN INTRODUCTION TO LATIN ELEGIAC 
VPKSE COMPOSITION. By J. H. I.Upton, M.A., Sur-Master 
of St. Paul's Schooi, and formerly Fellow of St. John's CcAlege, 
Canibridge. as. 6d. 

Mackie.— PASSAGES FOR translation from greek 

INTO ENGLISH AND ENGLISH INTO GREER. Selected 

and Annotated by Rct. Ellis MaCKIE, M.A,, Assistant -Mailer 

in Heversham Grammar SchooL [/« /At firm. 

Macmillan.^FlRST latin grammar. By M. c. mac- 

MILLAN, M.A., Ute Scholar of Christ'* College, Cambridge; 
soraetime Assistant- Master in St. Paul's School. New Edition, 
enlarged. iSmo. is. 6d. A Short Syntax is in pieparo^ioo 
to follow the ^CCI&ENCB- 

Macmillan's Latin Course, first year, ByA. h. 

Cook. M.A., Assistant- Master at St. Paul's SchooL Globe Svo. 
2r. td. 

Marshall.— A table of irregular greek verbs, 

classified according to the arrangement of Curt jus's Greek Grammar. 
By J. M. Marshall, M.A., Head Master of the Grammar 
School, Durham. New Edition. Svo. ii. 
Mayor (John E. B.)— first GREEK reader. Edited 

mfter Karl Halm, with Correctinns and Urge Additions by Pro- 
fessor JoHM El B. Mayor, M.A., Fallow of St. John's College, 
Cambridge. New Edidou, revised. Fcap. gvo. 4J. 6d. 

Wsyor (Jo9«P^ B.)— GREEK FOR BEGINNERS. By Ihe 
Rev. J. B- Mayor, M.A., Professor of Classical Lilerstore in 
King's Colle^, Loiuion. Part I., witb Vocabulary, 11. 6rf. 
Parts II. and HI., with Vocibulary andlndex, 31. 6d. Complete 
in one Vol. fcap. Svo. 4J. 6d. 

Nixpn.— PARAJ.LEL EXTRACTS ^ranged for translation into 
Englisb and Latin, with Notes on Idioms. By J. E. Nixon, 
M.A., Fellow and Classical Lecturer, King's College, Cambridge. 
Part I.— Historical and Epistolary. New Edition, revised and 
enlarged. Crowp Sva 31. dd. 

PeiIe.-rA PRIMEK OF philology. By J. Pkile. M.A., 
Eellow and Tufor of Christ's College, Canibridge. i8mn. is. 

Postgate and Vinoe.— A DICTIONARY OF LATIN 
ETVMOLOGV. By J, P. Pdstgatb, M.A., ind C. A. ViKce, 
M.A, [In frcparalian. 

PottB (A. W.)— Works by Ai.EXANDB* W. Potts, M.A., 
LL.D., late J'ellovv of St. Jolin'a Colkge, Cambridge ; Head 
Matter of the Fett*^ College, Ediiibui|;h. 
HINTS TOWARDS LATIN PROSE COMPOSITION. New 
EiitioA- E»tre fcap- Pvo. jt. 
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CLASSICAL PUBLlCATtONS. ig 

Potts (A. 'W.)— Works by ALEJtAMDER W. POTT3, M.A., 
LL.D. {(QtUinutd). 
PASSAGES FOR TRANSLATION INTO LATIN PROSE. 
Edited with Notes and References to the above. New Edjlitm. 
Extra fcap. 8vo. 21. 6^1 
LATIN VERSIONS OF PASSAGES FOR TRANSLATION 
INTO LATIN PROSE (for Teachers only), it, dd. 
Reid. — A GRAMMAR OF TACITUS. By J. S. Reid, M.L„ 
Fellow of Cains College, Cambridge. [/» preparation. 

A GRAMMAR OP VERGIL. By the sime Author. 

[In prtparat'um. 
",' SimUar Grammars te other ClassUa! Aatiors viiltfroiaUy fellow. 

Roby. — A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautns to Suetonius. By H. J. Robv, M.A,, late Fellow of St. 
John's College, Cambridge. In Two Parts, " Third Edition. 
Part 1. conlainine:— Book I. Sounds. Book II. Inflexions. 
Book HI. Word-formation. Appendices. Crown Svo. &s. dd. 
Part II. Syntax, Prepositions, &e. Crown Svo. lat. 6(/. 

SCHOOL LATIN GRAMMAR. By the same Author. Crown 

Rush.— SYNTHETIC LATIN DELECTUS. A First I.atin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, M.A., D.D. New 
and Enlarged Edition. Extra fcap. Svo. w. bd. 

Rust— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A., of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. iSmo. i^. dd. 
KEY TO THE ABOVE. By W. M. Yates, Assistant -Master in 
the High School, Sale. iSmo. 3^. dd. 
Rutherford.— WoAs by the Rev. W. Gunion Ruthbrfoid, 
M.A., LL.D., Head-Master of Westminster School. 
A FIRST GREEK GRAMMAR. New Edition, enlarged. Extra 
. fcap. Svo. If. ftd. 

THE NEW PHRYNICHUS; being a Revised Text of the 
Edoga of the Grammarian Fhrynichus. With Introduction and 
Commentary. 8vo. iSf. 

Simpson.— LATIN PROSE AFTER THE BEST AUTHORS. 
BjiP, P. SluraON, B.A., late Scholar of Balliol College, Oxfmd. 
Part I. C-ESARIAN PROSE. Eura fcap. Svo. ay. W. 
( 3 
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lo MACMIt.LAN'S EDUCATIONAL CATALOGUE. 

Thring. — Works by the Rev. E. Thring, M.A., Head-Master of 

Uppingham School, 

A LATIN GRADUAL. A First Latin Constning Boot for 
Beginnert. New Edition, enlarged, with Coloured iienlence 
Maps. Feap. Svo. is. dd. 

A MANUAL OF MOOD CONSTRUCTIONS. Fop.Svo. i/. 6rf. 
White.— FIRST LESSONS IN GREEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOFHON. By John Wiluams 
White, Fh.D., Assistant-Frofeaior of Greek in Harvard Univer- 
sity. Crown 8to, 41. ftd, 
Wright.— Works by J. Weight, M.A., late Head Master of 
Sutton Coldfield School. 

A HELP TO LATIN GRAMMAR ; or, The Form and Use of 
Words in Latin, with Progressive Exercises. Crown Svo. 4/. 61/. 

THE SEVEN KINGS OF ROME, An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages ; 
being a First Latin Reading Book, with Grammatical Notes and 
Vocabulary, New and revised Edition. Foap. 8vo, Jt. W, 

FIRST LATIN STEPS ; OR, AN INTRODUCTION BY A 
SERIES OF EXAMPLES TO THE STUDY OF THE 
LATIN LANGUAGE. Crown 8vo. v. 

ATTIC PRIMER, Arranged for the Use of Bt^nneis. Extra 
fcap, 8vo, 2f, fid. 

A COMPLETE LATIN COURSE, comprising Roles with 
Examples, Exercises, both Latin and English, on each Rule, and 
Vocabularies, Crown 8vo. M, td. 
Wright (H, C.)— EXERCISES ON THE LATIN SYNTAX. 
By Rev. H, C, Wright, B.A., Assistant-Master at Haileybniy 
College, iSmo. [Infrfparalam. 



ANTIQUITIES, ANCIENT HISTORY, AND 
PHILOSOPHY, 

Arnold. — Wwks by W, T. Arnold, M.A, 

A HANDBOOK OF LATIN EPIGRAPHY. ITn friparathn. 
THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRA- 
TION TO THE ACCESSION OF CONSTANTINE THE 
GREAT. Crown 8vo, fa. 

Arnold (T.) — THE HISTORY OF THE SECOND PUNIC 
WAR. By Thomas Arnold, D,D, Edited, with Notes, by 
W. T. AenolD, M.A. With Haps. CiownSvo. [Inthe/ireit. 

Beesly. — STORIES FROM THE HISTORY OP ROME. 
Bj Mrs, Bebslt, Fcap. Svo, at. 6d. 
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CLASSICAL PUBLICATIONS. 2i 

Classical Writers. — Edited by John Richard Grbkn, M.A„ 

LL.D. Fcap. 8vo. ii. 6d. each. 
EURIPIDES. By Frofessiw Mahaffy. 
MILTON. By the Rer. Stoptord A. Brooke, M.A. 
LIVV. By the Rer. W. W. Capes, M.A. 
VIRGIL. By Professor Nkttlbship, M.A. 
SOPHOCLES. By Professor L. Campbell, M.A. 
DEMOSTHENES. By Professor S. H. Botchek, M.A. 
TACITUS. By Professor A. J. Church, M.A., and W. f. 

BeODBIBB, M.A. 

Freeman.--HISTORY of ROME. By Edward A. Free- 
man, D.C.L., LL.D., Hon. Fellow of TriDity College, OsTord, 
K^us Professor of Modern History in the Uoiversily of Ojiford. 
(Hiiturua! Caursifor Schools.) lima. \Jn preparaiiim. 

A SCHOOL HISTORY OF ROME, By the same Author. 
CrowQ 8yo. [In prefaratiim. 

HISTORICAL ESSAYS. Second Series, [Greek and Roman 
History.] By the same Author. 8va las. bd. 

Gcddcs. — THE PROBLEM OF THE HOMERIC POEMS, 
By W. D, Gelides, Professor of Greek in the University at 
Aberdeen. Svo. 14^. 

Gladstone. — Works by the Rt. Hon. W. E. Gladstone, M.P, 
THE TIME AND PLACE OF HOMER. Crown Svo. 61. 6d. 
A PRIMER OF HOMER. i8mo. 11. 

Jackson.— A MANUAL OF GREEK PHILOSOPHY. By 
Henry Jackson, M.A., Fellow and Prseleclor in Ancient 
Philosophy, Trinity College, Cambridge. \Ih frtparatiim. 

Jebb. — Works by R. C. Jkbb, M.A., Professor of Greek in ihe 

University of Gla^ow. 
THE ATTIC ORATORS FROM ANTIPHON TO ISAEOa 

I vols. 8vo. zji. 
SELECTIONS FROM THE ATTIC ORATORS, ANTIPHON, 

ANDOKIDES, LYSIAS, ISOKRATES, AND ISiEOS. 

Edited, nith Notes. Being a companion volume to the Receding 

work. Svo. IM. 61/. 
A PRIMER OF GREEK LITERATURE. i8mo, u. 
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M MACMILLAN'S EDUCATIONAL CATALOGUE, 

MahafTy, — Worts by J. P. Mahapty, M.A., Froftssor of Aadent 

History in Trinity Collie, Dublin, and Hon. Fellow of Queen's 

College, Oxford. 
SOCIAL LIFE IN GREECE; from Homer to Hniandcr. 

Fiftli Edition, revised and enlaiged. Crown Svo. 91. 
RAMBLES AND STUDIES IN GREECE. With Illuslrations. 

Second Edition. With Map. Crovin Svo. ioj, 6rf. 
A PRIMER OF GREEK ANTIQUITIES. With Illnstnitioiu. 

EURIPIDES. iSmo. U. 6d. {Claiiical Wrileri Stria.) 

Mayor (J. E. B.) — bibliographical clue to latin 
LITERATURE. Edited after HUbner, with large Additions 
bj Frofassor John £. B. Mavok. Cronn Svo. icm. 6^. 

Newton. — essays in art and archaeology. By 
C. T. Newton, C.B., D.C.L., Professor of Argh:eology in 
University College, London, and Keei:ei- of Greek and Ronuui 
Antiquities at the British Mnseum. Svo. lis. 6ti. 

Ramsay.— A SCHOOL HISTORY OF ROME. By G, G. 
Ramsav, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown Svo. [Tn preparatiim. 

Sayce.— THE ANCIENT EMPIRES OF THE EAST. By 
A. H. &AVCE, Deputy- Professor of Comparativq Philosophy, 
Oxford, Hon. LL.D. Dublin. Crown Svo. &i. 

Schwegler — a text-book of greek PHILOSOPHY. 

l^anslated hMm the German by Hknrv Norhan. Svo. 

Wilkins. — a primer of roman antiquities. 

Professor Wilkins, M.A,, LL.D. Illuslrited. iSmo. " 



MATHEMATICS. 

(i) Arithmetic, (3) Algebra, (3) Euclid and Ele- 
mentary Geometiy, (4) Mensuration, {5) Higher 
Mathematics. 

ARITHMETIC, 

Aldis, — THE GREAT GIANT ARITHMOS. A most Elementary 
Arithmetic for ChHdren. By Mary Stbadman Aldis. With 
Illustrations. Globe Svo. 2s. 6d. 

Brook-Smith (J.), — ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A.. LL.B,. St. John's 
ColUge, Cambridge; Barrisler-at-Law ; one of the Masters of 
Cheltenham College. New EdJtioiv tevtud. Crown Svo. 41, 6d. 



,,l:al by Google 



MATHEMATICS. aj 

Candler.— HELP to arithmetic. Deagnedfor the use of 
Schools. By H. Candler. M.A., Malhematicil Maslet of 
Up^dngbun School. Second Edition. Eilra fcap. Svo. su. 6d. 

Dalton. — RULES AND EXAMPLES IN ARITHMETIC. By 
the Rev, T. Daiton, M.A.. Assistant- Master of Eton Collie. 
New Edition, iSmo. 31. Sri, 

[Atimitrs to the ExampUs are apfndtd. 

Lock. — ARITHMETIC FOR SCHOOLS. By Rey. J. B. Lock, 
M.A., Fellow and Lecturer of Caina College, Cambridge, late 
Assistant -Master at Eton. Globe Svo. [/n Iktfrtss. 

Pedley.— EXERCISES IN arithmetic for the Use of 
Schools. ContaininK more than 7,000 original Examples, By 
S. Pedley, late of Tamworlh Grammar School Crown Svo. 51. 
Also in two parts zj. fni. each. 

Smith. — WotI= by the Rev. Bahnabo SMtTH, M.A., late Rector 
of Glastor, Rutland, and Fellow and Senior Bursar of S, Peter's 
CoUeEc, Cambridge. 

AR ITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation ; with numerous systematically arranged Examples taken 
from the Cambridge Elimination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree, New Edition, 
caiefolly Revised, Crown Svo. 10/. 6rf. 

ARITHMETIC FOR SCHOOLS, New Edition. Crown Svo. 
V.6d. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. New 
Edition, Crown Svo. &a. 6d. 

EXERCISES IN ARITHMETIC. Crovra 8vo, limp oloUi, 21. 
With Answers, 2t. 6d. 

Answers separately, 6J. 

SCHOOL CLASS-BOOK OP ARITHMETIC. iSmo, doth. 31. 

Or sold separately, in Three Parts, ir. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC, 
Parts L, 1I„ and HI,, zi. 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, cloth. Or sepa- 
rately. Part I. arf. ; Part II. 3^. ; Part III, Jd. Answer* 6J. 

THE SAME, with Answers complete. i8mo, cloth. l». 6ii. 

KEY TO SHILLING BOOK OK ARITHMETIC. iSmo. ni.6d. 

EXAMINATION PAPERS IN ARITHMETIC. iSrna It. 6,1. 
The same, with Answers, i8mo, 21. Answer*. 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
iSmo. +r. 6d. 
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24 MACMILLAN'S EDUCATIONAL CATALOGUE, 

Smith.— Works by the Rev. BarKARD SUITH, U,A, {canlinuid)— 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with irameroos Eiamples, 
writlen expressly for Standaid V. in National Schools Mew 
Edition. iSmo, cloth, sewed, yl. 

A CHART OF THE METRIC SYSTEM, on a Sheet, site 42 in. 
by 34 in. on Roller, mounted and varnished. New Edition. 
Price 31. 6rf. 

Also a Small Chart on a Card, price \d. 

EASY LESSONS IN ARITHMETIC, comhininp Exercises in 
Reading, Writing, Spellir^, and Dictation. Part I. for Standard 
I. in National Sdiools. Crown Bvo, gd. 

EXAMINATION CARDS IN ARITHMETIC. (Dedicated t» 
Lord Sandoa.) With Answers and Hints. 

Standards L and IL in box, u. Standards HI., IV., and V., in 
boxes, II. each. Standard VI. in Two Parts, in boxes, 11. each. 

A and B papers, of nearly the same diFBculty, are given so as lo 
prevent copying, aiid the colours of the A and B papen differ in each 
Standaid, and from those of every other Standard, so that a master 
or mistress can We at a glance whether the children have the proper 

^^^ ALGEBRA. 

Dalton. — RULES AND EXAMPLES IN ALGEBRA. By the 
Rev. T. Dalton, M.A., AsBistint-Master of Eton College. 
Part I. New Edition. iSmo, 2t. Part IL l8mo. sj, (td. 

Jones and Cheyne. — algebraical exercises. Pro- 
gressively Arranged, By the Rev. C. A. Jokes, M.A., and C. 
H Chbynk, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. iSmo. 11. 6d. 

Hall and Knight.— elementary algebra FOR 

SCHOOLS. By H. S. Hall, B.A., fortnerly .Scholar of Christ's 
College, Cambridge, Master of the Military and Engineering Side, 
Clitlon College ; and S. R. KhighT, B.A-, formerly Scholar «f 
Trinity College, Cambridge, late Assistant-Master at Marlboroogh 
College. In Globe Svo, price 31. dd. ; with Answers, 4J. 6d. 
ALGEBRAICAL EXERCISES and EXAMINATION PAPERS. 
To accompany the above. By the same authors. Globe 8vo, 

[In frtfaraHen. 
HIGHER ALGEBRA FOR SCHOOLS. By the same Antfaois. 
Globe Bvo. [/« preparation. 

Smith. — ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with numerous systematically arranged Examples 
taken ^om the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Burear of Si, Peter's Collie, Car ' ' ' 
New Kiiiliiwi, cudnlly Revised. Crown Svo. tot. 6^ 
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MATHEMATICS. 25 

Smith (Charles).— A SCHOOL ALGEBRA. By Chakles 
Smith, M:.A., Fellow and Tutor of Sidney Sussex College, 
Cambridge. Crown Bvo. [Ih Iht p,esi. 

Todhunter.— Works by L ToDHUNTEE, M.A., F,R.S., D.Sc, 

late of St. John's College, Cambridge- 
" Mr. Todhunler ii chiefly known to Siudenls of Maltiematios as ths lulhor of a 
Mliesof admmbte mathemalical Uxt-books, which posuu ihc Isre qnalilict of being 
rfear in style and absoJulely dec from mitiakes, lypographioal or other,"— Sat ubbav 

ALGEBRA FOR BEGINNERS. With numerous Examples. 

New Edition. iSmo. is. dd. 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. fo. 6rf. 
ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. ^s. (td. 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown Svo. loi. 6rf. 

EUCLID & ELEMENTARY GEOMETRY. 
Constable. — GEOMETRICAL EXERCISES FOR BE- 

GINNERS. By Samuel Constable. Crown Bvo. 31.61/, 
Cuthbertson,— ^EUCLIDIAN geometry. By Francis 
CuTHBRRTSON, M.A., LL.D., Head Mathematical Master of the 
City of London Schocj. Eitra tcap. Svo. 4J. fid, 
Dodgson. — Works by CHARLES L. DoDGSON, M.A., Student and 
late Mathematical Lecturer of Christ Churdi, Oxford. 
EUCLID. BOOKS I. and II. Fourth Edition, with words sub- 
stituted for the Algebraical Symbols used in the First Edition. 
Crown 8vo. ai. 
\* The tent ^ thi« Edilion has been ascertained, by couDIIng the words, to be 
«jj tkein fivg-sev£titfts of that combined in the oriUnary editions, 

EUCLID AND HIS MODERN RIVALS. Second Edition. 
Crown Svo. 6s. 

HaU and Steven3,^A TEXT BOOK OF EUCLID'S 

ELEMENTS FOR THE USE OF SCHOOLS. By H. S. 
HAI.L, B.A.,ttnd F. H. Stevens, Assistant- Masters in Clifton 
Collie. Globe Svo. [In pri^raliim. 

Kitchener. — a GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geomeb7. For the Use of Schools. By F. E. KITCHENER, 
M.A., Head-Master of the Grammar School, Newcastle, Stafford- 
shire. New Edition. 4to. 2S. 

Mault. — NATURAL GEOMETRY: an Introdnction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
melrkal works of Ed. Lagout. By A. Mault. iSmo. 11. 
Models to lUuslrttte the above, ia Box, I2t. 6d. 
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36 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Smith. — AN ELEMENTARY TREATISE ON SOLID 
GEOMETRY, By Cmaklbs Smith, M.A., FeUow and Tutor 
of Sidney Sussex College, Cambridge. Crown Svo, 91. dd. 

Syllabus of Plane Geometry (corresponding to EucUd, 
Boolcs I. — VI.). Prepared by the Associition for the Improve- 
ment of Geometrical Teaching. New Edition. Crown Svo. 11. 

Todhunter.— THE ELEMENTS OF EUCLID. For the Use 
of Colleges and Schools. By I. Todhunter, M.A., F.R.S,, D.Sc, 
of St. John's College, Cambridge. New Edition. 18010. y. bd. 
KEY TO EXERCISES IN EUCLID. Crown Svo. 6j. W. 

Wilson (J. M.). — ELEMENTARY GEOMETRY. BOOKS 
I.— V, Containing the Subjects of Enclid's first Sii Books. Fol- 
lowing the Syllabus of the Geometrical Associalioo. By the Rev. 
J. M. Wilson, M.A., Head Master of CMon Collie. New 
Editioa Extra fcap. 8to. 47. dJ. 



MENSURATION. 

Todhunter. — MENSURATION FOR BEGINNERS. By I. 
ToDKUHTBR, M.A., F.R.S., D.Sc., late of St. John's CollcEe, 
Cambridge. With Examples. New Edition. iSmo. xs.td. 
"»• A JCey tv Ikit Tvork ii novi in Ihtfrai. 

HIGHER MATHEMATICS. 

Airy. — Wor>» by Sir G. B. AiRV, K.C.B., formerly Astronomer- 
Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 

EQUATIONS. Designed for the Useof Sfudents in the Univer- 
sities. With Diagrams. Second Edition. Crown Svo. y. 6d. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edirion, rerised. 
Crown Bvo. 61. 6d. 

Alexander (T.). — ELEMENTARY applied mechanics. 
Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics, By T. Alexander, C.E„ Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Cruwa Svo. Part I. 4/. 6d, 
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Alexander and Thomson. — elementary applied 
MECHANICS. By Thomas Alsxandkr, C.E., Profes'or of 
Eneineering in the Imperial College of Engineering-, ToUei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
EngineerinB at the Royal CoE^c, Cirencesler. Part II. Thans- 
TKBSB Stress. Crown 8vo. loi. &/. 

Beasley.— AN elementary treatise ON plane 

TRIGONOMETRY. With Eiamples. By R. D. Beaslby. 

M.A. Eighth Edition, revised and entarged. Crown Svo. y.6d, 

Boole. — THE CALCULUS OF FINITE DIFFERENCES. 

By G. Boole, D.C.L., F.R.S., Ute Professor of Mathematics in 
the Queen's Univemty, Ireland. Third Edition, revised by 
J. F. MouLTON. Crown Svo. loi. 6d. 

Cambridge SenateHouse Problems and Riders, 
with Solutions ; — _ 

F A. G. Gkbbnhill, 

1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS." By 
the Mathematical Moderators and Examiners. Edited by ]. W. L. 
Glaisku, M.A„ Fellow of Trinity College, Cambridge. 121. 

Carll.— A TREATISE ON THE CALCULUS OF VARIA- 
TIONS. Arranged with the purpose of Introducing, as welt as 
Illustrating, its Principles to the Reader hf means of Problems, 
and Designed to present in all Imporlant ParticQlajs a Complete 
View of the Present State of the Sdence. By Lawis Buffktt 
Cabll, A..M. Liemy Svo. 3I>. 

Chcyne. — an elementary treatise on the plan- 

ETARY theory. By C. H. H. Ckeyni, M,A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A, Fbebman, M.A., F.R.A.S. Crown Svo. jt. td. 

Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICSi 
with Answers and Appendices on Synthetic Division, and on the 



Crown Svo. &. 6d. 

ClaUSius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R, Browne, M.A„ late 
Felkow of Ttiuily College, Cunbridge. Clown Svo. loj. (id. 
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Clifford. — THE ELEMENTS OF DYNAMIC. An Introdocltoo 

to the Study of Motion and Rest in Solid and Fluid Bodies, By W. 
K. Clifford, F.R.5., late Professor of Applied Mathematics and 
Mechanicsat University College, London. Part I,— KINEMATIC. 
Crown Svo. Js. 6d. 

Cotterill.— APPLIED MECHANICS : an Elementarir General 
Introduction to the Theory of Structures and Machines. By 
Jambs H. Cotterill, F.R.S,, Associate Member of the Conncit 
of Che Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium Svo. iS>. 

Day (R. E.) —electric light arithmetic By R, E. 

Day, M.A., Evening Lecturer in Experimental Physics at King*! 
College, London. Pott Svo, at. 

Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. Johti's College, Cambridge. New 

Edition, enlarged. Crown Svo. 51, 

Dyer. — EXERCISES IN ANALYTICAL GEOMETRY. Com- 
piled and arranged by T. M. DVBR, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College. With 
lUuslrations. Crown Svo. 4*. 6d. 

Eagles (T.H.) a constructive treatise onplane 

CURVES. By T. H. Eaglbs, of the Royal Indian Engineering 
College, Cooper's Hill. With Illustralions. Crown Svo. 

[h lAefrat. 

Edgar (J. H.) and Pritchard (G. S.).— note -BOOK ON 
practical solid OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing al the Royal School of 
Mines, and G. S. Pritchard. Fonrth Edition, revised by 
Arthvr Mekzb. Globe Svo, 41. 6<f. 



AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polirs, and the Theory 
of Projectors. New Edition, revised. Ctown Svo. 6t. 6J, 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown Svo. 7s. 6i, 
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Forsyth,— A TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By Andkew Russell Forsyth, M,A., Fellow and 
Assistant Tutor of Trinity College, Cambridge. Svo. 141. 

Frost — Works by Percival Frost, M. A,. D.Sc. formerly Fellow 

of SL John's College, Cambridge ; Mathematical lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Pbrcival Frost, M.A, Svo. izi. 
SOLID GEOMETRY, A New Edition, revised and enlarged, of 

the Treatise by Fribt and Wolstbnholmk. In 2 Vols. vol. I. 

Svo. i6s. 

Greaves. — a treatise on elementary statics. By 

John Greaves, M.A., Fellow of Christ's College, Cambridge. 
Crown Svo. [/» tht prtss. 

Greenhill. — practical treatise on the differ- 
ential AND integral CALCULUS. By A. G. 
Greenhill, M.A., Professor of Mathematics to the Senior Class 
of Artillery Officers, Woolwich, and Examiner in Malhematics 
at the Univeisily of London, Crown 8vo, \In thi press. 

Hemming. — an elementary treatise on the 
differential and integral CALCULUS, for the 
Use of Colleges and Schools, By G, W. Hemming, M.A., 

Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. Svo. gj. 

Ibbetson.— THE MATHEMATICAL THEORY OF PER. 
FECTLY ELASTIC SOLIDS, with a short account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
H.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 
Svo. [/» tlufnss, 

JcUet(John H.).— A TREATISE on THE THEORY OF 
FRICTION, By John H. Jellet, B.D., Provost of Trinity 
College, Dublin ; President of the Royal Irish Academy. Svo. 
Si. 6?. 

Johnson.— Works Iqr William Woolsby Johnson, Professor 

of Mathematics at the United States Naval Academy, Annopolis, 

Maryland. 
INTEGRAL CALCULUS, an Elemenlaiy Treatise on the ; 

Founded on the Method of Rates or Fluxions. Demy Svo. %s. 
CURVE TRACING IN CARTESIAN CO-ORDINATES. 

Crown Svo. 4*. 6d. 
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KcUand and Tait. — introduction to quater- 

NIONS, with numerous examplei. By P. Kellahd, M.A., 
F.K.S., and P. G. Tait, M.A., Profeaiois in- the Department of 
Malhemalies in the University o( Edinburgh. Second Edition. 
Crown 8vo. j/, 6rf. 
Kempe,— HOW to draw a straight LINE: a Lecture 
on Linkages. By A. B. Kempe, With Illustrations. Crown Svo. 
IJ. 6d. (Nature Serui.) 

Knox.— DIFFERENTIAL CALCULUS FOR BEGINNERS. 

By Alekan er Kkok. Fcap. Svo. jf. 6d. 

Lock.— ELEMENTARY TRIGONOMETRY. Bv Rev. J. B. 

Lock, M.A., Senior Fellow, AssiGlanl Tator and Lecturer in 

Mathematics, of Gonville and Caius College, Cambridge ; late 

Assistant- Master at Eton. Globe Svo. 41. M. 
HIGHER TRIGONOMETRY. By the same Anthor, Globe Svo. 

4X. 6^. 

Both Parts complete in One Volume. Globe 8vo. p. 6d. 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 

1, 100 Problems. By Sydney Lufton, M.A., Assistant-Master 

in Harrow School Globe Svo. ^s. 
Macfarlane. — physical arithmetic. By Alexander 

Macparlane, M.A., D.Sc., F.R.S.E., Examiner in Mathematics 

to the University of Edinburgh. Crown Svo. 71. 6d. 

Merriman.— ATEXT BOOK OF THE METHOD OF LEAST 

SQUARES. By Mansfield Merkiuan, Professor of Civil 
Engineering at Lehigh University, Member of the American 
Philosophical Society, American Association for the Advancement 
of Science, American Society of Civil Engineers' Club of Phila- 
dephia, Deutschen Geometervereins, &c. Demy Svo. 8j. W. 

Millar.— ELEMENTS OF DESCRIPTIVE GEOMETRY. By 
J.B. Millar, C.E., Assistant Lecturer in Ei^neering in Owens 
Coll^fe, Manchester. Crown Svo. 6s. 

Milne.— WEEKLY PROBLEM PAPERS. With Notes intended 
for the use of students preparing for Mathematical Scholarships, 
and for the Junior Members of uie Universities who axe reading 
for Mathematical Homiars. By the Rev. John J. Milne, M.A., 
Second Master of Heversham Grammar School, Member of the 
London Mathematical Society, Member of the Association ibr the 
Improvement of Geometrical Teaching. Pott Svo. 41. 6rf. 
SOLUTIONS TO WEEKLY PROBLEM PAPERS. By the 
Rev. John J. Milne, M.A. Pott Svo. [In thifrat. 
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Muir. — A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated Eds of Eiainpl«& . For um in 
Colleges and Schjols. By Thos. Muir, M.A., V.R.S.E, 
MalteiQUical Uuier in th« High School of Gla^ow. Cnnrn 
Sto. 7j. bd. 

Parkinson.— AN ELEMENTARY TREATISE ON ME. 
CHANICS. For the Use of the Junior Classes at the Vnirenitr 
and the Higher Classes in Schooli. By S. Fakkinsoh, D.D., 
F.R.S., Tulor and Fritlector of St. John'e Collie, Cambridge. 
With a Collection of Examples. Sixth Edilioo, tensed. Crown 
8vo. 9/. 6d. 

Pirie.— LESSONS on rigid dynamics. By the Rev. G. 

PiKiH, M.A., lale Fellow and Tutor of Queen's College, Cam- 
bridge; Profe-ssor of Mathematics in the University of Atcrdeen. 
Crown 8vO. 6s. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Nnineroiis 
Examples and Hints for their SolHtton ; especially designed for the 
Use of Beginners. By G. H. PncKL*, M.A. Piftli Ediuon, 
revised and enlarged. Ciown Svo. It. 6d. 

Rculeaux.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. By Professor F. Reulkaux, 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 lUustrations. 'Medioia Svo. aii. 

Rice and Johnson — DIFFERENTIAL CALCULUS, an 
Elementary Treatise on the ; Founded on the Method of Rates or 
Flaxions, By John Mihot Rich, Professor of Mathematies in 
the United Stales Navy, and William Woolsev Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy Svo. i6j. 
Abridged Edition, 8/. 

Robinson. — treatise on MARIIiIE SURVEYING. Pre- 

pared for the u^e of younger Naval Officers. With Questions for 

EiaminatiLins and Exercises principally frofn the Papers of the 

Royal Navil CoUage. Witb the reaultj. By Rev. John L. 

Robinson, Chaplain and Instructor in the Royal Naval Coll^^, 

pTBcnwich, With Jllqstnttions. Crown Svo. "jt. 6d. 

CoHTEMTs.— Symboli uKd in Chutn und EuiYeyiDE—Thi ConunicDiia ud Uh 

( Scalej— Laying off AnalM— Finni Poaiooos by Antfa — Ctfra ud Ch«n- 

Jrawing— Instnimcnld and Obaerviiig — Base Lines— TriajuralaHon—LereDing— 
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Routh. — Works by Edward John Routh, D.Sc," LL.D.. 
F.R.S., Kellowofthe University of LoDdoD, Hon. Fellow of St, 
Peter's Collfge, Cmmbridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Eiamplea, Fourth and 
enlarged Edition. Two Vols. 8vo. Vol I.— Elementary Parts. 
14J. Vol, II.— The Advanced Parts. 141. 

STABILITY OF A GIVEN STATE OF MOTION. PAR- 
TICULARLY STEADY MOTION. Adanis' Prize Essay for 
1877. 8vo. 81. f>d. 
Smith (C). — Works by Charles Smith, M.A., Fellow *nd 
Tutor of Sidney Sussei College, Cambridge. 

CONIC SECTIONS. Second Edition. Crown 8vo. ^t,(>d. 

AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 
Crown 8vo. 91. 6d. 
Snowball. — the elements of plane AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use of 
TbU«* of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crowu 8vo, is. 6d. 
Tail and Steele.— a TREATISE ON DYNAMICS OF A 

PARTICLE. With numerous Eiamples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown Svo. I2J. 

Thomson.— A treatise on the motion of vortex 

RINGS. An Essay to which the Adams Prize was adjudged in 
i88a in the University of Cambridge. By J. J. Thomson, Fellow 
of Trinity College, Cambridge, and Professor of Eiperimenlal 
Physics in Ihe University. With Diagrams. Svo. 61. 
Todhunter.^-Works by I, Todhuntkr, M.A., F.R.S., D.Sc., 
late of SL John's College, Cambridge. 
"Mr. Todtiunter 11 chLeQy knowa to nudenia of Mirhcmbiicsu tbe uiiharof n 
■erics of admirablt mathcioalicBl 1ei:t-lK>okH, which poisesa Ihe lan quiUliea of t>eiii£ 
clear in styte and absaliiLely five from mistakes, [ypofriLphical and olher-"— 
Saturday Rbvikw, 
TRIGONOMETRY FOR BEGINNERS. With numerous 

Example?, New Edition. iSmo. 3i. dd. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

MECHANICS FOR BEGINNERS. With numerous Eiamplej. 

New Edition. iSmo. 41. &f. 
KEY TO MECHANICS FOR BEGINNERS. Crown Svo. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown 8»o. •ft. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. New 
Edition. Crown Svo. 51. 

KEY TO PLANE TRIGONOMETRY. Crown Svo. lor. 6d. 
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Todhunter. — Worlu bj l. Todhithter, M.A., 4c {continueii)— 
A TREATISE ON SPHERICAL TRIGONOMETRY. New 

Etlilion, ealuged. Crown 8vo. 41. bd. 
PLANE CO-ORDINATE GEOMETRY, a 
Line and the Conic Sections. With n 
Edition, revised and enlaiged. Crown Bvo. ^s. bd. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
nnmerous Examples. New Edition. Cniwn Svo. lot. &/. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With nnmiTous Eiamples. New Edition. 
revised and enlarged. Crown Svo. lo^. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crovm Svo. 41. 



Svo. tSi. 
RESEARCHES IN THE CALCULUS OF VARIATIONS, 

principally on the Theory of Discontinuous Solations: an Essay to 
which the Adams' Priie was awarded in the University of Cam- 
bridge in 1871. Svo. 6j. 
A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. Svo. Z41. 



Wilson (J. M.).— SOUD GEOMETRY AND CONIC SEC 
TIONS. With Appendices on Traiisver™Isand Harmonic Division. 
For the Use of Schools. By Rev. J[. M. Wilson, M.A. Head 
Master trf Cliflon College. New Edition. Extra fcap. Bvo. 31. dd. 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 



" Tbe cxETcbei ksd bmidfullr graduated and adapted to lead a iludem on meat 
gcnlly ud plauully."— E. J. RotriK, F.K.S., Sl Peter'B CoUele, OuDbridie. 
{See also EUmatlaty Gemn^try.) 

Woolwich Mathematical Papers, for Admission into 
the Royal Miliiary Academy, Wotdwich, iSSo — 1SS4 inclusive. 
Crotvn Svo. Jr. &/. 
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Wol«tenhoIme.— MATHEMATICAL PROBLEMS, on Snb- 
■ects included in the First and Second DiviMons of (he Schedule of 
subjects for the Cambridge Mathtmatlcal Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow af Christ's Collie, sometime Fellow of St. John's CoUq-e, 
and PtofcFSor of Mathematics in the Ro^t Indian Engineering 
College. New Edition, greatly enlarged. 8vo. 181. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 

- FIGURE LOGARITHMS. By the same Author. [Infrtparatien. 



SCIENCE. 



(r) Natural Philoaophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (G) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (9) Political Sconomy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHV. 

Airy.— Works by Sir G, B. AiRY, K.C.B,, formerly Astronomer- 

Royal. 
UNDULATORY THEORY OF OPTICS, Designed for the Use 

of Students in the University, New Ettilion. Crown Svo. 61. 6d, 
ON SOUND AND AT.\IOS PHERIC VIBRATIONS. With 

the Maiheniailcal Elements of Music. Designed for the Use of 

Student! in the University. Second Edition, revised and enlMged. 

Crown 8vo. gj. 
A TREATISE ON MAGNETISM. Designed for the Use ot 

Students in the University. Crown Svo. 9'- 6d. 
GKAVITATION. an Elementary Explanation of the Principal 

Perturbations in the Solar System. Second Edition. CrownSvo. 

71.60'. 

Alexander (T.).— ELEMENTARY applied mechanics. 

Being the simpler and more JS'actical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mentajT Mathematics. By T. Albxander, C.E., Professor of 
Civil Etigineering in the Imperial College of Engineering, Tokei, 
Ja]>an. Crown Svo. Pari J. 41. 6d, 
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Alexander — Thomson. — elementary APPLIED 
MECHANICS. By Thomas Albxandbr, C.E., Prolcisor of 
Engineerine in the Impaial Collegeof Ei^ineering, Toliei, Japan ; 
and AiTHUK Watson Thomson, C.E., B.Sc, Piofeiior of 
EngLneeiing at the Royal College, Cirencesler. Part II. Trans- 
VE]tSE Stbess ; upwards of 150 Diagrams, and 300 Rxamples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any tet of loads 
fixed relatively to one aoothcr — ^.g,, the wheels of a locomotive ; 
coDtinuons b^ms, &c, &.c Cniwn 8vo. I<u. 6a^. 

Ball (R. S.). — EXPERIMENTAL MECHANICS. A Course of 

' Lectures delivered at the Royal College of Science for Ireland. 

Bj R S, BaI-L, M.A., Profebsor of Applied Mathematics and 

Mechanics in (he Royal College of Science for Ireland. Cheaper 

Issue. Koyal Bvo. lot, &/. 

Chiaholm. — the science of weighing and 

MEASURING, AND THE STANDARDS OF MEASURE 
and WEIGHT. ByH.W. Chishoi.M, Warileuof the Standards. 
With numerous lllnslratious. Crown 8vo. 4!. 6d. (J^aiureStrits.j 

ClausiuS. — MECHANICAL THEORY OF HEAT. By R. 
Clausius. Tiangiated by Walter R. Bkowhb, M.A., late 
Fdlow of Trinity College, Cambridge. Crown 8vo. lOr. &/. 

Cotterill. — ^APPLIED MECHANICS : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Inslitutioo of Naval Architects, Asjociata Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval Collide, GceenwicL Medium 8vo. iSw. 

Gumming.— AN introduction to the theory op 

ELECTRICITY. By Linn^us Cummino, M.A., one of the 
Masters of Rki^liy School. With lUuitralions. Crown Bvo. 

Daniell. — a text- book of the principles or 

PHYSICS. By Alfred Daniell, M.A., LL,B., D.Sc, 

F.R.S. E., late Lecturer on Phy;ios in the l5chool of Medicine, 

Edinlmrgh. With lUustralions. Second Edition. Revised and 

EalaFjed. Medium 8vo. 31.1. 
Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 

M.A., Evening Lecturer in Experiniantal Physics at King's 

College, London. Pott Svo, ai. 
Everett. — UNITS AND PHYSICAL CONSTANTS. By J. U. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 

College, Belfast. Extra (cap. Svo. 41. 6d. 
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Gray — ABSOLUTE MEASUREMENTS IN ELECTRICITY 
AND MAGNETISM. Bj Andrew Gray, M.A.. F.RS.E., 
Profeswr of Physic* ia the Univeraitj Collide of North Wales. 
Pott Svo. y. 6J. 

Grove.— A dictionary of music and musicians. 

By Eminent Writers, E^lish aod Foreign. Edited by Sir Georgb 
Gkove, D.C.L., Diiector of the Royal College of Mustc, &c 
Demy Svo. 

Vols, L, IL, and HI. Price 211, each. 

Vol. I. A to IMPROMPTU. Vol IL IMPROPERIA to 
PLAIN SONG. Vol. IIL PLANCHE TO SUMER IS 
ICUMEN IN. Demy Svo. dotb, with Illustrations in Music 
Type and Woodcut, Also published in Parts. Parts I. to XIV., 
Parts XIX. and XX., price y. 6if. each. Farts XV., XVL, price Tr. 
Parts XVII., XVIIL; price 71. 

Salxr^ Rrvim. 
Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. HuxLEV, P. K,S., Professor of Natural History in the Royal 
School of Mines, &e. tSmo, 11. 

Ibbetson.— THE mathematical theory of PER- 
FECTLY ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William John IbbkTSon, 
B.A., F,R.A,S., Senior Scholar of Clare CoUegc, Cambridge, Svo. 
[In thtprta. 

Kempe. — how to draw a straight line ; a Lecinre 
on Linkages. By A. B. Keufr. With Illustrations. Crown 
Svo. \s. f>d. (NcOure Seritj. ) 

Kennedy, —MECHANICS OF MACHINERY. By A. B. W. 
KlMNEDY, M.lnst.CE,, Professor of En^neering and Mediani- 
cal Technolosy in University College, London. With lUns- 
tiations. Crown Svo. . [In tkepna, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang, 



Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C, Assistant Master at Harrow School. E»tra fcap. 
Svo. Zf. 6d. 

Macfarlane.— PHYSICAL ARITHMETIC. By Albxander 
Macparlane, D.Sc, Examiner in Mathematics in the University 
t^EdiaboT^ Crown Svo. 7/. 6J. 
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Mayer, — SOUND r > Series of Simple, EnterUinir^, and Inex- 
pensive Eiperiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Phjsics 
in the Sterens Institute of TcchnoI<^y, &c. With numerous 
Illustrations. Crown 8vo. 31. 6d. [Nalun Seria.) 

Mayer and Barnard.— light ; a Series of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomena of Ueht, 
for the Use of Students of everj- age. By A. M. Maver and C. 
Barnard. With imjaerons Illustrations. Crown Svo. zs. 6d, 
(NaUirt Siria.) 

Newton.— PR INCIPIA. Edited hy Professor Sir W. Thomson 
and Professor Blackburhe. 4to, cloih. 3IJ. 6d. 
THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Eiamplesof Newton's Methods. 
By PERCiVAt Frost, M.A. Third Edition. 8vo. lis. 

Parkinson. — a TREATISE ON OPTICS. By S. Parkinson, 

D.D., F.E.S., Tutor and Pra;leclor of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. ion. 61/. 
Perry. — steam, an elementary treatise. By 

John Perry, CE., Whitworth Scholar, Fellow of the Chemical 
Society, Fr ifessoT of Mechanical Engineering nnd Applied Mech- 
anics at the Technicai College. Finsbnry. With numerous Wood- 
cuts and Numerical Examples and Exercises. iSmo. 47. 6d, 

Ramsay.- experimental proofs of chemical 

THEORY for BEGINNERS. By Wilmam Ramsay, Ph.D., 
Professor of Chemistry in University College, Bristol. Pott Svo. 

Rayleigh.— THE THEORY OF SOUND. By Lord Raylbigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
Svo. Vol. 1. lis. bd. Vol II. 12J. fxl. [Vol. III. <■« Ihifrat. 

Reuleaux.— THE KINEMATICS OF MACHINERY. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. KENNEDY, C.E. 
Wilb 450 Illugtrations. Medium Svo. ZIJ. 

Shann. — an elementary treatise ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8VO.41. 6d. 

SpOttiSWOode. — polarisation of light. By the late 
W. SPOTTISWOODE, F.R.S. With many Illuslralioos. New 
Edition. Crown Svo. 31. &/. {Naturt Siriis.) 
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.t8 macmillan's educational catalogue. 

Stewart (Balfour). — Workn bjr Balfour Stbwaht, F.R.S,, 

Profeuor of Natural Philosophy in the Owens College, Victoria 

University, Manchester. 
PRIMER OF PHYSICS. With numerons lll(utratio]&. Hew 

Edition, with Questions. iBmo. u. {Scitna Primeri.) 
LESSONS IN ELEMENTARY PHYSICS. With nameroni 

lUustrations and Chromolitho of th« Spectra of the Sun, Stars, 

and Nelwla:. New Edition. Fcap. 8vo. 4/. 6d. 
QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 

LESSONS IN PHYSICS. By Prof. Thomas H. Core, Owens 

College, Manchester. Fcap. 8vo. 21. 

Stewart— Gee.— ELEMENTARY practical physics, 

LESSONS IN. By Professor Balfour Stkwart, F.R.S., and 
W. Haldane Gee. Crown 8vo. 
Part L— GENERAL PHYSICAL PROCESSES, fij. 
Pan IL— OPTICa HEAT, AND SOUND. [/« prtparatisa. 

Part IIL— ELECTRICITY AND MAGNETISM, [/ntr^aration. 
A SCHOOL COURSE OF PRACTICAL PHYSICS. By the 
sune BDthon. {In priparatioH. 

Stokes. — ON LIGHT. Being the Burnett Lectures, deliyered in 
Aberdeen in' 1883 -1884. By GEORGE GABRIEL Stokes, M.A., 
F.R.S., &c., FellDw of Pembroke College, and Lucafian Professor 
of Mathematics in the University of Cambridge- First Coarse. 
On the Nature of Light.— Second Course. On Light as 
A Moans of Investigation. Crovn Svo. ar. dd. each. 

Stone. — AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.D. With II lustra lions, iSoio. y. 6d. 

Tail — HEAT. By P. G. Tait, M.A., Sec. R.S.E., formerly 
Fellow of SL Peter's College, Cambridge, Professor of Natnnl 
Philosophy in the University of Edinburgh. Crown Svo. 61. 

Thompson.— ELEMENTARY LESSONS TN ELECTRICITY 
AND MAGNETISM. By Silvands P. Thompson, Frindpal 
and Professorof Physics in the Technical Collie, Finsbury. With 
Illnstratlons. New Edition. Fcap, Svo. 4J. 6rf. 

Thomson. — ELECTROSTATICS AND MAGNETISM, RE- 
PRINTS OF PAPERS ON. By Sir William Thomson, 
D.C.L., LL.D., F.R.S., F.R.S.E., Fellow of St. Peter's Collie, 
Cambridge, and Professor of Natnral Philosophy in the Univeisity 
of Glo^ow. Second Edition, Medium Svo, iS,r. 

Thomson. — THE MOTION of vortex RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
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Todhunter.— NATURALPHII.OS0PHV FOR BEGINNERS. 
By I. ToDHUNTEK, M,A., F.R.S., D.Sc, 
Part I. The Properties of Solid and Fluid Bodie.i. i8mo. y. 6d. 
Part II. Sonnd, Light, and Heat iSmo. 31. 6d. 
Turner — heat AND ELECTRICITY, A COLLECTION OF 
EXAMPLES ON. By H. H. Tubner, B.A., Fellow of Trinity 
College, Cambridge. Crown 8vo. 2', 61/. 

Wright (Lewis). -— LIGHT ; A COURSE of experi- 
mental OPTICS. CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 EngraTings and Coloured 
Plates. Crown Bvo. yt. 6d. 

ASTRONOMY, 
Airy.— POPULAR astronomy, with lUustrations by Sic 
G. B, Airy, K.C.B., formerly Astronomer- Royal. Naw Edilion. 
i8mo. 41. 6d. 
Forbes.— TRANSIT of VENUS. By G. Fokb«s, M.A.. 
Professor of Natural Philosophy in the Andersonian Univeraty, 
Glasgow. Illustrated. Crown 8vo. y. bd. {Naiure Series.) 
Godfray. — Works by Hugh Goderav, M.A., Mathomalical 
Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools, New Edilion. 8vo. izi. td. 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time nf Newton. 
Seoind Edition, revised. Crown 8vo. 51. 61/. 
LocUyer. — Workeby J. Norman Lockyer, F.R.S. 
PRIMER OF ASTRONOMY. With numerous Illustnttins. 

New Edition. l8mo. is. [Science Primers.) 
ELEMENTARY LESSONS IN ASTRONOMY. With Colonred 
Diagram of Ihe Spectra of the Sun, Stars, and NcbulEE, and 
numerous Illustrations. New Edilion. Fcap, Svo. y. 6d. 
QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. ts. 6d. 
Ncwcomb.— POPULAR ASTRONOMY. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With 112 lUustrations 
and 5 Maps of the Stars. Second Edition, revised. Svo. 181. 
"It ii unlike anything flie of its kind, uil aiiil b* of mote uuin arculBtinga 
knowkdn of AitnmoDif than nine-tentiu of the b«iki which ham appcartd an Hie 

CHEMISTRY. 
Flcischcr.~A system of volumetric analysis. 

Translated, ti'ith Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With lltiistntjons 
Crown 8vo. ^l. 6d. 
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Jones. — Works by FiANCis Jones, F.R.S.E., F.C.S.. Chemical 
Masler in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Sir Henry Roscob, 
F.R.S., andlllustralions. New Edition. i8mo. zs.6d. 

QUESTIONS ON CHEMISTRY. A Soies of Problems and 
Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. y. 

Landaucr. — blowpipe ANALYSIS. By J. Landaueb. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owetts College, Manchester. Eitra fcap. 8vo. 41. 6d, 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
I,too Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. Svo. $1. 
Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the Erst M.B. Course. By 
M. M. Pattison Muib, F.R.S.E. Fcap. 8vo. 11. 6d. 
Muir and \VilsQn.— the elements OF THERMAL 
CHEMISTRY. By M, M. Pathson Muir, M.A., F.R.S.E., 
Fellow and Prreleclor of Chemistry in Gonville and Cmus College, 
Cambridge; Assisted by Da vidMuir Wilson. Svo. [/w thefrisi. 
Remsen.— COMPOUNDS OF CARBON ; or, O^anEc Chemistry, 
an Introduction to the Study of. By Ira Remsen, Professor of 
Chemislry in the Johns Hopkins University. Crown Svo. %s. 6d. 
RoSCOe. — Works by Sir Hetiry E. RoscoB, F.R.S., Professor of 
Chemistry in the Victoria Univetwty the Ovens Collie, Manchester. 
PRIMER OF CHEMISTRY. With numerous Illnstrations. New 

Edition. With Questions. l8mo. is. (Scitnce Primert). 
LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AJJD ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8to. 41, 6d. 
A SERIES OF CHEMICAL PROBLEMS, prepared with Spedal 
Reference to the forgoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the YorkSire CoU^e of Science, Leeds, Adapted 
for the Preparation of Stndents for the Government, Science, and 
Society of Arts Examinations. With a Preface by Sir Heniy E. 
RoscoR, F.R.S. New Edition, with Key. l8mo. it. 
Roscoe and Schorlemmer. — inorganic AND or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. RoscOB, F.R.S. , and 
Professor C, Schorlemmer, F.R.S. With nomerons IllDstraiions. 
Medimn 8vo. 
Vols. I. and II.— INORGANIC CHEMISTRY. 
VoL I.— The Non-Metallic Elements, tu. VoL II, Part I.— 
Metals, lit. VcJ. II. Part II.— Metals, i&j. 
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RoSCOe and Schorlemmer— Works by (emlinued}— 
Vol. m.--ORGANIC CHEMISTRY. Two Parts, a u. each. 
THE CHEMISTRY OF THE HYDROCARBONS and ihrir 
Derivatives, or ORGANIC CHEMISTRY. With numerous 
Illustrations. Medium 8td. sis eadi. 
Vol. IV.--Part I. ORGANIC CHEMISTRY, continued 

[/« ihepras. 
Schorlemmer. — a manual of THE CHEMI-STRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE. 
MISTRY. By C. Schorlemmsh, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illnslrations. 8vo. 14/. 

Thorpe, — a series Of chemical problems, prepared 
with Special Reference to Sir H. E. Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpb, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society of 
Arts Eiaminations. With a Preface by Sir HeNRY E. RosCOE, 
P.R.S. New Edition, with Key. iSmo. M. 

Thorpe and Riicker. — a TREATISE ON CHEMICAL 
PHYSICS. By Professor Thokfe, F.R.S., and Professor 
RucKRB, of the Yorkshire College of Science. Illustrated. 
8vo. \In prepara&m. 

Wright. — METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Weight, D.Sc., &c.. 
Lecturer on Cbembtry in St Mary's Hospital Medical School. 
Extra fcap. 8vo, y. dd 



BIOLOGY. 

Allen. — ON THE COLOUR OF FLOWERS, as Uluslrated in 
the British Flora. By Gkant Allbn. With lllostlations. 
Crown 8vo. 3*. id. (Naturi Seria.) 

BaJfour. — a treatise on comparative embry- 

OLOGY. By F. M. Bm-foub, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With llJustrations. 
Second Edition, reprinted without alteration from the Fint 
Edition. In 2 vols. 8vo. Vol. I. 18/. Vol. II. au. 
Bettany. — FIRST LESSONS IN PRACTICAL BOTANY. 

S~ iG.T. Bbttanv, M.A., F.L.S., Lecturer in Botany at Guy"* 
□s[Htal Medical School. iSmo. u. 
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Bower— Vines. — a COURSE OF practical instruc 

TION IN BOTANY. By F. O. Bowbr, M.A.. F.L.S., 
Professor of Bolany in the bnirersin' of GUu^ow, and Svdnby 
H. VlNBS, M.A., D.Sc,, F.R.S., Fellow and Ucturer,' Christ's 
College, Cambridge. Wiih a Preface by W. T. Thiseltok 
Dyer, M.A., C.M.G., F.R.S., F.L.S,, Assistant Director «rf 
the Royal Gardens, Kew. Cro^¥n 8vo. 

Part I.— PHANEROGAM.^— PTERIDOPHYTA, Cro«Q 8vo. 
6r. 

Darwin (Charles).— MEMORIAL NOTICES OF CHARLES 
DARWIN, F.R.S,, &c By Thomas Henev Hujcley, P.R.S., 
G. J. Romanes, F.R.S. , Archibald Geikik, F.R.S., and 
W. T. Thisklton IJyer, F.R.S. Reprinted from Naturt. 
With a Portrait, engraved l^ C. H. Jeens, Crown 8vo. 
a*. 6rf. (NaluTt Sfrus.') 

Flower (W. H.)— an INTRODUCTION to the OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of the 
Course of Leclnres deliv^ed at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Ulustialions. New Edition, enlarged. 
Crown 8vo. \In tht prtss. 

Potter, — Works by MICHAEL FOSTER, M.D,, Sec. R.S., Professor 

of Physiology in the University of Cambridge. 
PRIMER OF PHYSIOLOGY. Wiih nnraeroos lUustratioi* 

New Edition. lEmo. u. 
A TEXT-BOOK OF PHYSIOLOGY. With lUnstrations. Fourth 

Edition, revised. 8vo. 211. 

Foster and Balfour.— the ELEMENTS OF embry- 
ology. ByMiCHAEL Foster, M.A.,M.D., LL.D., Sec R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M^., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by ADAM Sedgwick, M.A., Fellow 
»nd Assistant Lecturer of Trinity College, Cambridge, and WALTKa 
Heapb, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Uluatrations, Crown 8vo. loi. bd, 

Foster and Langley.— a COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY, By Prof. Michaei. Foster, 
M.D., Sec. R.S., &c., and J. N. Lanoley, M.A., F.R.S., Fellow 
of Trinity CoUega, Cambridge. Fifth Edilion. Crown Svo. 
7». W. 
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Gamgee. — a textbook of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occuiring in DLseue. Hj A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
Universif? the Owens College, Manchester. 2 Vols. 8vo. 
With Illuslrations. Vol.1, i&t. [i^ol. IT. in tht fa-at. 

Gegenbaur.—ELEMENTS OFCOMPARATIVE ANATOMY. 
By Professor Carl Gegenbaiir. A Translation by F. Jeffrey 
Beu., B.A. Revised with Preface by Professor E. RAT Lan- 
KEGTEK, F.R.S. Wilb numeroDS Illustratiotis. Svo. 2U. 

Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principlu of Taxonomy and Phylography, and > GloGSaiy of 
Uotonical Terms. By Professor Asa Grav, LL.D. Sva. toi. 6d, 

Hooker.— Works by Sir J. D. Hooker, K.C.S.L, C.B., M.D., 

PRIMER of' BOTANY. With nnmerotis lUustraliona. New 

Edition. iSmo. li. ISdfKi Primtri.) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 

Third Edition, revised. Globe Svo, loi. 6d, 
Howes.— AN ATLAS OF PRACTICAL ELEMENTARY 

BIOLOGY. By G. B. Howes, Demonstrator of Biology, 

Normal School of Science and Royal School of Mines, Lecturer 

in Comparative Anatomy, St. George's Hospital Medical School, 

London. With a Pretate by Thomas Henrv Huxley, P.R.S, 

Roya! 4to. I4r. 
Huxley. — Works hy Thomas Henry Huxley, P.R.S. 

INTRODUCTORY PRIMER OF SCIENCE. iSmo. I*. 

{Siimce Primers.) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition Revised. Fcap. Svfl, 4J. 6d. 
QUESTIONS ON HUXLEVS PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. 11. 6d. 
Huxley and Martin. — a COURSE OF PRACTICAL IN 

STRUCTION IN ELEMENTARY BIOLOGY. By Thomas 

Hbnrv Huxlev, P.R.S., assisted by H, N. Martin, M.B., 

D.Sc. New Edition, rcrisol. Crown 8vo. di. 

Kane. — European butterflies, a handbook of. 

By W. F. De Vismes Kane, M.A., M.R.I.A.. Member of the 
Enlomdtgcal Society of London, &c. With Copper Plate Illustra- 
tions. Crown Svo. icu. 6d. 
Lankester. — Works by Professor E. Rav Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown Svo, {In finfaratlan, 
degeneration 1 A CHAPTER IN DARWINISM. lUu*. 
intted. Crown JSvo. ai. 6d. {Ifalurt Stria.) 
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Lubbock. — Works by Sir John Lubbock, M.P., F.R.S., D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With numerous Illuslralions. New Edition. Crown 8to. 31. 6d, 

(JVa/urc Stritj.) 
ON BRITISH WILD FLOWERS CONSIDERED IN RE- 

LATION TO INSECTS. With numerous lUuslrations. New 

Edition, Crown S»o, 41. W, {Nature Strits). 
FLOWERS, FRUITS. AND LEAVES. With Illustrations. 

Crown Svo. [/« tlu pros, 

M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kkndkick, M.D., F.H.S.E. 

With Illustrations. Crown Svo. IZJ. fid. 

Martin and Moale.— on the dissection of verte- 
brate ANIMALS. By Professor H. N. Martin and W, A. 
MOALK. Crown Svo. {In prepareUioH, 

(See also page 41.) 
Hivart. — Works by St. Gborge MivaKT, F.R.S., Lecturer Jo 
Comparative Anatomy at SI. Mary's HospitaL 
lessons in ELEMENTARY ANATOMY. Wilhopwanbot 

400 Illnstiations. Fcap. Svo, 61. 6d. 
THE COMMON FROG. With numerous lUustrationa. Crown 
8to, 51. 6d. (Naturt Strits.) 

Miiller.— THE fertilisation of flowers. By Pro- 
fessor Hermann Mulleh. Translated and Edited by D'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Chakles Darwin, F,R.S. With numerous 
Illustrations. Medium 8vo. 2ti. 

Oliver. — Works by Daniel Oliver, F.R.S., &c.. Professor of 
Botany in University CoEege, London, &c 
FIRST BOOK OF INDIAN BOTANY, With numerous Illns- 

trations. Extra fcap, 8yo. 6j. 6rf. 
LESSONS IN ELEMENTARY BOTANY. With nearly aoo 
Illustrations. New Edition. Fcap. Svo. 4J, W. 

Parker. — A COURSE OF instruction in ZOOTOMY 
(VERTEBRATA), By T. Jeffrey Parker, B.Sc London, 
Professor of Biology in the University of Otaco, New Zealand. 
With Illustrations. Crown Svo. Sj. 6^. 

Parker and Bettany. — the MORPHOLOGY OF THE 

SKULL. By Professor PaRKER and G. T. BcrfANV. Illus- 
trated. Crown Svo. las. 6d. 

Romanes.— THE scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M,A., LL.D., F.R.S., 
Toaio^cal Secretary to the Linnean Sodetj. Crown Svo. as. (id. 
(Naturt Seria.) 
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Smith.— Wort* t^ John Smith, A.L.S..&C. 
A DICTIONARY OF ECONOMIC PLANTS. Their Histoiy, 

Fniducta, and Uses. 8vo. 1 41. 
DOMESTIC BOTANY : An Exposition of the Stracture and 

CbsalficaCion of Plants, aod Iheir Uses for Food, Clothing, 

Medicine, and Manufecturinz Purposes. With Illastrations. New 

Issne. Crown 8vo, 121. &/. 
Smith CW. G.)— DISEASES OF FIELD AND GARDEN 

CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGI. 

By WoRTHiNOTON G. Smith, F.L.S., M.A.I., Member of the 

Scientific Committee R.H.S. With 143 New Illustralions drawn 

and engraved from Nature by the Author. Fcap. 8vo. 4J. 6rf. 
Wiedersheim (Prof.). — manual of comparative 

ANATOMY. Translated and Edited by Prof. W. N. Parker. 

With Illustrations. Svo. \In prfparation. 

MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., D.Sc, 
F.R.C.P., F.R.S., Assistant Physician and Lecturer 00 Materia 
Mediot at St. Bartholomew's Hospital ; Examiner in Materia 
Medici in the Univerptty of London, in the Victoria University, 
and in the Royal College of Physicians, London ; late Examiner 
in the University of Edinbui^h, 

ATEXT-BOOKOFPHARMACOLOGV, THERAPEUTICS, AND 
MATERIA MEDICA. Adapted to the United States Pharma- 
eopreia, by Fkancis H. Williams, M. D., Boston, Ma«. 
Medium Svo. sir. 
TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With IllusCiations. New Edition 
Enlai^ed, Svo. lor. 6d. 

Hamilton.— A TEXT-BOOK OF PATHOLOGY. By D. J. 
Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chaur), University of Aberdeen. Svo. [In prifaralioti. 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro-Organiams. By E. 
Klein, M.D., F.R.5., Joint Lecturer on General Anatomy and 
Physioli^ in the MediciJ School of St. Bartholomew's Hospital, 
London. With loS Engravings. Second Edition. Fcap.Svo. ^.M. 

Zieglcr-Macalister. — TEXT-BOOK of pathological 
ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZlEGLEK of Tubingen. Tran'Jated and Edited for English 
StudentsbyDoNAi.DMACALlSTER, M.A.,M.D.,B.Sc.,M.R.C.P., 
Fellow and Medical Lecturer of St. J^hn''; Collide, Cambridge, 
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Physician to Addenbraoke'3 Hospital, and Teacher of Medicine te 
the Univei'^ily. With numerous Illustrations. Medium Svo. 

Pari L— GENERAL PATHOLOGICAL ANATOMY. 121. M. 

Part II.— Sl'ECIAL PATHOLOGICAL ANATOMY. Sections 
L— Vlll. I2t W. Sections IX.— XVII. » thefrtst. 

ANTHROPOLOGY. 

Flower. — fashion in deformity, as niustrated in th« 

Customs of Barbarous and Civilised Kaees. By Professw 
Flower, F.R.S., F.R.C.S. With lUustraiions. Crown Svo. 
zs. W. {KaiUTi Series.) 
Tylor. — ANTHROPOLOGY. An Introduction to the Study of 
Man and CiviUsaibn. ByE. B. Tvloh, D.C.L., F.R.S. With 
numerous Illustrations. Crown Svo. fs. 64. 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE RUDIMENTS OF PHYSICAL GEOGRA- 
PHY FOR THE USE OF INDIAN SCHOOLS ; with ■ 
Glossary of Technical Tenoa employed. By H. F. Blanford, 
F.R.S. New Edition, with Illuatrations. Globe Svo. zj. 6rf. 
Geikle. — Works by Archibald Getkib, LL.D., F.R.S.. Director- 
General of the Geological Suivey of Great Britain and Ireland, and 
Director of the MusSum of Practical Geology, London, formerly 
Muichisoo Professor of Geology and Mineralogy in the University 
of Edinbui^h, &c. 

PRIMER OF PHYSICAL GEOGRAPHY. With nnmerou* 
Illustrations. New Edition. With Questions. iSmo. it. 
(Scitnce Prinuri.) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous IIIusl rations. New Edition. Fcap. Svo. 41, kd. 
QUESTIONS ON THE SAME. u. dd. 

PRIMER OP GEOLOGY. With nnmerous Illustrations. New 
Edition. l8mo. ir. (Scimce Primirs.) 

A MANUAL OF GEOLOGY FOR THE USE OF STUDENTS. 
With Illustrations. Crown Svo. \lHihtprm. 

TEXT-BOOK OF GEOLOGY. With namerons Illustrations. 
Second Edition, Fifth Thonsand, Revised and Enlarged. Svo, aSt. 

OUTLINES OF FIELD GEOLOGY. With Illustrations. New 
Edition. Extra fcap. Svo, 31. 6d. 
Huxley.— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Thouas Henry Huxlkv, P.R.S, With 
ntunerouj lUustiations, and Coloured Plates. New and Cheaper 
Edition. Crown Svo. 6t. 
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Phillipa.— A TKEATISEON ORE DEPOSITS. Bj J. Arthur 
Phillips, F.R.S,, V.P.G.S-, F CS, M,lnsc-C.E., Ancien Elive 
del'fecoledes Mines, Paris; Author of "A Manual of Metallutgir," 
"The Mining and Melallurgy of Gold and Silver," &c. With 
a llluatnlions. Sto. 25J. 



AGRICULTURE. 
Franltland.— AGRICULTURAL chemical analysis, 

A Handbook of. By Percy Fabaday Franklanb, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mioes, aod 
Demonstrator of Practicpl and Agricultural Chemistry in the 
Normal School of Science and Royal School at Mines, South 
Kensiogton Museum, Founded upon LtUfadenfiirdieA^euUiire 
Ckemicht Analyst, von Dr. F. Krocker, Crown 8to. "js. 6d. 

Smith <Worthington G.). — diseases of field and 
GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGL By Worthington G. Smith, F.L.S., M.A.I., 
Member of the Scienlitic Commiitee of th« R.H.S. With 143 
Illustralioos, dia»n and engraved from Nature by the Author. 
Fcap. 8»o. 4J. &/. 

Tanner.— Works by Hbnrv TANMEb, K.C.S., M.R.A.C, 

Eiaminer in the Principles of Agriculture under the Government 
Depariment of Science ; Director of Educatiotk in the In.'^titDte of 
Agriculture, Soulh Kensington, London; sometime Pfofessor of 
Agricultural Science, University College, Aterystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. y- 6'^- 
FIRST PRINCIPLES OF AGRICULTURE, iSmo. u. 
THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Hbney 
Tanner, FX.S., M.R.A.C. Eitrafcap. Svo. 

I. The Alphabet of the Principles of Agriculture. 6d. 
II. Further Steps in the Principles of Agricaltnre, ir. 
III. Elementary School Readmgs on the Principles of Agricoltare 
for the third stage. Ii. 

POLITICAL ECONOMY. 

CoBsa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. I.uigi Cossa, Profesior in the University 
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PaWCett (Mra.) WorkhyMlLLICENTGARRBTTFAWCETX:— 

POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition, ig^na. ■is. bd. 
TALES IN POLITICAL ECONOMY. Crown 8vo. 31. 

Fawcett — a manual of political economy. By 

Right Hon. HenRV FAWCBTT, F.R.S. Siith Edition, revised, 

with a chapter on "State Socisliam and the Nationalisation 
of the Land," and an Index. Crown 8vo. \2t. 

JeVOns. — PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Edition. iSmo. 
II. {Scietue Frimfri.) 

Marshall.— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mahy P. Makshall, late Lecturer aX 
Newnham Hall, Cambridge. Extra fcap. Svo. it. 6d, 

Sidgwick, — THE PRINCIPLES of POLITICAL ECONOMY, 
By Professor Henry Sidgwick, M.A., LL.D., Knigbtbridge 
Professor of Moral Philosophy in the University of OuDbridge, 
&c.. Author of "The Methods of Ethics." Svo. 16s. 

Walker.— POLITICAL ECONOMY. By Frakcis A. Walkkr, 
M.A., Ph.D., Author of "The Wages Question," "Moucy," 
" Money in its Relation to Trade," &C. Svo. IW. 6d. 

MENTAL & MORAL PHILOSOPHY. 

Calderwood.— HANDBOOK OF MORAL PHILOSOPHY. 

By the Rev. HbnrV CaLDErWOoD, LL.D., Professor of Moral 

PhiloM)piiy,UniversilyofEdinburgh. New Edition. CrownSvo. 6r. 
Clifford SEEING AND THINKING. By the late Professor 

W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. y. 6d. 

(Nature Stria.) 
Jardinc— THE elements OF THE PSYCHOLOGY OF 

COGNITION. By the Rev. Robert Jar dine, B.D., D.Sc. 

(Edin.), Ei-Principal of the General Assembly's College, Calcutta. 

Second Edition, revised and improved. Crown Svo. 61. W. 
Jevons. — Works by the late W. Stanley Jevons, LL.D,, M.A., 

F.R.S. 
PRIMER OF LOGIC. New Edition, i8mo. it. (Scuna 

Prima-s. ) 
ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copioos Questions and Examples, and a Vocabulary of 

Logical Terms. New Edition. Fcap. Svo. 31. 6d. 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic atd 

Scienliiic Method. New and Revised Edition. Crown 8to. 

izt.6d. 
STUDIES IN DEDUCTIVE LOGIC Second Kditiou. Crowu 
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Keynes.— FORMAL LOGIC, StudiK and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complei Inferences. By John Nkville Klykks, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo, lOf. M. 

Ray.— A TEXT-BOOK OF DEDUCTIVE LOGIC FOR THE 
USE OF STUDENTS. By P. K. Ray. Globe Bvo. 

, , [/nlAtfrai. 

SldgWlCk.— THE METHODS OF ETHICS. By Professor 
HENRvSii>GWiCK,M.A.,LL.D.Canibridge,&o. Thiid Edition. 
Svo. _ 141. A Supplement to the Second Edition, containing all 






iportant Additions and Alterations in tke Third Edition. 
8vo. 61. 



HISTORY AND QEOQRAPHY. 

Arnold (T.).— the second PUNIC war. By Thomas 
Arnold, D.D. Edited, with Notes, by W. T. Akkold, M.A, 
With Maps. Crown Svo. [In tiefnii. 

Arnold (W. T.). — THE ROMAN SYSTEM ok PROVINCIAL 

ADMINISTRATION TO THE ACCESSION opCONSTAN- 

TINETHE GREAT. By W.T. Arnold, M.A. CrownSvo. 6j. 

"Ought to proVE a valuable huidboali to the Mudsit of Roman tuilorr.'— 

OoAaDIAB. 

Beesly. —STORIES FROM THE HISTORY OF ROME. 

By Mis, Beksly. Fcap. Bvo. W. 6rf. 
Brook. — FRENCH HISTORY FOR ENGLISH CHILDREN. 

By Sarah Brook. With Coloured Maps. Crown Svo. 6s. 
Bryce. — THE HOI-Y ROMAN EMPIRE. By James Bryce, 

D.C.L,, Fellow of Oriel College, and Regius Professor of Civil Law 

in the UniverntyofOxford. Seventh Edition. Crown Svo. 11.61/. 

Buckley. — a HISTORY of England for beginners. 

By Arabella Buckley. Glnbe 8to. [Ih preparatien. 

Clarke.— CLASS-BOOK OF geography. By C. B. Clarke, 

M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 

Colonred Maps. Fcap. Svo. 31. 
Freeman. — OLD ENGLISH HISTORY. By Edward A. 

Freeman, D.C.L., LL.D., Rmus Professor of Modem History 

in the Univerahr of OiTord, Sc. With Five Colonred Maps. 

New Edition. Eilra fcap. 8to. 61. 
A SCHOOL HISTORV OF ROME. By flie nme anthor. Crown 

8to. [/h ffpara:^*!!. 
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Greeo. — Wcrki by Johw Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesos Cottege, Oifcinl. 
SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Haps, Genealogical Tables, and Cliioaological Annak. 
CrownSvo. St. 6/. iioth Thouraod. 
" Sundt ftlone «s the oer nnerat iuiliDT7 dF tlK cmmtTT. for the akv of whicli 
pn athcn. if youDf and 4dd uc wise, wiU be speedily uid smly set adde-"— ' 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Sbort 
HUtory of the E^lish People." By C. W, A. Tait, M.A., 
Auiitant- Master, CTifton CoUCEe- Crown 8vo. Jt, dd. 

READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richakd Gkebn. Three Parts. Globe Svo. 

II. bd. each. I. HengisI to Cressy. II. Cressy to CrorawelL 

III. CramweU to BolakUva. 

Green. — a short GEOGRAPHY OF THE BRITISH 
ISI.ANDS. Bt John Richard Green and Alice STorrOBD 
G&sBN. With Maps. Fcap, Svo. y. fid. 

Grove— A PRIMER OF GEOGRAPHY. By Sir G«orge 
Grove, B.C.L., F.R.a.S. With Ulunrationi. iSmo. \t. 
(ScUna Primert.) 

Guest. — LECTURES ON THE HISTORY OF ENGLAND, 
B; M. J. Guest. With Maps. Crown 8vo. 6t. 

Historical Course for Schools — Edited by Edward A. 
Freeman, D.C.L., LL.D., late Fellow of Trinity College, Oifctd, 
Regius Professor of Modem History In the University of Oiford. 
L— GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edwaed a. Fbbruan, D.C.L. New Edition, rerised sua 
enlarged, with Chronological Table, Uaps, and Index. i8mo. y.fid. 
IL— HISTORY OF ENGLAND. By Edith Thompson. New 

Ed., revised and enlarged, with Coloured Maps. iSmo. l.r. 6d. 
111.— HISTORY OF SCOTLAND. By Margaret Macarihur. 

New Edition. iSmo. is. 
IV.-HISTORY OF ITALY. By the Rer. W. Hbkt, M.A. 

New Edition, with Coloured Maps. iSmo. y. td. 
v.— HISTORY OF GERMANY. By J. Sime, M.A. Mew 

Edition Rerised. iSmo. y. 
VI,— HISTORY OF AMERICA. By JOHN A. DovLB. With 

Maps. iSmo. SI. 6d, 
VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. With 

Maps. l8mo. 4^. 6d, 
VIIL— FRANCE. Bj Charlottb M. Vonqb. With Maps. 

iSmo. 3>. id. 
GREECE. ft'EDWUD A. Prreuak, D.C.L. {/h fnfiorMfH. 
BOMK. By Edwaui A. Fkbuian, D.C.L. {/n ^rtformtliM. 
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"E™ ltd ■".?i"',?- "=' "» «"■ '• •■• «•»"". M.A. 
GEOGrJpS,°'???^™^ B7H,r.T„z..,M.A. ,B... „. 
trated i8mo ,j ^ Professor Wilkins. IUus- 

FKANCE. B,C,u™„,M.yo«o.. ,8„„. „ 

^"a.'S^J™?.''.^'' °"°'<:*'- '■*=t-'=S. C..pU,db,R„. 
Kieperl_A MANUAL or ANCIENT GEOGRAPHY*' £ 
IheOijnanot Dr.H. Kumi. Cravm S.o ., 

INdIa*^' Sh ^"T'' "^TOAL OF THE HISTORV OF 
IJVUIA, With an Account of India as it is. The Soil 
SSiewit 'J^r'' "» f"P". >kei'K.ce.. e3sIo„: 
AdihStS; B I;?~™ i *' CWl Seme.,, .nd Sytem of 
SehoCrfEm P,f" "om I.nH..,Dl.l., M. A, C.I.E., I.te 
Colta 1^17 £■"«'• O*""- «™o'S PrinolpU of Klshn^he, 
uSStf ^witS"" "i —■«'»• iudoe. of the cZll. 
tjniversity. With Maps. Crown 8vo. ii. 

f^Sf'^t ™«MARY or MODERN HISTORY. Tra... 

Pretn^T^™ V S"? t 'S' »""■", "d eo.lin.ed to tte 
rt*.^ ? ' '')' M. C. M. Simpson. Globe Svo. «. ti./ 
Ot«.-bCANDINAVIAN HISTORY. B, E. C. Sm. With 

Maps. Ijlobe Svo. 6j, 
Ramsay.— A SCHOOL HISTORY OF ROME. By G. G. 

Ramsay, M^A Profesor of Huma-ilty in the Uni^rsity of 

Gla-'^ow. WrthMaps. Crown Svo. [In freparJti^. 

^^^V^^"5^^SIS OF ENGLISH HISTORY, based o,. Green's 

^, . . . '"'T "^^^ English People." By C. W. A Tait 

M.A., Assistant.Masler. Clifton Collie. Crmvn Svo. v bd ' 
Wheeler.— A SHORT HI.STORY OF INDIA AND C^' THE 

A«n''^?f,^M.^'^*P^ '^^ AFGHANISTAN NEPAui 
AND nURMA. Bj J. Talbovs Wheblbr. With Maal 
Crown Hvo. izt. 
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Yongc (Cnarlotte M.). — CAMEOS FROM ENGLISH 

HISTORY.— FROM ROLLO TO EDWARD II. By the 

Author of "The Heir of Redclyffe," Extra fcap. Svo. New 

Edition. $1. 
A SECOND SERIES OF CAMEOS FROM ENGLISH 

HISTORY, — THE WARS IN FRANCE. New Edition. 

Estra fcap. 8vo. 5*. 
A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 

—THE WARS OF THE ROSES. New Edition. Extra fcap. 

8»o. 5^. 
CAMEOS FROM ENGLISH HISTORY— AFOURTH SERIES. 

REFORMATION TIMES. Extra fcap. 3to. y. 
CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 

ENGLAND AND SPAIN. Extra fcap. Svo. 5*. 
EUROPEAN HISTORY. Narrated in a Series of Historical 

Selections from the Beat Aothorilies. Edited and airanged by 

E. M, Sewbll and C. M. Yonge. First Series, 1003— 1154. 

New Edition, Crown Svo. 6t. Second Series, loSS—iiaS. 

New Edition. Crown Svo. 6»; 



MODERN LANGUAGES AND 
LITERATURE. 

(i) English, (2) French, (3) German, (4) Modern 
Greek, (5) Italian. 

ENGI^ISH. 

Abbott.— A SHAKESPEARIAN GRAMMAR. An attempt to 
iUostrate some of the DiRerences between Elizabethan and Modem 
English. By the Rev. E. A, Abbott, D. D., Head Master of the 
City of London School. New Edition. Extra fcap. Svo. 6s. 

Brooke primer of ENGLISH LITERATURE. By the 

Rev. Stoppord A. Brooke, M.A. iSmo. u. (Litiratitrt 
Primtri.) 

Butler. — HUDIBRAS. Edited, with Irtrodnction and Notes, \fj 
Alfred Milnss, M.A. Lon., late Studeot of Lincoln Collie, 
Oxfoid. Extra fcap Svo. Part I. 31. bd. Farts II. and IIL 
4r.6rf. 
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Cowper S TASK: AN EPISTLE TO JOSEPH PIIIX, ESQ. ; 
TIROCINIUM, or a Review of the Schools; and THE HIS- 
TORY OF JOHN GILPIN. Ediled, with Notes, by William 
Benham, B.D. Globe Svo. is. (Globe Rtadings from Standard 
Aulheri.) 

Dowden. — SHAKESPEARE. By Professor Dowden. i8mo. 
Ij. [littraiure Frimers.'S 

Dryden. — SELECT PROSE WORKS. Edited, with Introduction 
and Notes, by Professor C. D. YoNGE. Fcap. Svo. w. fut. 

Gladstone.— SPELLING Reform from an educa- 
tional POINT OF VIEW. By J. H. Gladstone, Ph.D., 
F.R.S., Member of Ihe School Board for London. New Edition. 
Crown 8vo. u. bd. 
Globe Readers. For Standards I.— VI. Edited by A. F. 
HURISON, Sometime English Master at the Aberdeen Grammar 
School. With II lustrations. Globe Svo. 

Primer L (48 pp.) 31^. 1 Book III. {232 pp.) \s. yi. 

Primer II. (48 pp.) y. Book IV, (328 pp.) u, 91/. 

Book I. (96 pp.) 6rf. Book V. (4i6pp.)2T. 

Book II. (136 pp.) 9^ I Book VI. {448 pp.) is. W. 

L 1,_ j:_i.".,.v.j ._ .1 .*? nineriorfly "S !r- —"'"-" ™ "■ 

adapted to lhe£,_, _., _.__,^ _. 
( Ihe chUd'l 



le gTQwmc capAary of ■ 
dUIaling Ihe i-\MA't t 

Bectu food far youni minds cculd lurdlr b 



•The Shorter Globe Readers. — with lUustrationa. Globe 
8vo. 
Primer I. (48 pp.) J4- I Standard III. (178 Pp.) ". 
Primer 11. (48 pp.) 3^. Standard IV. (182 pp.) w- 

Standard I. (92 pp.) 6>'- Standard V. (216 pp) »■ S''- 

Standardll. (124pp.)*^. I Standard VI. (228 pp.) K. 6rf- 
* This Seriei hu been abiidecd Irom "Tbc Globe KeKdcn" 10 maet the demand 
tat smaUerreadms books . 

GLOBE READINGS FBOU STANDARD AUTHORS- 

Cowper'STASKi AN epistle to JOSEPH HILL, ESQ.; 
TIROCINIUM, or a Review of the Schools; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.D. Globe Svo. \s. 

Goldsmith's VICAR OF WAKEFIELD. With a Memoir of 
Goldsmith by Professor Masson. Globe Svo. u. 

Lamb's (Charles) tales from SHAKESPEARE 
Edited, with Preface, by Alfred Aingkr, M.A. GIoV 
Svo. a. 
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Scott's (Sir Walter) lay of the last minstrel; 

and THE LADY OF THE LAKE. Ediled, with Introductions 
■nd Notes, by FiAHcis Tubner Palgravj. Globe 8vo. it. 
MARMIQN) and the LORD OF THE ISLES. By the same 
Editor. Globe 8vo. Ir. 

The Children's Garland from the Best Poets.— 

Selected and arranged by COVENTRY Patmore. Globe Svo. 2J, 

Yonge (Charlotte M.).— A BOOK OF GOLDEN DEEDS 
OF ALL TIMES AND ALL COUNTRIES. Gathered and 
narrated anew by Charlotte M. Yongb, the Author of " The 
Heir of Reddyffe." Globe 8yo. 2r. 



Goldsmith.— THE traveller, or a Prof;pect of Sodety ; 

and THE DESERTED VILLAGE. By Oliver GotDSMiTH. 

With Notes, Philological and Explan»tory, by J. W. Hales, M.A. 

Crown 8vo. 6d. 
THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith 

by Professor MassOH. Globe 8vq. ii. (Glitbe Rtadings from 

Standard Aulhsrt.) 
SELECT ESSAYS. Edited, with Introductioa and Notes, bf 

Professor C. D. Yonge. Fcap. 8vo. 21. 6d. 
Hales. — LONGER ENGLISH POEMS, with Notes, Phitolc^cal 

and Eiplanatory, and an Introduction on the Teaching of EneHsh. 

Chiefly for Use in Schools. Edited by J. W, HALES, M.A., 

Professor of English Literature at King's College, LoDdoD. New 

Edition. Extra fcap. 8vo. +1. 6d. 
Johnson's lives OF THE POETS. The Sii Chief Lives 

(Milton, Dryden, Swift, Addison, Pope, Gray), with Maeaulay's 

" Life of Johnson." Edited with Pre&ce by Matthew Arnold. 

Crown 8va. 6s. 

Lamb (Charles).— tales from Shakespeare. Edited, 

with Preface, by Alfred Aingsh, M.A. Globe 8vo. zj. 
(filabe Rtadingi frem SIOHdard Aulicn.) 

Literature Primers— Edited by John Richard Green, 
M.A., LL.D.,Authorof "A Short History of the English People." 

ENGLISH COMPOSITION. By Profesior NiCHOL. iSroo. U. 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., some- 
time President of the Philological Society. iSmo. ti. 

ENGLISH GRAMMAR EXERCISES. By R, Morris, LL,D., 
andH. C. BowEN, M.A. iSmo. ii. 

EXERCISES ON MORRIS'S PRIMER OF ENGLISH 
GRAMMAR. By John Wkthebell, of the Middle School, 
Liverpool Collie. i8mo. u. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. N«w 
Edition. i8nio. u. 
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Literature Primers — (ctmtimiiil)-- 

SHAKSPERE. By Professor DdwdbN, l8mo. w. 
THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged wi(h Notes b; Francis Turner Fal- 
GRAVE. In Two Parts. i8mo. ti. each. 
PHILOLOGY. B7 J. Pehb, M.A. i8ino. w. 
Macmillan's Reading Books. — Adapted to the English and 
Scotch Codes. Bound in Cloth. 
PRIMER. iSmo. (48 pp.) id. 
BOOK I. for Standard I. iSmo. .(96 pp.) i-i. 
„ II. „ II. iSmo. ('144 pp.) SJ. 

„ III. „ III. i8mo. (160 pp.) 6^. 

„ IV. „ IV. iSmo. (176 pp.) 8rf. 

„ V. „ V. iSmo. (380 pp.) IJ. 

„ VI. „ VI. Crown 8vo. (430 pp.) 3t. 

Book VI, is fitted for higher Classes, and as an Introduction to 
English Literature. 

" Thw arc far abo« anj - ... - 

. . . Tlie ediior of Ihs p 



irue Eniidi dassics, going up in Standard VI, course to Chaucer, Hooktr, and 
BacnQ. as wtUat Wotdswonh, Macaulay, and Troudt. . . , This is quite on (he 
rieht md^ and indicBiee jiulLr Ihfl ideal wWch we ouEtit to >et befort m." — 

Macmillan's Copy-Books — 

Published in two sizes, viz. : — 

I. Large Post 4(0. Price 4^. each, 
a. Post Oblong. Price 2J. each, 
r. INITIATORY EXERCISES AND SHORT LETl'ERS. 
2. WORDS CONSISTING OF SHORT LETTERS. 
■3. LONG LETTERS. With word* containing Long Letleis— 

•4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY- BOOK. For Noa. 



With Capitals and 
Figures. 

•8. SMALL-HAND AND HALF-TEXT. With Capitals and 
Figures. 
8a. PRACTISING AND REVISING COPY-BOOK. For Nos. 



'9. SMALL-HAND SINGLE HEADLINES— Figures. 
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Macmillan's Copy'Book3 ConHnued— 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

11. SMALL-HAND DOUBLE HEADLINES- Figures. 

12. COMMERCIAL AND ARITHMETICAL EXAMPLES, &c. 
Ila, PRACTISING AND REVISING COPY-BOOK, For Nos. 

• Thise tmmbers may b* had wtlk Goodman's Faltttl Sliding 
Copus. Large Post 4(0. Piice bd. eacb. 
Martin. — the POET'S HOUR; Poetry selected and arranged 
for CfaildrSD. By Frances Martin. New Edition. 181110, 
lu.bd. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Mast IN. New Edition. iSmo. y.dd. 
Milton. — By Stopford Brooks, M.A. FcapL 8vo. \t. 6d. 

(Clasiital fVrilert Striti.) 
Morris.— Worka by the Rev. R. MoRRia, I.L.D. 
HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapleis on the History and Development of the 
Langnage, and on Word-formation. New Edition. Extra fcap. 
gvo. 6s. 
ELEMENTARY LESSONS IN HISTORICAL ENGLISH 
GRAMMAR, containing Accidence and Word -formation. New 
Edition. iSmo. 21. 6d. 
PRIMER OF ENGLISH GRAMMAR. l%iaa. is. (See also 
Lilerature Prima-i.) 
Oliphant.— THE OLD AND MIDDLE ENGLISH. A New 
Edition of "THE SOURCES OF STANDARD ENGLISH." 
revised and greatly enlarged. By T. L. Kington Oliphant. 
Extra fcap. Svo. 91, 
THE NEW ENGLISH. By the same anthor. Globe 8™. 
[In Oufriss. 

Palgrave. — the children's treasury of lyrical 

POETRY. Selected and arranged, with Notes, by Francis 
Turner Palgravb. iSmo. 2*. hd. Also in Two Farts. 

Patmore.— THE CHILDREN'S GARLAND FROM THE 

BEST POETS. Selected and arranged by Coventry Patmorb. 
Globe 8vD. IS. (Glabi Rradings from Standard Authors.) 
Plutarch. — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Introdoclions, 
Kolc^. Index of Names, and Glossarial Index, by the Rev. W. 
W. Skeat, M.A. Crown 8vo. Sts. 
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Scott's (Sir Walter) LAVOF THE LAST MINSTREL, 
and THE LADY OF THE LAKE. Edited, with IntrodncJion 
and Notes, 1^ Fkancis Turner Palgravk. Globe 8vo. i», 
(.Gloie Rtaditigs from Standard Auii^rj.) 

MARMION ; and THE LORD OF THE ISLES. By the 
same Editor. Globe 8vo. it. {filobi Riadings from Standard 
Auikvrl.) 

Shakespeare a SHAKESPEARE MANUAL. By F. G. 

Fleay, M.A., late Head Master of Skiplon Gnunmar School. 
Second Edition, Eitra fcap. 8vo. 41. 6d. 

PRIMER OF SHAKESPEARE. By Professor Dowdem. 
iSmo. 1/. {Literalurt Piimert.) 

Sonnenschein and Meiklejohn. — THE ENGLISH 
METHOD OF TEACHING TO READ. By A. Sonnbn- 
scuBiN and J, M. D. Meikl^ohn, M.A. Fcap. 8vo. 



THE NURSERY BOOK, conlaimng all the Two-Letter Words 
in the Lanenage. id. (Also in Large Type on Sheets for 
School WaUs. is.) 



THE SECOND COURSE, with Combinations and Bridges. 

coD^sting of Short Vowels with Double Consonants. 6d. 

THE THIRD AND FOURTH COURSES, consisting of Long 

Vowels, and alt the Double Vowels in the Language. 6d. 

"TImk aro adaunible books, because ihty ue conHtnicied on a principle, uid 

tTut the simpleii principle oa which it ia poa^ble to Icam id ntta En^li^b." — 

Taylor.— WORDS AND PLACES; or. Etymological Illustra- 
tions of Hisloiy, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised and 
compressed. With Maps. Globe 8vo. 6t. 

Tennyson. — The COLLECTED WORKS of ALFRED, LORD 
TENNYSON, Poet Laureate. An Fxlition for Schools. In Four 
Parts. Crown Svo, ai. fyl. each. 

Thring.— THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. By Edward Thring, M.A., Head Master oi 
Uppingham. With Questions. Fourth Edition. iSuto. is. 
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Trench. — works by Ricrakd Chenbvix Trknch, D.D. 

HOUSEHOLD BOOK OF ENGLISH POETRY, Selecled and 

Anaaged, with Noles. Third EHition. Eittta fcap, Svo. Ss. 6d. 
ON THE STUDY OF WORDS. Eighteenth Edition, revised. 

Fcsp. Svo. 51. 
ENGLISH, PAST AND PRESENT, Elewnth Edition, revised 

and improved. Fcap. Svo. Sj. 
A SELECT GLOSSARY OF ENGLISH WORDS, used formerly 

in Senses DiFTerent from their fresent. Fifth Edition, revised 

and enlarged. Fcap. Svo. 51. 

Vaughan (CM.).— WORDS FROM THE POETS. By 
C. M. Vauohan. New Edition. iSmo, cloth. 11. 

Ward.— THE ENGLISH POETS. Selections, with Critical 
IntrodacliODS by various Writcn and a GcneraJ Introduction by 
Matthew Arnold, Edited by T. H, Waid, M.A. 4 Vols, 
Vol. I. CHAUCER TO DONNE.— Vol. 11, BEN JONSON 
TO DRVDEN.— Vol, III, ADDISON to BLAKE.— Vol. IV. 
WORDSWORTH TO R03SETTI. Crown Svo. Each ^s. 6d. 

Wetherell.— EXERCISES ON MORRIS'S PRIMER OF 
ENGLISH GRAMMAR, By John Wsthsieu, M.A, 
iSmo. \i. {Liltraluri Primtri.) 

WrightSOn.— THE functional ELEMENTS OF AN 
ENGLISH SENTENCE, an Enamination of. Togethv with 
k New System of Analytical Marks. By the Rev, W. G, 
Wrightson, M.A., Cantab. Crown Bio. y. 

Yonge {Charlotte M.).— the ABRIDGED BOOK OF 

GOLDEN DEEDS. A ReadirKj Book for Schools and general 
nadns. By the Author of "Ite Hdr of Redclyfie." iSmo, 
cloth. IJ. 

GLOBE READINGS EDITION, Complete Edition. Globe 
Svo. W. (Seep. 53.) 



FRENCH. 

Beaumarchais.— LE barbier de SEVILLE. Edited, 
wilh Introduction and Notes, by L. P. Bloubt, Assistant Master 
in St, Paul's School. Fcap, Svo. 31. 6d. 

Bowen.— FIRST LESSONS IN FRENCH. By H. Cour. 
THOPE BowEN, M.A,, Principal of the Finsbury Training College 
ibr Higher and Middle Schools. £it,-a fcap. Svo. u. 
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Breymann. — Works by Hsrmann Bievmank, Ph.D., Pnv 

fosor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 

PRINCIPLES. Second Edilion. Eitra fcap. 8vo. 41. 6d. 
FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo. 4J. &f. 
SECOND FRENCH EXERCISE BOOK. Extra fcap. 8to, w. W. 

Fasnacht.— THE ORGANIC METHOD OF STUDYING 
LANGUAGES. By G. EuGtNB Fasmacht, Author of " Mac- 
loillan's Progressive French Course," Editor of " Macmillan's 
Foreign School Classics," &c. ElxCra fcap. Svo. L French. 

y.6d. 
Fasnacht.— A synthetic French grammar for 

SCHOOLS. By the same Author. Crown Svo. 31. M 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE OF THE SEVENTEENTH CENTURY. By the 
same Author. Crown Svo. [In preparation. 

Mdcmillan's Primary Series of French and 
German Reading Books. — Edited by G. Eugene 
Fasnacht, Assistant- Master in Westminster School. With 
IliuslralionB. Globe Svo. 

DE MAISTRE— LA JEUNE SIB^RIENNE ET LE L^FREUX 
DE LA CITE D'AOSTE. Edited, with Inlroduction, Notes, 
and Vocabulary, By Stephane Barlet, B.Sc. Univ. Gall, and 
London ; Assist ant- Master at the Mercer!^' School, Examiner to 
Ihe College of Preceptors, the Royal Naval Collie, &c. K. &/. 

GRIMM— KINDER UND HAUSMARCHEN. Selected and 
Edited, with Notes, and Vocaliulary, by G. E. Fasnacht. is. 

HAUFF.— DIE KARAVANE. Edited, witb Introduction, Notes, 
and Vocabulary, by Hkruan Hagee, Ph.D. Lecturer in the 
Owens College, Manchester. Globe Svo. [In Ikepriss. 

LA FONTAINE—A SELECTION OF FABLES, Edited, » 



PERRAULT— CONTES DE F^ES. Edited, with Introduction, 
Notes, and Vocabulary, by G, E. Fasnacht. ij. 

G. SCHWAB— ODYSSEUS. With Introduction. Notes, and 
Vocabulary, by the same Editor. [In pr^ratiffa. 
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Macmillan'8 Progressive French Course. — By G. 

EuG^.NS Fashacht, Assistant- Master in Westminster School. 

I.^KlRBT Year, containing Easy Lessons on the Regular 

Accidence. Extra fcap. 8vo. it. 
II, —Second Year, containing an Elementary Grammar with 

copious Exerci-es, Notes, and Vocnbnlari^. A new Edition, 

enlarged and thorougbly revised. Eitra fcap. 8vo. ai. 
III. — ThisD Year, containing a Systematic Syntai, and Ijsbom 

in Composition. Extra fcap, Svo. 2S, 6i/. 
THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGKESSIVE FRENCH COURSE. With Copious Notes, 
Hints for Different Renderings, Synonyms, Philological Remarks, 
&c. By G. E. Fasnacht. Globe 8vo, SkohJ Ytar 41, &/. 
Third Ytar 41. 6d. 

Macmillan's Progressive French Readers. By 

G, EuGfeNK Fasnacht. 
I. — First Year, containing Fables, Historical Extracts, Letlers, 
Dialogues, Fables, Ballads, NorFtry Songs, &c., with Two 
Vocabularies; (1) in the order of Subjects j (2) in alphabetical 
order. Extra fcap, 8*0, at. 6d. 

II. — Second Year, containing Fiction in Prose and Verse, 
Historical and Descriptive Extracis, Essays, Letters, Dialogues, 
&c Extra fcap. Svo. 2J. 6d. 



FRENCH. 
CORNEILLE— LE CID. Edited by G. E, Fasnacht. I/. 
DUMAS— LES DEMOISELLES DE ST. CYR, Edited by 
Victor Ogbr, Lecturer in University College, Liverpool. 

[In Ihtprai. 

LA FONTAINE'S FABLES. Books L— VI. Edited by L. M. 

MORIARTY, B. A. \/n preparaliim. 

MOLIERE— LES FEMMES SAY ANTES. By G. E. Fasnacht. 

MOi-lERE— LE MISANTHROPE. By the same Editor, u. 
MOLlfeRE— LE MfeDECIN MALGRE LUL By the same 

Editor. IJ. 
MOLlfeRE— L'AVARE. Edited by L. M. Moriarty, B.A„ 

late A S!.islanC -Master at Rossall. u. 
MOLI6RE— LE BOURGEOIS GENTILHOMME. By the same 

Editor, u. 6J. 
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RACINb:— BR-I'lANNICUS. Edited by Eugene Pbllissier, 
Assistant- Ma.'.ler in Clifton College, and Lecturer in Univeisity 
College, Bristol. [/« priparation. 

SCENES IN ROMAN HISTORY. SELECTED FROM 
FRENCH HISTORIANS. Edited by C. Colbeck, M.A.. Ute 
Fellow of Trinitj College, Cambridge; Assistant- Master at 
Harrow. {!« preparation. 

SAND, GEORGE— LA MARE AU DIABLE. Edited by W. E. 
Russell, M.A., Aasistaot Master in Ilaileybury College, is. 

SAND, GEORGE— HISTOIRE DE MA VIE. Selections, Edited 
by M. EuGiNE Joel, Assistant-Master in Clifton College. 

[In priparatUnt. 

SANDEAU, JULES-MADEMOISELLE DE LA SEIGLIERE. 
Edited by H. C. Steel, Assistant Master in Wellington College. 

THIERS'S HISTORY OF THE EGYPTIAN EXPEDITION. 

Edited by Rev. H. A, Bull, M.A. Assistant-Master in 

Wellii^on College. [In frtfaratiim. 

VOLTAIRE— CHARLES XIL Edited by G. E. Fasnacht. Jf. W. 

%* Olhtr iM^mis la follmu. 

(See rIso German Aulhori, page 62.) 

Masson (Gustave).— A COMPENDIOUS DICTIONARY 

OF THE FRENCH LANGUAGE (French-Ei^lish andEi^lish- 
French). Adapted from the Dictionaj4es of Professor Alfkbd 
Elwall. Followed by a List of the Prbcipal Diverging 
Derivations, and preceded by Chronolt^cal and Historical Tables. 
By Gustave Masson, Assistant Master and Librarian, Harrow 
School. New Edition. Crown 8vo. 61. 

MoIi6re. — LE MALADE IMAGINAIRE. Edited, with Intro- 
dnction and Notes, by FRANCIS TAS.VBR, M.A., Asustant Master 
1 Eton. Fcap. Svo. at. 6d. 

(See also MaemUtttn't Fi>reign School Claisici.) 



Hu3S. — A SYSTEM OF ORAL INSTRUCTION IN GERMAN, 
by means of Progressive Illustrations and Applications of the 
leadmg Rules of Gnunmar. By Hkuunn C. O. Huss, Ph.D, 
Crown Svo. Ji. 



,,l:albvGOOglc 



6> MACMILLArrS EDUCATIONAL CATALOGUE. 

Hacmillan's Progressive German Coarse. Bj G. 

EUGtUB Fasnacht. 
Part I.— Fiust Vkar. Easy Lessons and Rules on the Regular 

Accidence. Eilra fcap, 8vo. U. &/. 
Part II. — SxcoND Year. Conversalionsl Lessons in Srslematic 

Aeddence and ElementEuy Syntaji. With Philological IlIuEtrationa 

and Etymoli^cil Vocalnikiy. Extis fcap. 8vo. at. 
Part III.— Third Year. {In preparaiivn, 

Macmillan's Progressive German Readers. Bj 
G. E. Fasnacht, 

I. — Fjkst Yeah, containing an Introduction to the German order 
of Words, with Copious Examples, eitracis &om German Aulbois 
in Prose and Potlry j Notes, and Vocabularies, Eitra Ftap. 8to., 
21. td. 

Macmillan's Primary German Reading Books. 
(Ste page 59.) 



GERMAN, 

GOETHE— GbrZ VON BERLICHINGEN. Edited by H. A. 

Bull, M.A., Assistant Master at Wellington College, u. 
GOETHE— FAUST. PartI. Edited by Tank I.kb, Lecturer 

in Modem Langnoges at Newnham Collie, Csmbiidge. 

[Ih pnfaratiBtt. 
HEINE— SELECTIONS FROM THE REISEBILDER AND 

OTHER PROSE WORKS. Edited by C Colbbck, M.A., 

Auistant- Master at Harrow, late Fellow of I'rinity College, 

Cambridge. 31. fid. 
SCHILLER— MINOR POEMS. Selected and Edited by E. J. 

TURHBR, B.A., and E. D. A, Morshead, M.A. AssistaDt- 

Masteis la Wineheiter College. \I» fireparaSioit. 

SCHILLER— DIE JUNGFRAU VON ORLEANS, Edited 1^ 

JOSEPH GOSTWICK. SI. 6rf. 
HILLER— MARIA STUART. Edited by C. Sheldon, M.A„ 
D.Lil., of the Royal Academical lustitution, Belfast, at. dd. 
SCHILLER— WILHELM TELL, Edited by G. E. Fasnacht. 
[/n fir^raiioH. 
VHLAND— SELECT BALLADS. Adapted as a First Easy Read- 
ing Book for Be^aners. Edited by G. E. Fasnacht, If. 
■(■ Othtr Vthmtt Hf^Umi. 
(Se« also R'ttuh AiUhori, piaga 6«.) 
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Pellissier. — French roots and their families. By 

Eug6ne PeLUSSIER. Lecturer at University College, and at 
Clifton College, Bristol Globe Svo. [/n iJuJrat. 

Pylodet. — NEW guide to German conversation; 

containing an Alphabetical List of nearly Boo Familiw Words; 

followed by Exercises ; Vocabulary o( Words in frequent use ; 

Familiar Fhrues and Dialc^ues ; a Sketch of German i jterature, 

Idiomatic Expressions, &c. By L. Pvlodet. iSuio, cloth limp. 

a/. 6^. 
V/hitney. — Works bv W. D. Whitney, Profestor of Saoskrit 

and Instructor in Modern Languages in Vale College. 
A compendious GERMAN GRAMMAR. Crown 8vo, 41. 6d. 
A GERMAN READER IN PROSE AND VERSE. With Notes 

and Vocabulary. Crown Svo, 5^. 

Whitney and Edgren. — a compendious GERMAN 
AND ENGLISH DICTIONARY, with NottHoo of Correspon- 
dences utd Brief Etymologies. By ProfesEor W. D. Whithbt, 
assisted by A. H. Eocken. Ciown Svo. ^s. 6d. 
THE GERMAN-ENGUSH PART, sepaiatdy, S». 

MODERN GREEK. 
Vincent and Dickson. — handbook to MODERN 
GREEK. By Edgar Vincent and T. G, Dickson, M.A. 

Second Edition, revised and enlarged, with Appendii 



Dante. — THE PURGATORY OF DANTE. Edited, with 

TransiatioD aikd Not«s, by A. T. Butler, M.A,, late Fellow of 

Trinity Collie, Cambridge. Crown Svo, lit. td. 

THE PARADISO OF DANTE. Edited, with Translation and 

Notes, 1^ the same Translator. [In thefras. 



DOMESTIC ECONOMY. 

Barter. -FIRST lessons in the principles 

COOKING. By LAmr Bakxbr. New Edition. 
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Fawcett tales in POLITICAL ECONOMY. By MlLLl- 

CENT Garrett Fawcett. Globe 8vo. y. 
Frederick.— HINTS to housewives on several 

POINTS, particularly ON THE PREPARATION OF 
ECONOMICAL AND TASTEFUL DISHES. By Mrs. 
Fbbdkbick. '' "--- 

"TTua uDpRteodin^ 

hoosehold expeoia." — Sj^turdav Rbvikw^ 

Grand'homme — CUTTING-OUT AND dressmaking. 
From the French of Mdlle. E. Gkand'houue. Witb Diagrams. 

Jex- Blake.— THE CARE OF INFANTS. A Manual for 
Mothers and Nurses. By SoPHlA Jex-Blake, M.D., Member 
of the Irish Collie of Physicians ; Lecturer on Hygiene at 
the London School of Medicine for Women iSmo. lit. 

Tegetmeier. — h OUSehOld management and 
COOKERY. With an Appendix of Recipes used by the 
Teachen of the Natbnal School of Cookery. By W. B. 
Tecetueier. Compiled at the request of the School BcKud for 
London. i8mo. I^t. 

Thornton — first LESSONS in BOOK-KEEPING. By 

J, Thobnton, New Edition. Crown Svo. u. 6d. 
The object of this Tolunie u ta make the Iheory of Baok-Le«ptng; saffidently 
plain for even childrcD to undersund il. 

Wright — THE SCHOOL COOKERY-BOOK. Compiled a»d 
Edited by C. E. Guthrie Wright, Hon Sec to the Ediidxirgb 
School of Cookery. iSmo. u. 



ART AND KINDRED SUBJECTS. 

Anderson.— LINEAR PERSPECTIVE, AND MODEL 
DRAWING. A School and Art Class Manual, with Qqestions 
and Exercises fbr Examination, and Examples of Examination 
Papers. By Laurence Anderson. With llhistratioiis. Royal 
8vo. Its. 

Collier.— A PRIMER OF ART. With Ilkstraaons. By John 
Collier. iSmo. it. 

Delamotte.— A BEGINNER'S DRAWING BOOK. By 
P. H. Dbiamotte, F.S.A. Progressively arranged. New 
Edition improved. Crown gvo. jr. m. 
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Ellis.— SKETCHING FROM NATURE. A Handbook for 
SWdents and Amateurs. By Tristram I. Ellis. With i 

Frontispiece and Ten Illustra" " *' "- " 

R.A., and Twenty-seven Sketcl 
as, 6d. {Art at Home Series.) 

Hunt.— TALKS ABOUT ART. By William Hunt. With a 
Letter from Sir J. E. Miilais, Bart., R.A. Crown 8to. 3(. 6rf. 

Taylor. — a primer of pianoforte playing. By 

Fkanklih Tavlor. Edited by Sir Gbokqb Grovb. iSmo. \t. 

WORKS ON TEACHING. 

Blakiston — the teacher. Hints on Sdiool Management. 

A Handbook for Managers, Teachers' Aasislants, and Pnpil 

Teachers. By J. R. Blakiston, M.A. Crown Svo. 3t, bd. 

(Recommended by the London, Birminghain, and Leicester 

Sdiool Board?.) 
•■ Into m coaparaiivelT uull book be has growdid a great denl of exoetdinrfy 
useful uid found advice. Ii is m plain, common-KiiH book, fuQ of hints lo the 
Istcber DB the management of liii Khonl aud hii chiUren."— School Boaid 
CmioHicui. 
CalderwOOd— ON teaching. By Professor Henry Caldrb- 

wooD, New Edition. Eitra fcap. Svo. at. 6d. 
Carter. — eyesight in schools, a Paper read before the 

Association of Medical Officers of Schools on April 15th, 1885. 

By R. Bkudbnbli, Carter, .F.R.C.S., Ophthalmic Surgeon to 

St. George's Hospital. Crown Svo. Sewed. U. 
Pearon. — school inspection. By D. R. Fearon, M.A., 

Assistant Commissioner .of Endowed Schools. New Edition. 

Crown 8to. w. W. 

Gladstone. — object teaching, a Lecture delivered at 

the Fopil-Teacher Centre, William Street Boud School, Ham- 

. mersmith. By J. H. Gladstone, Ph-D., F.R.S., Member of 

the London School Board. With an Appeodii, Crown 

Svo. j,d. 

"\i b m short but inlercstiiig and InslmctiTe publ'icaiion, and our younger 

tEBdien will do well to rud it cajeliillT and thoroughly- There is much u thw 

few pnEet which their can Icun andprofil by."— The School Gu audi ah. 

Hertel, — OVERPRESSURE IN HIGH SCHOOLS IN DEN- 
MARK. By Dr. Hertel, Municipal Medical Officer, Copen- 
b^en. Translated from the Danish by C. Godfrey Soeensbn. 
With Introduction by J, Crickton -BROWNS, M.D., LL.D., 
F.R.S. Crown Svo, 31. 6/. 
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DIVINITY. 

*,* For other Works by these Authors, see Theological 

CATALoans. 
Abbott (Rev. E. A.) — bible lessons. By the Rct. 
E. A. ABBOTT, D.D., Head Masto' of the City of London 
SchooL New Edition. Crown Svo. 41. 6d. 
" Win. taggtsAit, u>d raUr praraund initiadoa mto rcb'Eiom thmisht." 

-GUARDIAH. 

Abbott — Rushbrooke. — the common tradition of 

THE SYNOPTIC tK)SPELS, in the Text of the Revised 
Version. By Edwin A. Abbott, D.D., formerly Fellow of St. 
John's College, Cunbridge, and W. G. Rushbkooke, M.L., 
formerly Fellow of St. John's Collie, Cambridge. Crown Svo. 

The Acta of the Apostles. — Greek Text Edited with 
Introduction and Notes. By T. E. Page, M.A. Fcap. 8vo. 

[In the prat. 

Arnold. — a bible-reading for schools. — the 

GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — Ixvi.)- Arranged and Edited for Yonng 
Learners. By Matthew Arnold, D.C.L,, formerly Professor 
of Poetry in the University of Oxford, and Fellow of Oriel. 
New Edition. i8mo, cloth. \t. 

ISAIAH XL.— LXVI. With tbe Shorter Prophecies aJUed lo it. 
Arranged and Edited, with Notes, by Matthew Arnold. 
Crown Svo. 51. 

ISAIAH OF JERUSALEM, IN THE AUTHORISED ENG- 
LISH VERSION. With Introduction, Corrections, and Notes. 
By Matthew Ahnold, Crown Svo. 4J. 6ii 

Benham. — a COMPANION TO THE LECTIONARV. Bang 

a CoinniBntary on the Proper Lessons for Sundays and Holy Days. 
By Rev. W. Benham, B.D., Rector of S. Edmund with S. 
Nicholas Aeons, &c. New Edition. Crown Svo. +(. f>d. 

Cassel.— MANUAL OF JEWISH HISTORY AND LITERA- 
TURE ; preceded by a BRIEF SUMMARY OF BIBLE HIS- 
TORY. By Dr. D. CASSBL. Translated by Mrs. HENRY LuCAS. 
Fcap. Svo. is. (d. 

Cheetham.— A CHURCH HISTORY OF THE FIRST SIX 

CENTURIES. By the Ven. Archdeacon Cheetham. 
Crown Svo. [/h Iheprtts. 
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Cross.— BIBLE READINGS SELECTED FROM THE 
PENTATEUCH AND THE BOOK. OF JOSHUA. By 
the Rev. John A. Cross. Globe 8vo. 21. dd. 

CurtC is .—MANUAL OF THE THIRTY-NINE ARTICLES. 
By G. H. CuaTEis, M.A,, Principia of the Lichiielii Theo- 
logical College. [In prepariUion. 

Davies. — the epistles of st. paul to the ephe- 

SIANS, THE COLOSSIANS, AND PHILEMON ; with 
Introductioos and Notes, and an Essaj' on the Traces of Foceifn 
Elements in the The.ilogy of these Epistles. By the Re*-. J. 
Llewelyn Davies, M.A., Rector of Christ Chnrch, St llary- 
leboiie ; late Fellow of Trinity College, Cambridge. Second 
Edition. Demy Svo. ^l. 6d. 

Drummond.— THE STUDY OF THEOLOGY, INTRO- 
BUCTION TO. By James Dhdmmond, LL.D., Professor of 
Theology in Manchester New College, London. Ctown Svo. 

Gaskoin.— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with Prefaci; 
by Rev. G. F. Macleab, D.D. Part I.— OLD TESTAMENT 
HISTORY. i8im>. II. Part II.— NEW TESTAMENT. 
i8mo. II. Part IIL— THE APOSTLES : ST. JAMES THE 
GREAT, ST. PAUL, AND ST. JOHN THE DIVINE. 
iSnao. II- 

Golden Treasury Psalter.— students' Edition. Being an 
Edition of "The Psahns Chrondogieally arranged, by Four 
Friends," with briefer Notes. iSmo. 31. 6d. 

Greek Testament — Edited, with lotroducHoD and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown Svo. lai. bd. each. 
VoL I, The Test. ■ 
Vol. II. InlroductioQ and Appendix. 

Greek Testament. — Edited by Canon Westcott and Dr. 
Hurt. School Edition of Text. izmo. cloth, ifl. 6d. iSmo. 
roan, red edges, y. 6rf. 

The Greek Testament and the English Version, 
a Companion to. By Philip Schaff, D.D., President 
of the American Committee of Revision. With Facsimile 
Illustrations of MSS., and Standard Editions of the New Testa- 
ment. CrowD Svo. I2J. 
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Hardwick. — Works by Archdeacon Hardwick : — 
A HISTOHV OF, THE CHRISTIAN CHURCH. Middle 
Age. From Gregonf the Great to the Encommmiication ot 
Luiber. Ediied by William Stubbs, M.A„ Regius Professor 
of Modem History in the Umversity of Oxford. With Four 
Maps. New Edition. Crown 8yo. JOi. 6rf. 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION, Fiflh Edidon. Ediied by ProfeEsor 
Stubbs. Crown 8vo. icu. 6d. 

Jennings and Lowe.— the PSALMS, WITH INTRO- 
DUCTIONS AND CRITICAL NOTES. By A. C.Jennings, 
M.A. ; Bssisted in parts by W. H. Lowe, M.A. In a vols. 
Second Edition Revised. Crown 8vo. los. 6d. each. 

Lightfoot. — Works by Right Rev. J. B. LiflHTFoOT, D.D., 

D,C.L„ LUD., Lord Bishop of Dnrh*m, 
ST. PAUL'S EPI.'JTLE TO THE GALATIANS. A Revised 

Text, viith iDtioduction, Note!^ and Dissertations. Eighth 

Edition, revised. 8vo. isj. 
ST. PAUL'S EPISTLE TO THE PHILIPPIANS. A Revised 

Text, 'with Introduction, Notes, and Dissertations. Eighth 

Edition, revised. Sva izi. 
ST. CLEMENT OF ROME —THE TWO EPISTLES TO 

THE CORINTHIANS. A Revised Text, with Introduction and 

Notes. 8vo. 8j. W. 
ST. PAUL'S EPISTLES TO THE COLOSSIANS AND TO 

PHILEMON. A Revised Text, with Introductions, Notes, 

and Dissertations. Seventh Edition, revised. Svo. Us. 
THE APOSTOLIC FATHERS. Fart II. S. IGNATIUS— 

S. POLYCARP. Revised Texts, with Introductions, Notes, 

Dissertations, and Translations, zvolames in 3, DemySvO. 481. 

Maclear. — works by the Rev. G. F. Maclear, D.D., Warden of 

St. Aufiustine's College, Canterbury, 'and lale Head-Master of 

King's College School, London ; — 
A CLASS-BOOK OF OLD TESTAMENT HISTORY. New 

Edition, with Four Maps. iSmo. ^i. 6d. 
A CLASS-BOOK OF NEW TESTAMENT HISTORY, 

inolndiiig the Connection of the Old and New Teslaraentg. 

With Four Maps. New Edition, iSmo. Jj. W, 
A SHILLING BOOK OF OLD TESTAMENT HISTORY, 

for National and Elementary Schools. With Mnp. iSmo, cloth. 

New Edition. 
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A SHILLING BOOK OF NEW TESTAMENT HISTORY, 
for National and EtemenUry Schools. With Map. i8mo, clotb. 
New Edition. 

These works have been carefuU]> abridged from the authta's 
lai^ mannals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH 
OF ENGLAND. New Edition. iSmo. 11. 6d. 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scripture Proofs, for Junior 
Classes and Schools. New Edition. l8mo. 6rf. 

A MANUAL OF INSTRUCTION FOK CONFIRMATION 
AND FIRST COMMUNION, WITH PRAYERS AND 
DEVOTIONS, 32nio, cloth citra, red edges, ar. 

Maurice. — THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and 
Schoolmasters. To which is added the Order of the Scriptures, 
BylheRev. F.DbnisomMauricBiM.A. iSmo, cloth, limp. u. 

Procter. — a HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Rev. F. Proctbb. 
M.A. Seventeenth Edition, revised and enlarged. Crown Svo. 

Procter and Maclcar. — an elementary intro- 
duction TO the book of COMMON PRAYER. Re 
arranged and supplemented by- an Explanation of the Monut^ 
and Evening Prayer and the Litany. Hy (he Rev. F. Proctsi; 
and the Rev. Dr. Maclear. New and Enlarged Edition, 
con(:iiiiing the Commutdon Service and the Confirmation ami 
Baptismal Offices. (8mo. 2s. 64. 

The Psalms, with Introductions and Critical 
Notes, — By A. C.jRNNlNQS,M.A„Jeaus CoUege, Cambridge, 
Tyrwhitt Scholar, Crosse Scholar, Hebi^w University Friieman, 
and Fry Scholar of St. John's College, Cams and Scholefield 
PciMman, Vicar of Whittiesfbrd, Cwnbs. ; assisted in Paris by W. 
H. Lowe, M.A., Hebrew Lectnter and late Scholar of Christ's 
College, Cambridge, and Tyiwhitt Scholar. In i vois. Second 
Edition Revised. Crowa Svo. iQr. td. each. 

Ramsay.— THE CATECHISER'S manual; or, the church 
CatediLsm Illustrated and Explained, for the Use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Rau^at, 
M.A. New Edition. iSmo. it, 6d. 
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Ryle.— AN INTRODUCTION TO THE CANON OF THE 

OLD TESTAMENT. By Rev. H. E. Ryle, M.A., Fellow, 
and Lecturer of King's CoUt^e, Cambridge, Crown 8vo. 

[/« preparation. 

St. John's Epistles.— The Greek Teit with Notes and E«ays, 
by Brooke Foss Wkstcott, D.D., Regius Professor of Divinity 
and Fellow of King's College, Cambridge, Canon of Westniinitcr, 
&C. Svo. izi. bd. 



THE EPISTLE TO THE GALATIANS. Edited by the Right 
Rev. J. B. LiGHTKOOT, D.D., Bishop of Durham. EiEhlh 
Edition. Svo. i^. 



THE EPISTLE TO THE ROMANS. Edited by the Very Rev. 
C. J. VauGHAN, D.D., Dean of Lljndoff, and Master of the 
Temple. Fifth Edition. Crown Svo. 71. bd. 

THE EPISTLE TO THE PHILIPPIANS, with Translation, 
Paraphn^ and Notes fbr English Readers. By the same Editor. 
Crown Svo. 51. 

THE EPISTLE TO THE THESSALONIANS, COMMENT- 
ARY ON THE GREEK TEXT. By John Eadie, D.D., LL.D. 
Edited by the Rev. W. Young, M,A., with Prctice by Professor 
CAIkNS. Svo. izi. 

THE EPISTLES TO THE EPHESIANS, THE COLOSSIANS, 
AND PHILEMON; with Introductions and Notes, and aa 
Essay on the Traces of Foreign Elements in the Theology of these 
Epistles. By the Ker. |. Llewelyn Davies, M.A., Rector of 
Christ Church, St. Marjlebone; late Fellow of Irinity Cotl^e, 
Cambridge. Second Edition, revised. Demy Svo. ^l. iid. 

The Epistle to the Hebrews, in Greek and English. 
With Critical and Explanatory Notes. Edited by Rev. Freiieric 
Rendall, M.A., formerly FellowofTrinityColiege, Cambridge, 
and Assistant- Master at Harrow School. Crown Svo. &». 
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